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PREFACE

THE present volume in the Course of Theoretical Physics deals with the theory
of electromagnetic fields in matter and with the theory of the macroscopic
electric and magnetic properties of matter. These theories include a very
wide range of topics, as may be seen from the Contents.

In writing this book we have experienced considerable difficulties, partly
because of the need to make a selection from the extensive existing material,
and partly because the customary exposition of many topics to be included
does not possess the necessary physical clarity, and sometimes is actually
wrong. We realise that our own treatment still has many defects, which we
hope to correct in future editions.

We are grateful to Professor V. L. GINZBURG, who read the book in
manuscript and made some useful comments. I. E. DzyavosHINskll and
L. P. Prraevskil gave great help in reading the proofs of the Russian edition.
Thanks are due also to Dr Sykes and Dr BeLL, who not only carried out
excellently the arduous task of translating the book, but also made some use-
ful comments concerning its contents. ‘

L. D. Lanpau
Moscow E. M. LirsHITZ
June, 1959
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NOTATION
Electric field E
Electric induction D
Magnetic field H
Magnetic induction B
External electric field &
External magnetic field $
Dielectric polarisation P
Magnetisation M
Total electric moment of a body £
Total magnetic moment of a body
Dielectric permeability e
Magnetic permeability u
Current density j
Conductivity o
Absolute temperature (in energy units) 7T
Thermodynamic quantities:  per unit volume for a body

entropy S s
internal energy U /4
free energy F F
thermodynamic potential @ o0

Chemical potential ¢
A complex periodic time factor is always taken as e—ivt,

The summation convention always applies to three-dimensional (Latin)
and two-dimensional (Greek) suffixes occurring twice in vector and tensor
expressions.



CHAPTER I
ELECTROSTATICS OF CONDUCTORS

§1. The electrostatic field of conductors

LikE all macroscopic theories, the theory of electromagnetic fields in matter
deals with physical quantities averaged over elements of volume which are
“physically infinitesimal”, ignoring the microscopic variations of the quan-
tities which result from the molecular structure of matter. For example,
instead of the actual “microscopic” value of the electric field e, we discuss
its averaged value, denoted by E:

e =E. (1.1)

The fundamental equations of the electrodynamics of continuous media
are obtained by averaging the equations for the electromagnetic field in a
vacuum. This method of obtaining the macroscopic equations from the
microscopic was first used by H. A. LORENTZ.

The form of the equations of macroscopic electrodynamics and the
significance of the quantities appearing in them depend essentially on the
physical nature of the medium, and on the way in which the field varies with
time. It is therefore reasonable to derive and investigate these equations
separately for each type of physical object.

It is well known that all bodies can be divided, as regards their electric
properties, into two classes, conductors and dielectrics, differing in that any
electric field causes in a conductor, but not in a dielectric, the motion of
charges, i.e. an electric current.t

Let us begin by studying the constant electric fields produced by charged
conductors, that is, the electrostatics of conductors. First of all, it follows
from the fundamental property of conductors that, in the electrostatic case,
the electric field inside a conductor must be zero. For a field E which was
not zero would cause a current; the propagation of a current in a conductor
involves a dissipation of energy, and hence cannot occur in a stationary state
(with no external sources of energy).

Hence it follows, in turn, that any charges in a conductor must be located
on its surface. The presence of charges inside a conductor would necessarily
cause an electric field in it;} they can be distributed on its surface, however,

1 It should be mentioned that the conductor is here assumed to be homogeneous (in
composition, temperature, etc.). In an inhomogeneous conductor, as we shall see later,
there may be fields which cause no motion of charges.

t This is clearly seen from equation (1.8) below.

1



2 Electrostatics of Conductors i1

in such a way that the fields which they produce in its interior are mutually
balanced.

Thus the problem of the electrostatics of conductors amounts to determining
the electric field in the vacuum outside the conductors and the distribution of
charges on their surfaces.

At any point far from the surface of the body, the mean field E in the
vacuum is almost the same as the actual field e. The two fields differ only
in the immediate neighbourhood of the body, where the effect of the irregular
molecular fields is noticeable, and this difference does not affect the averaged
field equations. The exact microscopic Maxwell’s equations in the vacuum are

dive = 0. ‘ (1.2)
curl e = —(1/c)oh/dt, (1.3)

where h is the microscopic magnetic field. Since the mean magnetic field is
assumed to be zero, the derivative Jh/0¢ also vanishes on averaging, and we
find that the constant electric field in the vacuum satisfies the usual equations

divE=0, curlE =0, (1.4)
i.e. it is a potential field with a potential ¢ such that
E = —grad ¢, (1.5)
and ¢ satisfies Laplace’s equation
Nd = 0. (1.6)

The boundary conditions on the field E at the surface of a conductor
follow from the equation curlE = 0, which, like the original equation
(1.3), is valid both outside and inside the body. Let us take the z-axis in the
direction of the normal to the surface at some point on the conductor. The
component E; of the field takes very large values in the immediate neigh-
bourhood of the surface (because there is a finite potential difference over a
very small distance). This large field pertains to the surface itself and de-
pends on the physical properties of the surface, but is not involved in our
electrostatic problem, because it falls off over distances comparable with the
distances between atoms. It is important to note, however, that, if the
surface is homogeneous, the derivatives 9E,[/0x, OE,/0y along the surface
remain finite, even though E, itself becomes very large. Hence, since
(curl E), = OE,/dy— 0E,[dz = 0, we find that dE,[dz is finite. This means
that E, is continuous at the surface, since a discontinuity in E, would mean
an infinity of the derivative 0E,[dz. The same applies to E,, and since
E =0 inside the conductor, we reach the conclusion that the tangential
components of the external field at the surface must be zero:

E; = 0. (1.7)
Thus the electrostatic field must be normal to the surface of the conductor
at every point. Since E = —grad ¢, this means that the field potential must

be constant on the surface on any particular conductor. In other words,



§2 The energy of the electrostatic field of conductors 3

the surface of a homogeneous conductor is an equipotential surface of the
electrostatic field.

The component of the field normal to the surface is very simply related to
the charge density on the surface. The relation is obtained from the general
electrostatic equation div e = 4mp, which on averaging gives

div E = 4mp, (1.8)

j being the mean charge density. The meaning of the integrated form of this
equation is well known: the flux of the electric field through a closed surface
is equal to the total charge inside that surface, multiplied by 4. Applying
this theorem to a volume element lying between two infinitesimally close unit
areas, one on each side of the surface of the conductor, and using the fact that
E = 0 on the inner area, we find that E, = 4wo, where o is the surface
charge density, i.e. the charge per unit area of the surface of the conductor.
Thus the distribution of charges over the surface of the conductor is given by

the formula
4no = E, = —0¢/on, (1.9)

the derivative of the potential being taken along the outward normal to the
surface. The total charge on the conductor is
1 ¢
el Jmef
the integral being taken over the whole surface.

The potential distribution in the electrostatic field has the following re-
markable property: the function ¢(x, ¥, 2) can take maximum and minimum
values only at boundaries of regions where there is a field. This theorem can
also be formulated thus: a test charge e introduced into the field cannot be
in stable equilibrium, since there is no point at which its potential energy e
would have a minimum.

The proof of the theorem is very simple. Let us suppose, for example,
that the potential has a maximum at some point 4 not on the boundary of a
region where there is a field. Then the point 4 can be surrounded by a small
closed surface on which the normal derivative d¢/on < 0 everywhere.
Consequently, the integral over this surface §(0¢/on) df < 0. But by La-
place’s equation §(d¢/on) df = [ A¢ dV = 0, giving a contradiction.

(1.10)

§2. The energy of the electrostatic field of conductors

Let us calculate the total energy % of the electrostatic field of charged
conductors, T

1
U = ——sz dv, (2.1)
8

1 The square E2 is not the same as the mean square 2 of the actual field near the surface

of a conductor or inside it (where E = 0 but, of course, €% 5 0). By calculating the integral
(2.1) we ignore the internal energy of the conductor as such, which is here of no interest,
and the affinity of the charges for the surface.



4 Electrostatics of Conductors §2

where the integral is taken over all space outside the conductors. We trans-
form this integral as follows:

1 1 1
U = ——jE'gtad¢dV= ——fdiv (4E) dV+—f¢ div EdV.
8m 8m 87

The second integral vanishes by (1.4), and the first can be transformed into
integrals over the surfaces of the conductors which bound the field and over
an infinitely remote surface. The latter of these vanishes, because the field
diminishes sufficiently rapidly at infinity. Denoting by ¢, the constant value
of the potential on the ath conductor, we havet

¥ - %Z§¢Endf= ;—wg%j&w

Finally, since the total charges e, on the conductors are given by (1.10)
we obtain

U =% 3‘: éa Pas (2'2)

which is analogous to the expression for the energy of a system of point
charges. '

The charges and potentials of the conductors cannot both be arbitrarily
prescribed; there are certain relations between them. Since the field equa-
tions in a vacuum are linear and homogeneous, these relations must also
be linear, i.e. they must be given by equations of the form

ea = % Cap b0, (2.3)

where the quantities C,q, Cyp have the dimensions of length and depend on
the shape and relative position of the conductors. The quantities Cyq are
called capacity coefficients, and the quantities Cyp (a # b) are called electro-
static induction coefficients. In particular, if there is only one conductor, we
have e = C¢, where C is the capacity, which in order of magnitude is equal
to the linear dimension of the body. The converse relations, giving the
potentials in terms of the charges, are

$a = Z Clup e, (24)

where the coeflicients C—1; form a matrix which is the inverse of the matrix
Cab.

Let us calculate the change in the energy of a system of conductors caused
by an infinitesimal change in their charges or potentials. Varying the original

t In transforming volume integrals into surface integrals, both here and later, it must be
borne in mind that Ex is the component of the field along the outward normal to the con-
ductor. This direction is opposite to that of the outward normal to the region of the volume
integration, namely the space outside the conductors. The sign of the integral is therefore
changed in the transformation.



§2 The energy of the electrostatic field of conductors 5

expression (2.1), we have 8% = (1/4x) [ E-8E dV. This can be further
transformed by two equivalent methods. Putting E = —grad ¢ and using
the fact that the varied field, like the original field, satisfies equations (1.4)
(so that div 8E = 0), we can write

1 1
Su = —;fgrad $-3E dV = _4_ﬁfdiv (¢ 5E) AV

1
- quaﬁﬂsEn df,
that is
8% = % ¢>a, Sea, (2.5)

which gives the change in energy due to a change in the charges. This result
is obvious; it is the work required to bring infinitesimal charges 8¢, to the
various conductors from infinity, where the field potential is zero.

On the other hand, we can write

1 1
SU = _;fn.grad 8¢ dV = —4—ﬂfdiv (E 84) dV

1
- Z 5a ff; E, df,
that is
8% = 3 ea 84, (2.6)

which expresses the change in energy in terms of the change in the potentials
of the conductors.

Formulae (2.5) and (2.6) show that, by differentiating the energy % with
respect to the charges, we obtain the potentials of the conductors, and the
derivatives of % with respect to the potentials are the charges:

0%|%ea = da 0U|0bg = eq. (2.7)
But the potentials and charges are linear functions of each other. Using

(2.3) we have 32%|0¢o0dy = Oev|0g = Cia, and by reversing the order of
differentiation we get Czp. Hence it follows that

Cap = Cha, (2-8)

and similarly C—1;; = C-1,. The energy % can be written as a quadratic
form in either the potentials or the charges:

% =% 2 Cav pabp = } 2 Cap as. (2.9)

This quadratic form must be positive definite, like the original expression
(2.1). From this condition we can derive various inequalities which the



6 Electrostatics of Conductors §2

coefficients C,p must satisfy. In particular, all the capacity coefficients are
positive:
Caa > 0 (2.10)

(and also C1,;, > 0).1
All the electrostatic induction coefficients, on the other hand, are negative:

Cap < 0 (a # b). 2.11)

That this must be so is seen from the following simple arguments. Let us
suppose that every conductor except the ath is earthed, i.e. their potentials
are zero. Then the charge induced by the charged ath conductor on another
(the bth, say) is ey = Cpas. It is obvious that the sign of the induced charge
must be opposite to that of the inducing potential, and therefore Cyp < 0.
This can be more rigorously shown from the fact that the potential of the
electrostatic field cannot reach a maximum or minimum outside the conduc-
tors. For example, let the potential ¢ of the only conductor not earthed be
positive. Then the potential is positive in all space, its least value (zero)
being attained only on the earthed conductors. Hence it follows that the
normal derivative d¢/dn of the potential on the surfaces of these conductors
is positive, and their charges are therefore negative, by (1.10). Similar
arguments show that C-1, > 0.

The energy of the electrostatic field of conductors has a certain extremum
property, though this property is more formal than physical. To derive it,
let us suppose that the charge distribution on the conductors undergoes an
infinitesimal change (the total charge on each conductor rernalmng unaltered),
in which the charges may penetrate into the conductors; we ignore the fact
that such a charge distribution cannot in reality be stationary. We consider
the change in the integral % = (1/8~) [ E2dV, which must now be extended
over all space, including the volumes of the conductors themselves (since
after the displacement of the charges the field E may not be zero inside the
conductors). We write

1
su —Efgrad¢-8E v

1 1
- f div (45E) 4+ f & div SE dV.

The first integral vanishes, being equivalent to one over an infinitely remote
surface. In the second integral, we have by (1.8) div 6E = 483, so that
8% = | ¢85 dV. This integral vanishes if ¢ is the potential of the true electro-
static field, since then ¢ is constant inside each conductor, and the integral
Jf8pdV over the volume of each conductor is zero, since its total charge
remains unaltered.

t We may also mention that another inequality which must be satisfied if the form (2.9)
is positive is CaaCop > Cap?.



§2 The energy of the electrostatic field of conductors 7

Thus the energy of the actual electrostatic field is a minimumt relative
to the energies of fields which could be produced by any other distribution
of the charges on or in the conductors ( Thomson’s theorem).

From this theorem it follows, in particular, that the introduction of an
uncharged conductor into the field of given charges (charged conductors)
reduces the total energy of the field. To prove this, it is sufficient to compare
the energy of the actual field resulting from the introduction of the un-
charged conductor with the energy of the fictitious field in which there are
no induced charges on that conductor. The former energy, since it has the
least possible value, is less than the latter energy, which is also the energy
of the original field (since, in the absence of induced charges, the field would
penetrate into the conductor, remaining unaltered). This result can also
be formulated thus: an uncharged conductor remote from a system of given
charges is attracted towards the system.

Finally, it can be shown that a conductor (charged or not) brought into
an electrostatic field cannot be in stable equilibrium under electric forces
alone. This assertion generalises the theorem for a point charge proved at
the end of §1, and can be derived by combining the latter theorem with
Thomson’s theorem. We shall not pause to give the derivation in detail.

Formulae (2.9) are useful for calculating the energy of a system of con-
ductors at finite distances apart. The energy of an uncharged conductor
in a uniform external field €, which may be imagined as due to charges at
infinity, requires special consideration. According to (2.2), this energy is
U = Led, where e is the remote charge which causes the field, and ¢ is the
potential at this charge due to the conductor. % does not include the energy
of the charge e in its own field; since we are interested only in the energy of
the conductor. The charge on the conductor is zero, but the external field
causes it to acquire a dipole electric moment, which we denote by #. The
potential of the electric dipole field at a large distance r from it is ¢ = P.r/r3.
Hence % = e®P-r[2r3. But —er[r3 is just the field @ due to the charge e.
Thus

= -1 2.C. (2.12)

Since all the field equations are linear, it is evident that the components
of the dipole moment £ are linear functions of the components of the field
€. The coefficients of proportionality between # and € have the dimen-
sions of length cubed, and are therefore proportional to the volume of the
conductor:

P = VoG, (2.13)

where the coefficients «;; depend only on the shape of the body. The quantities
Vi form a tensor, which may be called the polarisability tensor of the body.

t We shall not give here the simple arguments which demonstrate that the extremum is
a minimum.

2



8 Electrostatics of Conductors §2

This tensor is symmetrical: a;; = oy, a statement which will be proved in
§11. Accordingly, the energy (2.12) is

U = —3VaiCiCy. (2.14)

PROBLEMS

ProBLEM 1. Express the mutual capacity C of two conductors (with charges 3-¢) in terms
of the coefficients Cgp.

SoLurioN. The mutual capacity of two conductors is defined as the coefficient C in the
relation e = C($3—¢1), and the energy of the system is given in terms of C by @ = 3¢2/C.
Comparing with (2.9), we obtain

1/C = C111—2C1124+C g
= (C11+2C12+ Cz2)/(C11Caz— Ci22).

PROBLEM 2. A point charge e is situated at O, near a system of earthed conductors, and
induces on them charges es. If the charge e were absent, and the ath conductor were at
potential ¢’q, the remainder being earthed, the field potential at O would be ¢’o. Express the
charges e, in terms of ¢’4 and ¢’.

SorutioN. If charges es on the conductors give them potentials ¢4, and similarly for
e’q and ¢'g, it follows from (2.3) that

T duea = T $aCatd’s = T ¢zeq.
a a,b a

We apply this relation to two states of the system formed by all the conductors and the
charge e (regarding the latter as a very small conductor). In one state the charge e is present,
the charges on the conductors are eq, and their potentials are zero. In the other state the charge
e is zero, and one of the conductors has a potential $’a % 0. Then we have e¢’o+ead’s = 0,
whence ez = —ed’o/¢’a.

For example, if a charge e is at a distance » from the centre of an earthed conducting sphere
of radius a(< 7), then ¢’0 = ¢’sa/r, and the charge induced on the sphere is eg = —ea/r.

As a second example, let us consider a charge e placed between two concentric conducting
spheres of radii @ and b, at a distance r from the centre such that a < r < b. If the outer
sphere is earthed and the inner one is charged to potentjal ¢'4, the potential at distance 7 is

. 1r—=1/b
$o= et
Hence the charge induced on the inner sphere by the charge e is eq = —ea(b —r)/r(b—a).
Similarly the charge induced on the outer sphere is e» = —eb(r—a)/r(b—a).

ProBLEM 3. Two conductors, of capacities C1 and Ce, are placed at a distance » apart
which is large compared with their dimensions. Determine the coefficients Cap.

SoLuTION. If conductor 1 has a charge e1, and conductor 2 is uncharged, then in the first
approximation ¢1 = ¢1/C1, 2 = e1/r; here we neglect the variation of the field over conductor
2 and its polarisation. Thus C-111 = 1/Ci, C~112 = 1/r, and similarly C-125 = 1/C3. Hence
we find

CiC
Cu—-=Cl(1+Clcz), c 1C2

72

t The subsequent terms in the expansion are in general of order (in 1/r) one higher than
those given. If, however, 7 is taken as the distance between the “centres of charge’’ of the
two bodies (for spheres, between the geometrical centres), then the order of the subsequent
terms is two higher.



§3 Methods of solving problems in electrostatics 9

PRrROBLEM 4. Determine the capacity of a ring (radius b) of thin conducting wire of circular
cross-section (radius a < b).

SoLuTION. Since the wire is thin, the field at the surface of the ring is almost the same as
that of charges distributed along the axis of the wire (for a right cylinder, it would be exactly
the same). Hence the potential of the ring is

_ e dl

270 J r’ .
where r is the distance from a point on the surface of the ring to an element d/ of the axis of
the wire, the integration being over all such elements. We divide the integral into two parts

corresponding to r < A and r > A, A being a distance such that a € A < b. Then for
r < A the segment of the ring concerned may be regarded as straight, and therefore

ba

A
al dal
3§ e f VBt = 2 los2Ala).
A>T ~A

In the range r > A the thickness of the wire may be neglected, i.e. » may be taken as the
distance between two points on its axis. Then

T
dl bd¢
Lo 22 _ ,
y Teings - 2 logtanide
>A P9

where ¢ is the angle subtended at the centre of the ring by the chord r, and the lower limit
of integration is such that 2bsin 4o = A, whence ¢o = A/b. When the two parts of the
integral are added, A cancels, and the capacity of the ring is

c=f__"™
$a  log(8b/a)

§3. Methods of solving problems in electrostatics

The general methods of solving Laplace’s equation for given boundary
conditions on certain surfaces are studied in mathematical physics, and we
shall not give a detailed description of them here. We shall merely mention
some of the more elementary procedures and solve various problems of
intrinsic interest.t

(1) The method of images. The simplest example of the use of this method
is to determine the field due to a point charge e outside a conducting medium
which occupies a half-space. The principle of the method is to find fictitious
point charges which, together with the given charge or charges, produce a
field such that the surface of the conductor is an equipotential surface. In
the case just mentioned, this is achieved by placing a fictitious charge
e’ = —e at a point which is the image of e in the plane which bounds the
conducting medium. The potential of the field due to the charge e and its
tmage ¢’ is , :

1 1
b=ez->). (3.0)
r o7

t The solutions of many more complex problems are given by W. R. SMYTHE, Static and

Dynamic Electricity, 2nd ed., McGraw-Hill, New York, 1950; G. A. GRINBERG, Selected

Problems in the Mathematical Theory of Electric and Magnetic Phenomena (Izbrannye voprosy
matematicheskot teorii élektricheskikh i magnitnykh yavlenii), Moscow, 1948,
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where 7 and 7" are the distances of a point from the charges e and ¢’. On
the bounding plane, » = 7’ and the potential has the constant value zero,
so that the necessary boundary condition is satisfied and (3.1) gives the solu-
tion of the problem. It may be noted that the charge e is attracted to the
conductor by a force €2/(2a)? (the image force; a is the distance of the charge
from the conductor), and the energy of their interaction is —e2/4a.

The distribution of surface charge induced on the bounding plane by the
point charge e is given by

1 rod e a
= ——[——] =———. 3.2)
47 lon r=1 27 3
It is easy to see that the total charge on the plane is fodf = —e, as it should

be.

The total charge induced on an originally uncharged insulated conductor
by other charges is, of course, zero. Hence, if in the present case the conduct-
ing medium (in reality a large conductor) is insulated, we must suppose
that, besides the charge —e, a charge +e is also induced, which, however,
has no finite density, being distributed over the large surface of the conductor.

Next, let us consider a more difficult problem, that of the field due to a
point charge e near a spherical conductor. To solve this problem, we use
the following result, which can easily be proved by direct calculation. The
potential of the field due to two point charges e and —e’, namely ¢ = efr—e’[r’,
vanishes on the surface of a sphere whose centre is on the line joining the
charges (but not between them). If the radius of the sphere is R and its
centre is distant / and I’ from the two charges, then [Jl' = (e[e)?, R2 = Il

Let us first suppose that the spherical conductor is maintained at a con-
stant potential ¢ = 0, i.e. it is earthed. Then the field outside the sphere due
to the point charge e at 4 (Fig. 1), at a distance / from the centre of the sphere,
is the same as the field due to two charges, namely the given charge e and
a fictitious charge —e’ at A’ inside the sphere, at a distance ' from its centre,
where

' = R[], e’ = eR/l (3.3)
The potential of this field is

e eR 3.4)
b G-
r and 7’ being as shown in Fig. 1. A non-zero total charge —e’ is induced on
the surface of the sphere. The energy of the interaction between the charge
and the sphere is

U = —%ee|(I-1") = —} eR/(I2— R?), (3.5)

and the charge is attracted to the sphere by a force F = — 0%/l =
—e?lR|(12—R2)2.
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If the total charge on the spherical conductor is kept equal to zero (an
insulated uncharged sphere), a further fictitious charge must be introduced,
such that the total charge induced on the surface of the sphere is zero, and
the potential on that surface is still constant. This is done by placing a
charge +e' at the centre of the sphere. The potential of the required field
is then given by the formula

e ¢ ¢
b=—-———+— (3.6)
r r rn

Fic. 1

The energy of interaction in this case is
e Jq1 1 ) e2R3
= dee (Tl—z' = T2p(P_RY
Finally, if the charge eis at A’ (Fig. 1) in a spherical cavity in a conducting
medium, the field inside the cavity must be the same as the field due to the
charge e at A’ and its image at 4 outside the sphere, regardless of whether
the conductor is earthed or insulated:

(3.7)

4= (3.8

r I'r

(2) The method of inversion. There is a simple method whereby in some
cases a known solution of one electrostatic problem gives the solution of
another problem. This method is based on the invariance of Laplace’s
equation with respect to a certain transformation of the variables.

In spherical co-ordinates Laplace’s equation has the form

10/ 0 1
il P50 B =0,
r2 Br(r 31‘) + r2 Dot

where Ag denotes the angular part of the Laplacian operator. It is easy to
see that this equation is unaltered in form if the variable 7 is replaced by
a new variable 7’ such that

r = Ry’ (3.9)
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(the tnversion transformation) and at the same time the unknown function ¢
is replaced by ¢’ such that

¢ = r'¢’'|R. (3.10)

Here R is some constant having the dimensions of length (the radius of
inversion). 'Thus, if the function ¢(r) satisfies Laplace’s equation, then so
does the function

'(r') = Rp(R2r'[r'?))r'. (3.11)

Let us assume that we know the electrostatic field due to some system of
conductors, all at the same potential ¢, and point charges. The potential
&(r) is usually defined so as to vanish at infinity. Here, however, we shall
define ¢(r) so that it tends to —dy at infinity. Then ¢ = 0 on the conductors.

We may now ascertain what problem of electrostatics will be solved by
the transformed function (3.11). First of all, the shapes and relative posi-
tions of all the conductors of finite size will be changed. The boundary
condition of constant potential on their surfaces will be automatically satis-
fied, since ¢’ = 0 if ¢ = 0. Furthermore, the positions and magnitudes of
all the point charges will be changed. A charge e at a point rp moves to
r'o = R2ro[r¢? and takes a value ¢’ which can be determined as follows. As
r —>ro the potential ¢(r) tends to infinity as e/|dr|, where 8t = r—r,.
Differentiating the relation r = R2t'[r'2, we find that the magnitudes of the
small differences 8r and 8r’ = r’'—r'y are related by (8r)2 = R4(8r')2/r'o%.
Hence, asr” — r'y, the function ¢’ tends to infinity as eR/[r'o|0r| = er'o/R|51’|,
corresponding to a charge

e’ = er'o/R = eR/r,. (3.12)

Finally, let us examine the behaviour of the function ¢'(') near the origin.
For r' = 0 we have r - 0 and ¢(r) - —¢. Hence, as t' - 0, the func-
tion ¢’ tends to infinity as —Rdyofr’. This means that there is a charge
e0 = —R¢y at the point ¢’ = 0.

We shall give, for reference, the way in which certain geometrical figures
are transformed by inversion. A spherical surface of radius a and centre 1o
is given by the equation (r—rg)2= 42 On inversion, this becomes
([R2r'[r'?]—1)2 = a2, which, on multiplying by 7’2 and rearranging, can be
written (¢’ —r'9)2 = a'2, where

r'y = —Rro(a—ro?), @ = aR?[|a—re|. (3.13)

Thus we have another sphere, of radius @’ and centre r'o. If the original
sphere passes through the origin (@ = 7g), then @’ = co. In this case the
sphere is transformed into a plane perpendicular to the vector ro and distant
r'o—a’ = R2[(a+rp) = R2[2a from the origin.

(3) The method of conformal mapping. A field which depends on only
two Cartesian co-ordinates (x and y, say) is said to be two-dimensional.
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The theory of functions of a complex variable is a powerful means of solving
two-dimensional problems of electrostatics. The theoretical basis of the
method is as follows.

An electrostatic field in a vacuum satisfies two equations: curl E = 0,
div E = 0. The first of these makes it possible to introduce the field poten-
tial, defined by E = —grad ¢. The second equation shows that we can
also define a vector potential A of the field, such that E = curl A. In the
two-dimensional case, the vector E lies in the xy-plane, and depends only
on x and y. Accordingly, the vector A can be chosen so that it is perpendicu-
lar to the xy-plane. Then the field components are given in terms of the
derivatives of ¢ and A by

Ey = —04Jox = 04)dy, E, = —0d/dy = —ddjox.  (3.14)

These relations between the derivatives of ¢ and A4 are, mathematically, just
the well-known Cauchy-Riemann conditions, which express the fact that
the complex quantity

w=¢—id (3.15)

is an analytic function of the complex argument 2 = x+14y. This means that
the function w(z) has a definite derivative at every point, independent of
the direction in which the derivative is taken. For example, differentiating
along the x-axis, we find dw/dz = 0¢/0x—idA[odx, or

dw/dz = —Eg+iEy. (3.16)

The function w is called the complex potential.

The lines of force are defined by the equation dx/E; = dy/E,. Expressing
E; and Ey as derivatives of 4, we can write this as (04/dx)dx+(24/oy)dy
= dA4 = 0, whence A(x,y) = constant. Thus the lines on which the
imaginary part of the function w(2) is constant are the lines of force. The
lines on which its real part is constant are the equipotential lines. The
orthogonality of these families of lines is ensured by the relations (3.14),
according to which

0 0A od oA

Both the real and the imaginary part of an analytic function w(2) satisfy
Laplace’s equation. We could therefore equally well take im @ as the field
potential. The lines of force would then be given by re w = constant.
Instead of (3.15) we should have w = 4 +i¢.

The flux of the electric field through any section of an equipotential line
is given by the integral § E,dl = —§ (0¢/0n)dl, where dl is an element of
length of the equipotential line and n the direction of the normal to it.
According to (3.14) we have d¢/on = — dA/dl, the choice of sign denoting
that [/ is measured to the left when one looks along n. Thus § E,d!
= § (0A[ol)dl = As—A;, where Ap and A are the values of A4 at the ends
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of the section. In particular, since the flux of the electric field through a
closed contour is 4me, where e is the total charge enclosed by the contour
(per unit length of conductors perpendicular to the plane), it follows that

e = (1/4m)Ad, (3.17)

where A4 is the change in 4 on passing counterclockwise round the closed
equipotential line.

The simplest example of the complex potential is that of the field of a
charged straight wire passing through the origin and perpendicular to the
plane. The field is given by E, = 2e[r, E, = 0, where 7,0 are polar co-
ordinates in the xy-plane, and e is the charge per unit length of the wire.
The corresponding complex potential is

w = —2elogz = —2elogr—2ied. (3.18)

If the charged wire passes through the point (xo, ¥o) instead of the origin,
the complex potential is

w = —2elog(z— =), (3.19)

where 2o = x4 2y0.

Mathematically, the functional relation w = w(2) constitutes a conformal
mapping of the plane of the complex variable z on the plane of the complex
variable w. Let C be the cross-sectional contour of a conductor in the
xy-plane, and ¢y its potential. It is clear from the above discussion that the
problem of determining the field due to this conductor amounts to finding a
function w(z) which maps the contour C in the z-plane on the line w = ¢y,
parallel to the axis of ordinates, in the w-plane. Then rew gives the
potential of the field. (If the function w(2) maps the contour C on a line
parallel to the axis of abscissae, then the potential is im w.)

Fic. 2

(4) The wedge problem. We shall give here, for reference, formulae for
the field due to a point charge e placed between two intersecting conducting
half-planes. Let the 2-axis of a system of cylindrical co-ordinates (r, 8, z)
be along the apex of the wedge, the angle # being measured from one of the
planes, and let the position of the charge e be (&, y, 0) (Fig. 2). The angle a
between the planes may be either less or greater than =; in the latter case
we have a charge outside a conducting wedge.



§3 Methods of solving problems in electrostatics 15

The field potential is given byt
. ﬂ sinh (7¢/x) _ sinh (n¢/a) }x
«y/(2ar) p cosh (7{/a) — cos [#(0 — y)/a] cosh (w{/x)—cos [m(6+ y)/«]
(3.20)

x d
4/(cosh { — coshz)’

The potential ¢ = 0 on the surface of the conductors, i.e. for § = 0 or a.

In particular, for « = 27 we have a conducting half-plane in the field of a
point charge. In this case the integral in (3.20) can be evaluated explicitly,
giving

coshy = (a2+72+22%)/2ar, 7 > 0.

e(l —cosj(0—9y)y 1 —cos}(f+vy)
b o D)L )
R coshin R’ coshin
R2 = a2+72+ 22— 2ar cos (y—0),
R? = a®+ 72+ 22— 2ar cos(y+0).

(3.21)

In the limit as the point (7, 6, 2) tends to the position of the charge e, the
potential (3.21) becomes

e Ty
¢ = ¢'+e/R, where ¢’ = ——-[1+ - ] (3.22)
2ma siny

The second term is just the Coulomb potential, which becomes infinite as
R -0, while ¢’ is the change caused by the conductor in the potential at
the position of the charge. The energy of the interaction between the charge
and the conducting half-plane is

2 —
U = Yeg’ = —-‘3—[1+", ”]. (3.23)
47a siny
PROBLEMS

ProBLEM 1. Determine the field near an uncharged conducting sphere of radius R placed
in a uniform external electric field €.

SoLuTioN. We write the potential in the form ¢ = ¢o+¢1, where ¢o = —E-r isthe
potential of the external field and 41 is the required change in potential due to the sphere.
By symmetry, the function $; can depend only on the constant vector . The only such solu-
tion of Laplace’s equation which vanishes at infinity is

¢$1 = —constant X &-grad (1/r) = constant X -r/r3,

the origin being taken at the centre of the sphere. On the surface of the sphere ¢ must be
constant, and so the constant in ¢; is R3, whence

.

R® RS
¢ = —G-r(l-—;) = —Crcos b (l-— ;),
where 0 is the angle between & and r. The distribution of charge on the surface of the
sphere is given by
o = —(1/4n)[ 3¢/ &]r=r = (3€[47) cos 0.

t This formula was first given by H. M. MacpoNALD (1895). Its derivation is given by
him in Electromagnetism, Bell, London, 1934, p. 79.
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The total charge ¢ = 0. The dipole moment of the sphere is most easily found by comparing
¢1 with the potential #.r/r3 of an electric dipole field, whence £ = R3.

PrOBLEM 2. The same as Problem 1, but for an infinite cylinder in a uniform transverse
field.

SorutioN. We use polar co-ordinates in a plane perpendicular to the axis of the cylinder.
The solution of the two-dimensional Laplace’s equation which depends only on a constant
vector is

é1 = constant X §-grad (log 7) = constant X @-r/r2,

Adding ¢o = —@E-r and putting the constant equal to R?, we have
R2
¢ = —Cr cos 0(1 - —27).
r

The surface charge density is 0 = (€/2#) cos §. The dipole moment per unit length of the
cylinder can be found by comparing ¢ with the potential of a two-dimensional dipole field,
namely 22.grad (log 7) = 22.r/r2, so that # = $R2E.

ProBLEM 3. Determine the field near a wedge-shaped projection on a conductor.

SorutioN. We take polar co-ordinates », 8 in a plane perpendicular to the apex of the
wedge, the origin being at the vertex of the angle 6o of the wedge. The angle 8 is measured
from one face of the wedge, the region outside the conductor being 0 < 8 < 27—8. Near
the apex of the wedge, the potential can be expanded in powers of 7, and we shall be interested
in the first term of the expansion (after the constant term), which contains the lowest power
of ». The solutions of the two-dimensional Laplace’s equation which are proportional to
7™ are r® cos nf and r* sin nf. The solution having the smallest » which satisfies the con-
dition ¢ = constant for § = 0 and § = 27 —¥8p (i.e. on the surface of the conductor) is

¢ = constant X 7* sin nf, = /(2w —0o).

The value of the constant can be determined only by solving the problem for the whole field.
The field varies as *~1. For 8o < = (n < 1), therefore, the field becomes infinite at the apex
of the wedge. In particular, for a very sharp wedge (6o < 1, n =2 }) E increases as r* as
r = 0. Near a wedge-shaped concavity in a conductor (6p > =, n > 1) the field tends to
zero.

ProBLEM 4. Determine the field near the end of a sharp conical point on the surface of a
conductor.

SoLuTioN. We take spherical co-ordinates, with the origin at the vertex of the cone and
the polar axis along the axis of the cone. Let the angle of the cone be 26¢ <€ 1, so that the
region outside the conductor corresponds to polar angles in the range 6o < 8 < 7. We seek
a solution for the variable part of the potential, which is symmetrical about the axis, in the
form

¢ = rf (0), 1¢))

with the smallest possible value of #n. Laplace’s equation

l_a(,z%) +—1— 2 (sin 06_43) =0,

72 or or 72 sin 0 20 26,
after substitution of (1), gives
1 d df
—Z (sino<L 1)f = 0.
sin 0.0 (s‘“ d0)+"("+ ¥ @

The condition of constant potential on the surface of the cone means that we must have
f(6o) = 0.

For small 6y we seek a solution by assuming that n <1 and f(8) is of the form
constant X [14-y(0)], where ¢ <€ 1. (For 6o — 0, i.e. an infinitely sharp point, we should
expect that ¢ tends to a constant almost everywhere near the cone.) The equation for ¢ is

1 d dy
2L s o—)=—. 3
sin 6.d6 (s“’ dé " @)
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The solution having no singularities outside the cone (in particular, at 0 = =) is ()
== 2n log sin 6.

For 8 ~ 6y <1, ¢ is no longer small. Nevertheless, this expression remains valid, since
the second term in equation (2) may be neglected because 8 is small. To determine the con-
stant # in the first approximation we must require that the function f = 1+ vanishes for
8 = 8. Thustn = —1/2log fo. The field increases to infinity as #~(1-7) in the neighbour-
hood of the vertex, i.e. essentially as 1/r.

ProBLEM 5. The same as Problem 4, but for a sharp conical depression on the surface of a
conductor.

SoLuTIoN. The region outside the conductor now corresponds to the range 0 < 8 < 6o.
As in Problem 4, we seek ¢ in the form (1), but now #> 1. Since 6 <1 for all points in the
field, equation (2) of Problem 4 becomes
1d/ df
(o= 2f — ().
0 dB( do) tf=0
This is Bessel’s equation, and the solution having no singularities in the field is Jo(n6). The
value of 7 is determined as the smallest root of the equation Jo(n6o) = 0, whence n = 2-4/6.

PrOBLEM 6. Determine the energy of the attraction between an electric dipole and a plane
conducting surface.

SoLuTioN. We take the x-axis perpendicular to the surface of the conductor, and passing
through the dipole; let the dipole moment vector £ lie in the xy-plane. The image of the
dipole is at the point —x and has a moment &'z = #;, #'y = —#y. The required energy
of attraction is half the energy of the interaction between the dipole and its image, and is
Y = —(2P2+Py?)[16x5.

ProBLEM 7. Determine the mutual capacity per unit length of two parallel infinite con-
ducting cylinders of radii a and b, their axes being at a distance ¢ apart.]

-e

00'=¢
04 =g,
o4 = o

Fi16.3

SoLuTioN. The field due to the two cylinders is the same as that which would be produced
(in the region outside the cylinders) by two charged wires passing through certain points
A and A4’ (Fig. 3). The wires have charges 1¢’ per unit length, equal to the charges on the
cylinders, and the points 4 and A’ lie on OO’ in such a way that the surfaces of the cylinders
are equipotential surfaces. For this to be so, the distances O4 and 0’4’ must be such

t A more rigorous calculation gives the formula n = 1/2 log (2/8), containing a coefficient
in the (large) logarithm, which cannot really be obtained by the simple method given here.

1 The corresponding problem for two, spheres cannot be solved in closed form. The
difference arises because, in the field of two parallel wires bearing equal and opposite charges,
all the equipotential surfaces are circular cylinders, whereas in the field of two equal and
opposite point charges the equipotential surfaces are not spheres.
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that O4 - 04’ = a2, O’A’ - O'4 = P2, i.e. di(c—d2) = a?, da(c—d1) = b2 'Then, for each
cylinder, the ratio r/r’ of the distances from 4 and A’ is constant. On cylinder 1, r/r’ = a/OA’
= a/(¢c—d2) = di/a, and on cylinder 2, r’/r = dz2/b. Accordingly, the potentials of the cylin-
ders are ¢1 = —2elog (r/r') = —2elog(di/a), ¢2 = 2elog (da/b), $a—¢1 = 2e log (didz/ab).
Hence we find the required mutual capacity C = e/($2—¢1):

1/C = 2 log (dida/ab) = 2 cosh™1 [(c2—a2—b?)/2ab].

In particular, for a cylinder of radius a at a distance 4 (> a) from a conducting plane, we
put ¢ = b4 and take the limit as b — o0, obtaining 1/C = 2 cosh™1 (k/a).

If two hollow cylinders are placed one inside the other (¢ < b—a), there is no field outside,
while the field between the cylinders is the same as that due to two wires of charges +-e
passing through 4 and A4’ (Fig. 4). The same method gives

1/C = 2 cosh™ [(a2+b2—c?)[2ab].

ProsLEM 8. The boundary of a conductor is an infinite plane with a hemispherical pro-
jection. Determine the charge distribution on the surface.

A'

Fic. 4

SoLUTION. In the field determined in Problem 1, whose potential is
RS
¢ = constant xz(l - —3),
r

the plane 2 = 0 with a projection » = R is an equipotential surface, on which ¢ = 0. Hence
it can be the surface of a conductor, and the above formula gives the field outside the con-
ductor. The charge distribution on the plane part of the surface is given by

R3
7= __[3.2' z-o ( _F)’

we have taken the constant in ¢ as —4wao, so that oo is the charge density far from the pro-
jection. On the surface of the projection we have

2

[ =3 ao—

or. r=R

PrROBLEM 9. Determine the dipole moment of a thin conductmg cylmdrleal rod, of length
2! and radius a <€/, in an electric field € parallel to its axis.

SoLuTiON. Let 7(2) be the charge per unit length induced on the surface of the rod, and
z the co-ordinate along the axis of the rod, measured from its midpoint. The condition of
constant potential on the surface of the conductor is

27 1
1 w(z)dz’d$
—C=t o f f —=r 2

4

R = (¢ —2)2+4a?sin? 34,
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where ¢ is the angle between planes passing through the axis of the cylinder and through two
points on its surface at a distance R apart. We divide the integral into two parts, putting
7(2’") = 7(2)+[r(2’) —7(2)]. Since l> a, we have for points not too near the ends of the rod

f(z) f f d='dé f(z) o 12 42—22)

Aot = @ s

w
using the result that flogsin ¢ d¢ = —mlog2. In the integral which contains the diff-
0

erence 7(2’)—7(2), we can neglect the a term in R, since it no longer causes the integral to
diverge. Thus

Hp—22 + () — ™) 4a

a? . |2’ —=]

Cz = 7(2) log

The quantity = is almost proportional to 2, and in this approximation the integral gives
—217(=2), the result being

_ Ez
@) = o =) =2

This expression is invalid near the ends of the rod, but in calculating the dipole moment
that region is unimportant. In the above approximation we have

1 3
P = L’;f(z)z dz = ELof {32—--—:% log (l— l—:—)} dz

€3 1/4
=3z f(s — log 2)}'

where L = log (2!//a)—1 is large, or (with the same accuracy)

_ G
" 3log (Hlja)—7"

ProsLEM 10. Determine the capacity of a hollow conducting cap of a sphere.

SoLuTiOoN. We take the origin O at a point on the rim of the cap (Fig. 5), and carry out the
inversion transformation r = I2/r’, where [ is the diameter of the cap. The cap then becomes
the half-plane shown by the dashed line in Fig. 5, which is perpendicular to the radius 40
of the cap and passes through the point B on its rim. The angle y = w—80, where 20 is the
angle subtended by the diameter of the cap at the centre of the sphere.

A
[
R
0 14 8
N
1%
N\,
\\
F1c. 5

If the charge on the cap is e and its potential is taken as zero, then as » - oo the potential
¢ —>—do+e/r. Accordingly, in the transformed problem, as » — 0 the potential is ¢* — I$/r’
22 —Io/r' +e/l, where the first term corresponds to a charge ¢’ = —l¢o at the origin.
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According to formula (3.22), we have

¢1=.f.'__ i (1+....L)

r 2al sin 6,

(the potential near a charge ¢’ at a distance ! from the edge of a conducting half-plane at zero
potential). Comparing the two expressions, we have for the required capacity C = e/do
l 0 R
€ =51+ =) = TGsin0+0),
27 sin 6, T
where R is the radius of the cap.

ProBLEM 11. Determine the correction due to edge effects on the value C = S/4nd for
the capacity of a plane condenser (S being the area of the plates, and d <€ 4/.S the distance
between them).

pebor2
) -—dI————-—-—-—-——-‘-¢=O
¢=-¢0”2
&b,
® #3  |#0

F1G6. 6

SoLUTION. Since the plates have free edges, the distribution of charge over them is not
uniform. To determine the required correction in a first approximation, we consider
points which are at distances x from the edge such that d € x <€ 4/S. For example, taking
the upper layer (at potential ¢ = 340, Fig. 6a) and neglecting its distance 3d from the mid-
plane (the equipotential surface ¢ = 0), we have the problem of the field near the boundary
between two parts of a plane having different potentials (Fig. 6b). The solution is elemen-
taryt, and the excess charge (relative to the value of o far from the edge) is Ao = Epn/4n
= ¢o/8n2x, so that the total excess charge is L [ Ao dx = ($oL[872) log (/S/d), where L is
the perimeter of the plate. In calculating the logarithmically divergent integral, we have
taken the limits as those of the region d € x < v/S. Hence we find the capacity}

S L VS
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$4. A conducting ellipsoid

The problem of the field of a charged conducting ellipsoid and that of an
ellipsoid in a uniform external field are solved by the use of ellipsoidal co-
ordinates. These are related to Cartesian co-ordinates by the equation

+ +
a?+u bB2+u c2+4u

=1 (a>b>o). (4.1)

t See §22. In formula (22.2) for the potential we must here put ¢ap = 3¢y, @ = .

T A more exact calculation (determining the coefficient in the argument of the logarithm)
demands considerably more elaborate methods, and the result depends on the shape of the
plates. If these are circular, of radius R, we obtain Kirchhoff’s formula

R* R/ 16nR
c= a-}-z—’-r(log—d— - 1).
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This equation, a cubic in 4, has three different real roots ¢, %, {, which lie in
the following ranges:

E>—c% —2>n>-b, —B2>(>—a (4.2)

These three roots are the ellipsoidal co-ordinates of the point x, y, 2. Their
geometrical significance is seen from the fact that the surfaces of constant
¢, n and { are respectively ellipsoids and hyperboloids of one and two sheets,
all confocal with the ellipsoid

x2[a®+y?[b%+ 22[c2 = 1. 4.3)
One surface of each of the three families passes through each point in
space, and the three surfaces are orthogonal. The formulae for transforma-

tion from ellipsoidal to Cartesian co-ordinates are given by solving three
simultaneous equations of the type (4.1), and aret

[ (§+8%)(n+a®)({+a%) T
*= iA/ : G- 2—a?) |
A/ [ (£+56%)(n+82)(£+8%) ]
@ I
G+ A+ AC+D) T
o2 A/ @—Ap—) I
The element of length in ellipsoidal co-ordinates is
di2 = m2dE2+he? dn? + hg? d L2,
ho= VI(E—E-DI2R, ke = V/[(n—)(n—£))/2R,, (4.5)
hs = VIE-OE-12Ry R = (u+a)(u+B)u+e2),

y= 4+ (4.4)

u= f) uh L
Accordingly, Laplace’s equation in these co-ordinates is
4

Ad = X
(E-—(E—-8(n—10)
o (4.6)

If two of the semiaxes @, b, ¢ become equal, the system of ellipsoidal co-
ordinates degenerates. Let a =54 > ¢. Then the cubic equation (4.1)
becomes a quadratic,

+
a+u c2+u

=1, =2y (4.7)

t Strictly speaking, the ellipsoidal co-ordinates should be taken not as ¢, 3, { themselves
but as 4/(a® + {), V(b2 + 5), V(2 + £). Then the double signs would not appear in
(1-.4),1 ;rll)d the two systems of co-ordinates would be in one-to-one correspondence, as they
should be.
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with two roots whose values lie in the ranges £ > —¢2, —c2 > » > —a2. The
co-ordinate surfaces of constant ¢ and 7 become respectively confocal oblate
spheroids and confocal hyperboloids of revolution of one sheet (Fig. 7).
As the third co-ordinate we can take the polar angle ¢ in the xy-plane
(x=pcos¢, y=psind). For a=2> the ellipsoidal co-ordinate { de-
generates to a constant, —a2. Its relation to the angle ¢ is given by the way
in which it tends to —a?2 as b tends to @, namely

cos¢ = v/[(a®+{)/(a2—-b%)] as b —>a. 4.8)

r's

Fic. 7

This is easily seen from (4.4) or directly from (4.1). The relation between the
co-ordinates 2, p and &, y is given, according to (4.4), by

The co-ordinates &, 7, ¢ are called oblate spheroidal co-ordinates.t
Similarly, for a > b = c ellipsoidal co-ordinates become prolate spheroidal
co-ordinates. Two co-ordinates ¢ and { are roots of the equation

——t =1, p? = y2+22, (4.10)

where & > —b2, —b2 > [ > —a? The surfaces of constant ¢ and { are
prolate spheroids and hyperboloids of revolution of two sheets (Fig. 8).
The co-ordinate n degenerates to a constant, —b2, for ¢ — b, and we have

cosd = /[(62+n)/(82~cP)], (4.11)
where ¢ is the polar angle in the yz-plane. The relation between the co-
ordinates x, p and ¢, { is given by

.= i/[@t‘@&+“2)], p=/[£fi?i_)(§ﬂ], *.12)

a®—b2 b2 —a

+ We here use the definition of spheroidal co-ordinates such that they are the limit of
ellipsoidal co-ordinates. Other definitions are used in theliterature, but are easily related to ours.
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In a system of oblate spheroidal co-ordinates the foci of the spheroids and
hyperboloids lie on a circle of radius 4/(a2—c2?) in the xy-plane; in Fig. 7
AA’ is a diameter of this circle. Let us draw a plane passing through the
z-axis and some point P. It intersects the focal circle at two points; let
their distances from P be 1, r2. If the co-ordinates of P are p, 2, then

nt = [p-v(@-AP+a ot = [t y(@-c)Pta

The spheroidal co-ordinates £, 7 are given in terms of 71, 72 by
€ = }(r1+r)2—a? 7 = Hra—n)?2—a (4.13)
In a system of prolate spheroidal co-ordinates the foci are the points

x = +4/(a®—b2) on the x-axis (the points 4, A" in Fig. 8). If r; and r2
are the distances of these foci from P, then

n? = 4= V(@R 7t = gt [s+ /(@B

and the spheroidal co-ordinates £, { are given in terms of 7y, 2 by the same
formulae (4.13), with { in place of 7.

Let us now turn to the problem of the field of a charged ellipsoid whose
surface is given by the equation (4.3). In ellipsoidal co-ordinates this is the
surface £ = 0. It is therefore clear that, if we seek the field potential as a
function of ¢ only, all the ellipsoidal surfaces £ = constant, and in particu-
lar the surface of the conductor, will be equipotential surfaces. Laplace’s
equation (4.6) then becomes

1frt)

whence

Tde
8(6) = Ajé
3
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The upper limit of integration is taken so that the field is zero at infinity.
The constant 4 is most simply determined from the condition that at large
distances 7 the field must become a Coulomb field and ¢ =~ efr, where e is
the total charge on the conductor. When » — o0, £ - 0, and £ ~ 72, as
we see from equation (4.1) with u = {. For large ¢ we have R; ~ £3/2,
and ¢ ~ 24/4/¢ = 2A[r. Hence 24 = e, and therefore

wdf
§) = le| = 4.14
) engg (4.149)

The integral is an elliptic integral of the first kind. The surface of the con-
ductor corresponds to ¢ = 0, and so the capacity of the conductor is given
by

E=%J—R§- | (4.15)

The distribution of charge on the surface of the ellipsoid is determined by
the normal derivative of the potential:

[a¢] [1 qu] e 1
o= —— = —— =
47 Lonl ;o 4mlhy 61;0 47 v/ (n))
From equations (4.4) we easily see that for(=0

»? 7{

b4 + A e

Hence.

° ( +y2+z2)-} 4.16

" 4mabc \at' b4 o4 (+16)

For a spheroid the integrals (4.14), (4.15) degenerate and can be expressed -

in terms of elementary functions. For a prolate spheroid (@ > b = ¢) the
field potential is

a®—b2

anh-1 , 4.17
b= s (+.17)
and the capacity is v
7 Vi@-5) '
= (4.18)
cosh—1(a/b)
For an oblate spheroid (@ = & > ¢) we have
2_c2 2 o2
b= [T, 02 YEED )
V/(a2—c?) E+c2 cos~1(c/a)



#“ A conducting ellipsoid 25

In particular, for a circular disc (@ = b, ¢ = 0)
C = 2a/n. (4.20)

Let us now consider the problem of an uncharged conducting ellipsoid
in a uniform external electric field € Without loss of generality we may
take the field @ to be along one of the axes of the ellipsoid. In any other case
this field may be resolved into components along the three axes, and the
resultant field is a superposition of those arising from each component °
separately. '

The potential of a uniform field € along the x-axis (the a-axis of the ellip-
soid) is, in ellipsoidal co-ordinates,

$o = —Cx = —CV/[({+a®)(n+a®)({+a?)/(B2—a)c2~a?)]. (4.21)

We write the field potential outside the ellipsoid as ¢ = ¢o+¢’, where ¢’
gives the required perturbation of the external field by the ellipsoid, and

seek ¢’ in the form »
¢ = $oF(9). - (22

In this function the factors depending on 7 and { are the same as in ¢; this
enables us to satisfy the boundary condition at ¢ = 0 for arbitrary 7, {
(i-e. on the surface of the ellipsoid). Substituting (4.22) in Laplace’s equation
(4.6), we obtain for F(£) the equation

A AF 4 e[RAE+a)] = 0
d—§2+—dz‘(g og [R(£+a?)] = 0.

One solution of this equation is F = constant, and the other is
. ° d
R = 4 f % 423)
J xR,

The upper limit of integration is taken so that ¢’ — 0for £ — co. The integral
is an elliptic integral of the second kind.

We must have ¢ = constant on the surface of the ellipsoid. For this condi-
tion to be satisfied with ¢ = 0 and arbitrary =, {, the constant value of ¢

must be zero. Determining the coefficient 4 in F(£) so that F(0) = —1, we
obtain the following final expression for the field potential:

5 %{1 f ds f ds } ™

B : (s+a®R; /0 (s+a®R, |’ (+24)

Let us find the form of the potential ¢ at large distances 7 from the ellip-
soid. For large 7, the co-ordinate ¢ is large, and ¢ = 72, as follows at once
from equation (4.1). Hence

' T ds - T ds 2
] (s+a)Rs = J 2 38

’2
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and the potential ¢’ = € 2V [4mn@r3, where V = %mabc is the volume of
the ellipsoid and #®), n®), n®@ are defined by

S ds C o ds
n® = tabc f _— ¥ = %abcf———,
; (s+a?)R;s J (s+b2)R;s

(4.25)

[e]
ds
n® = labc) ———.
! (s+¢2)Rs

The expression for ¢’ is, as we should expect, the potential of an electric
dipole: ¢’ = xP,[r3, where the dipole moment of the ellipsoid is

Py = CuV [4mn®. (4.26)

Analogous expressions give the dipole moment when the field € is along the
¥ or z axis.

The positive constants 7n@), n®), n® depend only on the shape of the
ellipsoid, and not on its volume ; they are called the depolarisation coefficients. t
If the co-ordinate axes do not necessarily coincide with those of the ellip-
soid, formula (4.26) must be written in the tensor form

(4| VInaPi = G (4.27)

The quantities n®), n®), n®) are the principal values of the symmetrical
tensor 7y of rank two.
In the general case of arbitrary a, b, ¢, it follows from the definitions of
n(z)’ n(y), n®) that
n? < n® < 1@ if a > b > c. (4.28)
Further, by adding the integrals for #®, n®), n®) and using as the variable

of integration u = R, we find
[+ o)

du
n(x) .|_ n(!j) +. n(z) —_ éabc f —_—
w312
(abe)
whence
1D @ 4@ = 1, (4.29)

The sum of the three depolarisation coefficients is thus unity; in tensor nota-
tion, ny; = 1. Since these coefficients are positive, none can exceed unity.
For a sphere (a = b = ¢) it is evident from symmetry that

7@ = n® = n@ =}, (4.30)
For a cylinder with its axis in the x-direction (¢ - o), we havet v
n(x) = O’ n(y) = n(Z) = -%—, (4.31)

+ Useful tables of these coefficients have been given by E. C. STONER (Philosophical
Magaxzine [7] 36, 803, 1945).

1 These values for a sphere and a cylinder agree, of course, with those found in §3,
Problems 1 and 2.
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The elliptic integrals (4.25) can be expressed in terms of elementary func-
tions if the ellipsoid is a spheroid. For a prolate spheroid (@ > b = ¢) of
eccentricity e = 4/(1—52/a?),

1—e? 1+
n@) = Ze: (log le —Ze), nO = 1@ = Y1—n@).  (432)
If the spheroid is nearly spherical (e < ‘1) we have approximately
n® = L—Fe? n® = 9@ = L+ (4.33)

For an oblate spheroid (a = b > ¢)

1 2
o = “;e (e—tan-le), 7@ = n® = J(1—n®), (4.34)
e .
where e = 4/(a%/c2—1). Ife < 1, then
n? = 142, 7@ = n¥ = 1—5e2 (4.35)

PROBLEMS

ProBLEM 1. Find the field of a charged conducting circular disc of radius a, expressing it
in cylindrical co-ordinates. Find the distribution of charge on the disc.

SoLuTtioN. The charge distribution is obtained by taking the limit of formula (4.16) as
¢ — 0, z = 0, with 2/c = 4/(1—r?/a2) (where 2 = x2+4y?), in accordance with (4.3). This

gives
4 az ( a2 )

The field potential is given in all space by formula (4.19), where we put ¢ = 0 and express ¢
in terms of » and 2 by means of equation (4.1) withc = 0, u = §,a = b:

e 2a2 i
= = tan~1 ] .
a [r2 +22—a?+ /[(r2+ 22 —a?)2 +4a%:?]

F1c. 9

Near the edge of the disc, we replace 7 and 2 by co-ordinates p and 6 such that z = psin 6,
r = a—p cos 8 (Fig. 9; p < a), obtaining

b e ),

in agreement with the general result derived in §3, Problem 3.
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PrOBLEM 2. Determine the electric quadrupole moment of a charged ellipsoid.

SoLuTiON. The quadrupole moment tensor of a charged conductor is defined as D
= e(3x1x —r23ix), where e is the total charge, and the bar denotes an average such as

1
Xexp = — § x¢xxo df.
e

It is evident that the axes of the ellipsoid are also the principal axes of the tensor Di. Using
formula (4.16) for o, and for the element of surface of the ellipsoid the expression

dedy  dedy [[x® | 3% | 2
daf = y=——yA/F+%';+—],

ve z/c2 ct

we obtain

22 zdx dy = }¢2;

~ 4nab
the integration over x and y covers twice the area of the cross-section of the ellipsoid by the
xy-plane. Thus

Dzz = }e(Zaz—bz—c"’), Dyy = ‘}e(2b3—c’3—a2), ng = &e(2c2—a2—-b2).

PrOBLEM 3. Determine the distribution of charge on the surface of an uncharged con-
ducting ellipsoid placed in a uniform external field.

SoLuTiOoN. According to formula (1.9) we have

1 [a.;s] [ 1 2¢
g = —!—— _ == — —-—] H
4rlonlg-o 4nhy 8¢)e~o
by (4.5) the element of length along the normal to the surface of the ellipsoid is ld§. Sub-
stituting (4.24) and using the fact that

1 Bx] [ x ]
v = |— — =

hy 8¢lg-0 2a%h lg-o0
(where y is a unit vector along the normal to the surface), we have o = €vz/4m® when the
external field is in the x-direction. When the direction of the external field is arbitrary this
becomes

1 . 11 vz vy vz
= =] _1 = —— —|
o 4"1'4?1 tk@lc o [ﬁz"‘ n(v)Gu—’- ;1—("—)&;]

ProBLEM 4. The same as Problem 3, but for a plane circular disc of radius a lying parallel
to the field. Determine also the dipole moment of the disc.

SoruTioN. Let us regard the disc as the limit of a spheroid when the semiaxis ¢ tends to
zero. The depolarisation coefficient along this axis (the z-axis) tends to 1, and those along
the x and y axes tend to zero: n®) = 1—muc/2a, n'® = nW) = nc/4a, by (4.34). The com-
ponent vz of the unit. vector along the normal to the surface of the spheroid tends to zero:

x (x2+y2 2T x 2 xc x24y2\
vp=——+—=) >——=—1- .
a* ct a® z  a? a?

€ v €p cos ¢

T i@ my(a—p)’
where p and ¢ are polar co-ordinates in the plane of the disc.

The dipole moment of the disc is obtained from formula (4.26), and is # = 4a3@/3.
Thus it is proportional to a3, and not to the “volume” a% of the disc.

t The problem for a disc lying perpendicular to the field is trivial: the field remain
uniform in all space, and charges ¢ = +&/4x are induced on the two sides of the disc.
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ProBLEM 5. Determine the field potential outside a conducting spheroid with its axis of
symmetry parallel to a uniform external field. »
SoruTioN. For a prolate spheroid (¢ > b = ¢, with the field € in the x-direction) we find,
on calculating the integral in formula (4.24),
4= _@x{ tanh? v/[(a®—b%)/({+a?)]—v [(ag—bz)/(§+az)]
tanh1 /(1=8%/a?) —v/(1—=b%/?)
The co-ordinate £ is related to x and p = 1/(y2+22) by
P2 x2
LA =1
Bre @t ©
with 0 < £ < 0 in the space outside the ellipsoid.
For an oblate spheroid (a = b > ¢) the field € is along the z-axis. 'We must therefore re-
place s+a? by s+c? and put ¢o = —Ez in the integrals in (4.24). Then
§= —Gafi VI@—)[(§+)]—tan~? v/[(@—cD)/(§+c?)
V(@A —1)—tant v/(a¥]c*—1)

where the co-ordinate § is related to z and p = v/(x2+52) by

p2 22
a?+¢ + @+¢
PrOBLEM 6. The same as Problem 5, but with the axis of symmetry perpendicular to the
external field.
SoLuTIiON. For a prolate spheroid (with the field along the z-axis)
Y R G oo G L x/[(a’—b’)/(£+a2)]}
afb?—(a2—b%)~* tanh~1 /(1 —b?/a?)
For an oblate spheroid (with the field along the x-axis)
(a2 —c?)t tan~L v/[(a? —c?) (£ +A)] = v/ (£+D)/(£+a%) :
(a?—c?)~* tan~1 4/(a?/c?—1)—c/ad
PrOBLEM 7. A uniform field € in the z-direction (in the half-space z < 0) is bounded by

an earthed conducting plane at z = 0, containing a circular aperture. Determine the field
and charge distribution on the plane.

SorutiON. The xy-plane with a circular aperture of radius @ and centre at the origin may
be regarded as the limit of the hyperboloids of revolution of one sheet

" 2

at—[q| |nl
as |g] = 0. These hyperboloids are one of the families of co-ordinate surfaces in a system of
oblate spheroidal co-ordinates with ¢ = 0. The Cartesian co-ordinate 2, according to (4.9),
is given in terms of { and 7 by 2 = +/(£|]|)/a, and +/ ¢ must be taken with the positive and
negative sign in the upper and lower half-space respectively.

$= —Gsf1—

=1, o =x+)?

Let us seek a solution in the form ¢ = —Ez F(£). For the function F(£) we obtain
d¢ a L, al
F(f) == constant Xfm =constant X [—,\-/—f — tan™1 :/_f];

the constant of integration is put equal to zero in accordance with the condition ¢ = 0 for
z—> 4, i.e. 4/ = + . The inverse tangent of a negative quantity must be taken as
tan~1 (a/ —+/§) = v—tan~1 (a/y/§), and not as —tan! (af+/£) since the potential would
then be discontinuous at the aperture (¢ = 0). The constant coefficient is chosen so that, for
2z =+ —© (i.e. for v/ § > —o0 and tan(a/v §) > 7), > —Ez2, and so we finally have

—Vlnl [ﬁ tan~! — —1]

¢ = — %—[tan'l _— -

V¢ vs] -

On the conducting plane 7 = 0 and the potential is zero, as it should be.
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At large distances r = 4/(22+ p?) from the aperture we have ¢ =2 72, and the potential (in
the upper half-plane) is
g EEV
= 3 ¢
i.e. we have a dipole field, the moment of the dipole being 2 = €a?/37.
The field decreases as 1/73, and therefore the flux of the field through an infinitely remote
surface (in the half-space z > 0) is zero. This means that all the lines of force passing through

the aperture reach the upper side of the conducting plane.
The distribution of charge on the conducting plane is given by

o=F :—w[%ﬂ o T 47:/15 ajqi-r, == %[tarl\/_af - T‘;E]’

where the T signs refer to the upper and lower sides of the plane respectively. Aocording
to the formula

= Cadz/37r3,

o 22

— + —

a?+£ ¢
which relates £ to p, 2, we have /¢ = +1/(p2—a?) on the plane z.= 0. Thus the charge
digtribution on the lower side of the conducting plane is given by the formula

=1,

0=~ :?——(’rr—sin“lg + a )

A L )
As p — o we have 0 = — /47, as we should expect. On the upper side
_ € a . .4
o= —-4?(—‘/(—1)2_—_—‘1-2—) — sin ;)

ProBLEM 8. The same as Problem 7, but for a plane with a slit of width 25,

SoLuTioN. The xy-plane with a slit along the x-axis may be regarded as the limit of the
hyperbolic cylinders

32 22
- AR
v2—|g v

as [g] = 0. These hyperbolic cylinders are one of the families of co-ordinate surfaces ina
system of ellipsoidal co-ordinates with a - 0, ¢ —+0. The Cartesian co-ordinate

z = /(£|n])/b.

As in Problem 7, we seek a solution in the form ¢ = —E2zF(£), obtaining for the function F

F tant X f dé
= constan —_—

W/ (£+5?
Here the coefficient and the constant of integration are determined by the conditions that
F =0 and 1 for 2 > 400 and — o respectively (i.e. for /£ - + © and — ), and the
final result is ‘

= StvermEva Vil

where we now take 4/ ¢ positive and the two signs = correspond to the regions 2 > 0 and
z < 0.

At large distances from the slit we have in the upper half-space § = y2+22 = r%, and the
potential is ¢ =2 36€/(|n] £) = }Eb%2/r?, i.e. the field of a two-dimensional dipole of moment
3 @52 per unit length of the slit (see the formula in §3, Problem 2).

The distribution of charge on the conducting plane is given by

o= —%(—\sz_b-z;' ;1).
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§5. The forces on a conductor

In an electric field certain forces act on the surface of a conductor. These
forces are easily calculated as follows.

The momentum flux density in an electric field in a vacuum is given by
the Maxwell stress tensor:t

1
— ok = E(%Ezam— EiEy).

The force on an element df of the surface of the body is just the “flux” of
momentum through it from outside, and is therefore ogdfy = oixnrdf (the
sign is changed because the normal vector n is outwards and not inwards).
The quantity o;xny is thus the force Fs per unit area of the surface. Since, at
the surface of a conductor, the field E has no tangential component, we
obtain

F; = nE?2/8x, (5.1)
or, introducing the surface charge density o,
F; = 2n62n = }oE.

We therefore conclude that a “negative pressure” acts on the surface of a
conductor; it is directed along the outward normal to the surface, and its
magnitude is equal to the energy density in the field.

The total force F on the conductor is obtained by integrating the force
(5.1) over the whole surface:

F = § (E2/8n)df. (5.2)

Usually, however, it is more convenient to calculate this quantity from the
general laws of mechanics, by differentiating the energy %. The force, in
the direction of a co-ordinate g, acting on a conductor is —J%/dq, where
the derivative signifies the rate of change of energy when the body is trans-
. lated in the g¢-direction. The energy must be expressed in terms of the
charges on the conductors (which give rise to the field), and the differentia-
tion is performed with the charges constant. Denoting this by the suffix e,
we write

Fq = —(0%]9q).. (5-3)

Similarly, the projection, on any axis, of the total moment of the forces on
the conductor is

K = —(0%|o)e, (5.4)
where ¢ is the angle of rotation of the body about that axis. ‘

R t See The Classical Theory of Fields, §4-8, Addison-Wesley Press, Cambridge (Mass.),
1951 ; Pergamon Press, London, 1959. — oy is there denoted by Tg.

In the present case we are applying this formula to a surface wﬁich does not precisely

coincide with that of the body, but is some distance away, in order to exclude the effect of

the field structure near the surface (see §1).
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If, however, the energy is expressed as a function of the potentials of the
conductors, and not of their charges, the calculation of the forces from the
energy requires special consideration. The reason is that, to maintain
constant the potential of a moving conductor, it is necessary to use other
bodies. For example, the potential of a conductor can be kept constant by
connecting it to another conductor of very large capacity, a “charge reser-
voir”’. On receiving a charge ¢4, the conductor takes it from the reservoir,
whose potential ¢ is unchanged on account of its large capacity, although
its energy is reduced by e,$s. When the whole system of conductors receives
charges eg, the energy of the reservoirs connected to them changes by a
total of —Xegd,. Only the energy of the conductors, and not that of the
reservoirs, appears in %. In this sense we can say that % pertains to a
system which is not energetically closed. Thus, for a system of conductors
whose potentials are kept constant, the part of the mechanical energy is
played not by %, but by

02 = Y- Za ea(,ba. (5.5)

Substituting (2.2), we find that % and % differ only in sign:
U= —U. : (5.6)

The force Fy is obtained by differentiating % with respect to ¢ for constant
potentials, i.e.

Fy = —(2%/2g); = (2%]29),. (5.7)

Thus the forces acting on a conductor can be obtained by differentiating %
either for constant charges or for constant potentials, the only difference
being that the derivative must be taken with the minus sign in the first case
and with the plus sign in the second.

The same result could be obtained more formally by starting from the
differential identity

A% = 34 des— Fodg, (5.8)

in which % is regarded as a function of the charges on the conductors and the
co-ordinate g. This identity states that d%[deq = ¢, and 0%[dq = —F,.
Using the variables ¢, instead of e,;, we have

A7 = —3 eqdga— Fqdg, (5.9)

which gives (5.7).

At the end of §2 we have discussed the energy of a conductor in a uniform
external electric field. The total force on a conductor in a uniform field is,
of course, zero. The expression for the energy (2.14) can, however, be
used to determine the force acting on a conductor in a quasi-uniform field
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@, i.e. a field which varies only slightly over the dimensions of the conduc-
tor, In such a field the energy can still be calculated, to a first approxima-
tion, from formula (2.14), and the force F is the gradient of this energy:

= —grad % = }ouxV grad (€,Cx). (5.10)

The total torque K is in general non-zero even in a uniform external field.
By the general laws of mechanics K can be determined by considering an
infinitesimal virtual rotation of the body. The change in energy in such a
rotation is related to K by 8% = —K-8{, 3¢ being the angle of the rota-
tion. A rotation through an angle 8¢ in a uniform field is equivalent to a
rotation of the field through an angle —8 relative to the body. The change
in the field is 8¢ = —& x €, and the change in energy is

SU = (8| 0€)-5€ = —d-@x dU|9E.

But 9%/0€ = —P, as we see from a comparison of formulae (2.13) and
(2.14). Hence 8% = —# x €-8¢, whence

K = 2xG, (5.11)

in accordance with the usual expression given by the theory of fields in a
vacuum.

If the total force and torque on a conductor are zero, the conductor remains
at rest in the field, and effects involving the deformation of the body (called
electrostriction) become important. The forces (5.1) on the surface of the
conductor result in changes in its shape and volume. Because the force is
an extending one, the volume of the body increases. A complete determina-
tion of the deformation requires a solution of the equations of the theory of
elasticity, with the given distribution of forces (5.1) on the surface of the body.
TIf, however, we are interested only in, the change in volume, the problem
can be solved very simply. ‘

To do so, we must bear in mind that, if the deformation is slight (as in
- fact is true for electrostriction), the effect of the change of shape on the
change of volume is of the second order of smallness. In the first approxima-
tion, therefore, the change in volume can be regarded as the result of defor-
- mation without change in shape, i.e. as a volume expansion under the action
of some effective excess pressure Ap which is uniformly distributed over
the surface of the body and replaces the exact distribution given by (5.1).
The relative change in volume is obtained by multiplying Ap by the coeffi-
cient of uniform expansion of the substance. The pressure Ap is given,
according to a well-known formula, by the derivative of the electric energy
% of the body with respect to its volume: Ap = —o%[oV.t

Let the deforming field be due to the charged conductor itself. Then the
energy % = }e2/C, and the pressure is Ap = —4e20C~1/0V. For a given

t The quantity thus determined is the pressure exerted on the surface by the body itself;
the pressure acting on the surface from outside is obtained by changing the sign.
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shape, the capacity of the body (havmg the dimensions of length) is propor-
tional to the linear dimension, i.e. to ¥'1/3, Hence

Ap = e2/6CV = ed[6V. (5.12)

If an uncharged conductor is situated in a uniform external field @, its
energy is given by formula (2.14). The extending pressure is therefore

Ap = L€y (5.13)

PROBLEMS

ProBLEM 1. A small conductor of capacity ¢ (equal in order of magnitude to its dimension)

is ata distance 7 from the centre of a spherical conductor of large radius a (> ¢). The distance

r—a from the conductor to the surface of the sphere is supposed large compared with c,

but not large compared with a. The two conductors are joined by a thin wire, so that they are
at the same potential ¢. Determine the force of their mutual repulsion.

SoLuTION. Since the conductor ¢ is small, we can suppose that its potential is the sum of
the potential $a/fr at a distance r from the centre of the large sphere and the potential e/c
due to the charge e on the conductor itself. Hence ¢ = ¢afr+e/c, or e = c¢ (1—a/r). The
required force of interaction F is the Coulomb repulsion between the charge e on the con-
ductor and the charge a¢ on the sphere:

ac$? a
F=2"2(1-5),
r2 (1 r)

‘This expression is correct to within terms of higher order in ¢. Thus the small conductor is
repelled from the sphere with a force which decreases as it approaches the surface.

ProBLEM 2. A charged conducting sphere is cut in half. Determine the force of repulsion
between the hemispheres. T

SoruTioN. We imagine the hemispheres separated by an infinitely narrow slit, and deter-
mine the force F on each of them by integrating over the surface the force (E2/87) cos 6,
which is the projection of (5.1) on a direction perpendicular to the plane of separation of the
hemispheres. In the slit E = 0, and on the outer surface E = ¢/a?, where a is the radms of
the sphere and e the total charge on it. The result is F = e2[8q2.

PRrROBLEM 3. The same as Problem 2, but for an uncharged sphere in a uniform external
field & perpendicular to the plane of separation.

SoLuTiON. As in Problem 2, except that the field on the surface of the sphere is
E =3 € cos 8 (§3, Problem 1). The required force is F = 942§2/16.

ProBLEM 4. Determine the change in volume and in shape of a conducting sphere in a
uniform external electric field.

SoLuTION. The change in volume AV/V = Ap/K, where K is the modulus of volume
expansion of the material, and Ap is given by formula (5.13). For a sphere, o = S
= 33u/4w (§3, Problem 1), so that AV/V = 3E2/8=K.

As a result of the deformation, the sphere is changed into a prolate spheroid. To determine
the eccentricity, we may regard the deformation as a uniform pure shear in the volume of
the body, just as, to determine the change in the total volume, we regarded it as a uniform
volume expansion.

The condition of equilibrium for a deformed body may be formulated as requiring that
the sum of the electrostatic and elastic energies should be a minimum. The former is, by
(2.12) and (4.26),

3V(£2 K14 a-—b

14 52 G2
Ves = — 8m = 8 ~ 10= ’

t In Problems 2 and 3 we assume that the hemispheres are at the same potential.
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where R is the original radius of the sphere, a and b the semiaxes of the spheroid and
n =~ }—4 (a—b)/15R is the depolarisation coefficient (see (4.33).)

‘Since the deformation is axially symmetrical about the direction of the field (the x-axis),
only the components uzz and uyy = #z; of the strain tensor are non-zero. Since we are
considering equlhbrmm with respect to a change in shape, we can regard the volume as
unchanged, i.e. wis = 0. Hence the elastic energy may be writtent

Uer= oV = ¥ ozz— oyy)(uzz—uy))V,

where oir is the elastic stress tensor. We have ozz— oyy = 2p(uzz —uyy), where p is the modu-
lus of rigidity of the material, and uzz—uyy = (a—b)/R. Hence

Uer = %p(a—b)*V/R2.
Making the sum %es+%e1 a minimum, we have (a—b)/R = 9€2/40mp.

ProBLEM 5. Find the relation between frequency and wavelength for waves propagated
on a charged plane surface of a liquid conductor (in a gravitational field). Obtain the condi-
tion for this surface to be stable (Ya. I. FRENKEL’, 1935).

SoLUTION. Let the wave be propagated along the x-axis, with the z-axis vertically upwards.
The vertical displacement of points on the surface of the liquid is { = aet**~«t). When the

surface is at rest, the field above it is E; = E = 4oy, and its potential § = —4wooz, where
a9 is the surface charge density. The potential of the field above the oscillating surface can
be written as ¢ = —4wooz+ 1, with ¢1 = constant X eilkz~wt) e~%z, ¢; being a small correc-

tion which satisfies the equation A¢$1 = O and vanishes for z — co0. On the surface itself,
the potential must have a constant value, which we take to be zero, and so ¢1 = 4wao{ for
z=0.

According to (5.1), an additional negative pressure acts on the charged surface of the liquid;
this pressure is, as far as terms of the first order in ¢1, E2/87 o2 E-2[87 = 2mo®+[kood1]z=0
=2m602+4moo2k{. The constant term 2mao? is of no importance, since it can be included in
the constant external pressure.

The consideration of the hydrodynamical motion in the wave is entirely analogous to the
theory of capillary waves], differing only by the presence of the additional pressure mentioned
above. At the surface of the liquid we have the boundary condition pgl- p[o®/0t]z=0—
—ad2l/ox2—4mook{ = 0, where « is the surface-tension coefficient, p the density of the
liquid, and @ itg velocity potential. @ and { are also related by 2{/dt = [9®/0z]z=0. Sub-
stituting in these two relations { = ae!*z—ot) and @ = Aetkz-wt) and eliminating @ and 4,
we find the required relation between &k and w:

= k(gp—4maok-+ak?)/p. )

If the surface of the liquid is to be stable, the frequency  must be real for all values of 2
(since otherwise there would be complex w with a positive imaginary part, and the factor
e~tot would increase indefinitely). The condition for the right-hand side of (1) to be positive
is (4mao?)2—4gpx < 0, or oot < gpa/4n2. This is the condition for stability.

ProBLEM 6. Find the condition of stability for a charged spherical drop (RaYLEIGH, 1882).

SoLuTION. The sum of the electrostatic and surface energies of the drop is # = €2/2C+aS,
where « is the surface-tension coefficient of the liquid, C the capacity of the drop and S its
surface area. Instability occurs (with increasing e) with respect to deformation of the sphere
into a spheroid, and does so when % becomes a decreasing function of the eccentricity (for
a given volume). The spherical shape always corresponds to an extremum of % ; the stability
condition is therefore [32%/3(a—b)%la=» > 0, where a and b are the semiaxes of the spheroid,
and the differentiation is carried out with ab?2 = constant. Using the formula for the surface
of a spheroid and (4.18) for its capacity, we find after a somewhat lengthy calculation
e? < 16mg3a.

t See Theory of Elasticity, §4, Pergamon Press, Loondon, 1959.
1 See Fluid Mechanics, §61, Pergamon Press, London, 1959.



CHAPTER II
ELECTROSTATICS OF DIELECTRICS

§6. The electric field in dielectrics

WE SHALL now go on to consider a constant electric field in another class of
substances, namely dielectrics. The fundamental property of dielectrics is
that a constant current cannot flow in them. Hence the constant electric
- field need not be zero, as in conductors, and we have to derive the equations
which describe this field. One equation is obtained by averaging equation
(1.3), and is again

curlE = 0. (6.1)
A second equation is obtained by averaging the equation div e = 4mp:
div E = 4=p. (6.2)

Let us suppose that no charges are brought into the dielectric from out-
side, which is the most usual and important case. Then the total charge
in the volume of the dielectric is zero; even if it is placed in an electric
field we have [ pdV == 0. This integral equation, which must be valid for
a body of any shape, means that the average charge density can be written
as the divergence of a certain vector, which is usually denoted by —P:

5= —div P, (6.3)

while outside the body P = 0. For, on integrating over the volume bounded
by a surface which encloses the body but nowhere enters it, we find [pdV
= — [divPdV = —§P.df = 0. P is called the dielectric polarisation, or

simply the polarisation, of the body. A dielectric in which P differs from zero
is said to be polarised. The vector P determines not only the volume charge
density (6.3), but also the density o of the charges on the surface of the

polarised dielectric. If we integrate formula (6.3) over an element of volume
lymg between two nelghbourmg unit areas, one on each side of the di-
electric surface, we have, since P = 0 on the outer area (cf. the derivation of

formula (1.9)), .
o = Py, 6.4

where P, is the component of the vector P along the outward normal to the

surface.
To see the physical significance of the quantity P itself, let us consider
the total dipole moment of all the charges within the dielectric; unlike the

36
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total charge, the total dipole moment need not be zero. By definition, it is
the integral [ rgdV. Substituting g from (6.3) and again integrating over
a volume which includes the whole body we have

[ pdV = —[ r div PV = — § *(df-P)+ [ (P-grad)r dV.

The integral over the surface is zero, and in the second term we have
(P-grad)r = P, so that

[rpav = [Pav. (6.5)

Thus the polarisation vector is the dipole moment (or electric moment) per
unit volume of the dielectric.t ‘ '

Substituting (6.3) in (6.2), we obtain the second equation of the electro-
static field in the form

divD = 0, (6.6)
where we have introduced a quantity D defined by
D = E+4xP, 6.7)

called the electric induction.t The equation (6.6) has been derived by
averaging the density of charges in the dielectric. If, however, charges not
belonging to the dielectric are brought in from outside (we shall call these
extraneous charges), then their density must be added to the right-hand side
of equation (6.6):

divD = 4mpex. (6.8)

On the surface of separation between two different dielectrics, certain
boundary conditions must be satisfied. One of these follows from the equa-
tion curl E = 0. If the surface of separation is uniform as regards physical
properties, || this condition requires the continuity of the tangential compo-
nent of the field:

Ei; = Eg; (6.9)

cf. the derivation of the condition (1.7). The second condition follows from
the equation divID = 0, and requires the continuity of the normal compo-
nent of the induction:

D]_n == Dzn. . (6.10)

t It should be noticed that the relation (6.3) inside the dielectric and the condition P = 0
outside do not in themselves determine P uniquely; inside the dielectric we could add to
P any vector of the form curl f. P can be completely determined only by establishing its
connection with the dipole moment.

1 Sometimes the electric displacement, a term due to MAXWELL, but one which is obsolete.

|| That is, as regards composition of the adjoining media, temperature, etc. If the
dielectric is a crystal, the crystallographic direction of the surface must be constant, i.e. the
surface must be a plane.



38 Electrostatics of Dielectrics §7

For a discontinuity in the normal component D, = D, would involve an
infinity of the derivative 0D,/dz, and therefore of div D.

At a boundary between a dielectric and a conductor, E; = 0, and the condi-
tion on the normal component is obtained from (6.8):

E;=0, D= 4no, (6.11)

where o is the charge density on the surface of the conductor.

§7. The dielectric permeability

In order that equations (6.1) and (6.6) should form a complete set of
‘equations determining the electrostatic field, they must be supplemented
by a relation between the induction D and the field E. In the great majority
of cases this relation may be supposed linear. It corresponds to the first
terms in an expansion of D in powers of E, and its correctness is due to the
smallness of the external electric fields in comparison with the internal
molecular fields.

The linear relation between D and E is especially simple in the most im-
portant case, that of an isotropic dielectric. It is evident that, in an isotropic
dielectric, the vectors D and E must be in the same direction. The linear
relation between them is therefore a simple proportionality:+

D = <E. (7.1)

The coeflicient € is the dielectric permeability or dielectric constant of the
substance and is a function of its thermodynamic state.
As well as the induction, the polarisation also is proportional to the field:

P = «E = (e—1)E/4m. (7.2)

The quantity « is called the polarisation coefficient of the substance, or its
dielectric susceptibility. Later (§14) we shall show that the dielectric per-
meability always exceeds unity; the polarisability, accordingly, is always
positive. The polarisability of a rarefied medium (a gas) may be regarded as
proportional to its density.

The boundary conditions (6.9) and (6.10) on the surface separating two
isotropic dielectrics become

Eiu = Ep, aFy = eaEyo. (7.3)

Thus the normal component of the field is discontinuous, changing in
inverse proportion to the dielectric permeability of the medium.

t It should be mentioned, however, that this relation, which assumes that D and E vanish
simultaneously, is, strictly speaking, valid only in dielectrics which are homogeneous as
regards physical properties (composition, temperature, etc.). In inhomogeneous bodies D
may be non-zero even when E = 0, and is determined by the gradients of thermodynamic
quantities which vary through the body. The corresponding terms, however, are very
small, and in practice are of no importance. We shall therefore use the relation (7.1) in
what follows, even for inhomogeneous bodies.
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In a homogeneous dielectric, € = constant, and then it follows from
divD = 0 that divP = 0. By the definition (6.3) this means that the
volume charge density in such a body is zero (but the surface density (6.4)
is in general not zero). On the other hand, in an inhomogeneous dielectric
we have a non-zero volume charge density :

e—1 1 e—1

1
D= —ED-grad = —Z;;E-grade.

€ €

p=—divP = —div

If we introduce the electric field potential by E = —grad ¢, then equa-
tion (6.1) is automatically satisfied, and the equation divD = diveE = 0
gives

div(egrad¢) = 0. 7.9

This equation becomes the ordinary Laplace’s equation only in a homo-
geneous dielectric medium. The boundary conditions (7.3) can be re-
written as the following conditions on the potential:

¢1 = ¢2,
e13¢1/3n = 623952/311;

the continuity of the tangential derivatives of the potential is equivalent to
the continuity of ¢ itself.

In a dielectric medium which is piecewise homogeneous, equation (7.4)
reduces in each homogeneous region to Laplace’s equation A¢ = 0, so
that the dielectric permeability appears in the solution of the problem only
through the conditions (7.5). These conditions, however, involve only the
ratio of the dielectric permeabilities of two adjoining media. In particular,
the solution of an electrostatic problem for a dielectric body of permeability
€2, surrounded by a medium of permeability e, is the same as for a body of
permeability es/e1, surrounded by a vacuum.

Let us consider how the results obtained in Chapter I for the electrostatic
field of conductors will be modified if these conductors are not in a vacuum
but in a homogeneous and isotropic dielectric medium. In both cases the
potential distribution satisfies the equation A¢ = 0, with the boundary
condition that ¢ is constant on the surface of the conductor, and the only
difference is that, instead of E, = — 0¢/dn = 4ma, we have

Dy = —edglon = 4ma, (7.6)

giving the relation between the potential and the surface charge. Hence it
is clear that the solution of the problem of the field of a charged conductor
in a vacuum gives the solution of the same problem with a dielectric in place
of the vacuum if we make the formal substitution ¢ — ep, e e or ¢ — ¢,
e —efe. For given charges on the conductors, the potential and the field
are reduced by a factor ¢ in comparison with their values in a vacuum.
This reduction in the field can be explained as the result of a partial ‘‘screen-
ing” of the charge on the conductor by the surface charges on the adjoining

4

(7.5)
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polarised dielectric. If, on the other hand, the potentials of the conductors are
maintained, then the field is unchanged but the charges are increased by a
factor e.

Finally, it may be noted that in electrostatics we may formally regard a
conductor (uncharged) as a body of infinite dielectric permeability, in the
sense that its effect on an external electric field is the same as that of a di-
electric (of the same form) as € - c0. For, since the boundary condition on
the induction D is finite, D must remain finite in the body even for ¢ - co.
This means that E — 0, in accordance with the properties of conductors.

PROBLEMS

ProBLEM 1. Determine the field due to a point charge e at a distance 4 from a plane boun-
dary separating two different dielectric media.

SoLUTION, Let O be the position of the charge e in medium 1, and O’ its image in the plane
of separation, situated in medium 2 (Fig. 10). We shall seek the field in medium 1 in the form
of the field of two point charges, e and a fictitious charge e’ at O’ (cf. the method of images,
§3): ¢1 = e/ar+e’[err’, where r and 7’ are the distances from O and O’ respectively. In
medium 2 we seek the field as that of a fictitious charge ¢’ at O: ¢2 = e’’/ear. On the boun-
dary plane (r = 7') the conditions (7.5) must hold, leading to the equations e—e’ = ¢”,
(e+e’)/e1 = e’’|e2, whence

&’ = e(e1—e2)/(e1}€2), e”’ = Dege/(e1+€2). )
P
’, re
e e
2 a— 0
€ €2
Fic. 10
For e2—> o we have ¢’ = —e, ¢2 = 0, i.e. the result obtained in §3 for the field of a

point charge near a conducting plane. .
The force acting on the charge e (the “image force”’) is

Fe ee’ __(e)2 e1—es
T 2h)ka 2] eler+es)’

F > 0 corresponds to repulsion.

ProBLEM 2. The same as Problem 1, but for an infinite charged straight wire parallel to
a plane boundary surface at a distance 4.

SoLUTION. As in Problem 1, except that the field potentials in the two media are
¢1 = —(2efe1) log r—(2¢'[e1) log ', 2 = —(2¢"’/e2) log r, where e, €', ¢” are the charges per
unit length of the wire and of its images, and 7, 7’ are the distances in a plane perpendicular
to the wire. The same expressions (1) are obtained for ¢’, ¢”’, and the force on unit length of
the wire is F' = 2¢e’[2he1 = e2(e1—e2)/hei(e1+ €2).
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ProBLEM 3. Determine the field due to an infinite charged straight wire in a medium with
dielectric constant e, lying parallel to a cylinder of radius a and dielectric constant ez, at a
distance b (> a) from its axis.t

SoLurioN. We seck the field in medium 1 as that produced in a homogeneous dielectric
(with constant e1) by the actual wire (passing through O in Fig. 11), with charge e per unit
length, and two fictitious wires with charges ¢’ and —e’ per unit length, passing through 4
and O’ respectively. The point A is at a distance a2/b from the axis of the cylinder. Then,
for all points on the circumference, the distances r and 7’ from O and A4 are in a constant
ratio 7’/r = a/b, and so it is possible to satisfy the boundary conditions on this circumference.
In medium 2 we seek the field as that produced in a homogeneous medium (with constant e2)
by a fictitious charge e’’ on the wire passing through O.

00" =b

Fic. 11

The boundary conditions on the surface of separation are conveniently formulated in
terms of the potential ¢ (E = —grad ¢) and the vector potential A (cf. §3), defined by
D = curl A (in accordance with the equation divD = 0). In a two-dimensional problem,
A is in the z-direction (perpendicular to the plane of the figure). The conditions of con-
tinuity for the tangential components of E and the normal component of D are equivalent
to ¢1 = ¢3, A1 = As.

For the field of a charged wire we have in polar co-ordinates 7, 8: ¢ = —(2¢/¢) log r+
constant, 4 = 2e6+constant; cf. (3.18). Hence the boundary conditions are

77

2
—(—elogr—e logr’+e¢ loga) = —
€1 €2

2[ef-+e’0’—€'(6+6)] = 26,

log 7+ constant,

where the angles are as shown in Fig. 11, and we have used the fact that OO’B and BO’4
are similar triangles. Hence ez(e+¢’) = e1e”, e—e’ = ¢”’, and the expressions for ¢’ and e”
are again formulae (1) of Problem 1.

The force acting on unit length of the charged wire is parallel to Q0’, and is

_ 2ee'( 1 1 ) 2e2(e1 —ez)a® .
04 00/  e(a+te)bpz—a2)

€1
F > 0 corresponds to repulsion.

ProBLEM 4. ‘The same as Problem 3, but for the case where the wire is inside a cylinder of
dielectric permeability e2 (b < a).

1 The corresponding problem of a point charge near a dielectric sphere cannot be solved
in closed form.
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SoLuTION. We seek the field in medium 2 as that due to the actual wire, of charge e per
unit length (O in Fig. 12), and a fictitious wire of charge ¢’ per unit length passing through
A, which is now outside the cylinder. In medium 1 we seek the field as that of wires with
charges ¢’ and e—e’’ passing through O and O’ respectively. By the same method as in the

preceding problem we find & = —e(e1—ea)/(e1+¢€2), €’ = 2e1e/(e1+e€2). For e2 > erthe
wire is repelled from the surface of the cylinder by a force
2 1 2ecs—eb

e2 OA  exe1+eg)(a®—b2)

00%b
0A=0%b
Fic. 12

PRrOBLEM 5. Show that the field potential ¢ 4(r5) at a point rp in an arbitrary inhomogeneous
dielectric medium, due to a point charge e at r 4, is equal to the potential ¢p(r4) at r4 due
to the same charge at rp.

SoruTioN. The potentials ¢.4(r) and $a(r) satisfy the equations

div (e grad ¢ 4) = —4med(r—r4), div (e grad ¢p) = —4med(xr—rs).
Multiplying the first by ¢5 and the latter by ¢4 and subtracting, we have
div (¢ € grad ¢ 1) —div (¢4 € grad ¢5) = —4ned(r —r 4)$B(x) -+ 4med(r —r8)d a(r).
Integration of this equation over all space gives the required relation:

$a(rp) = ¢5(ra).

§8. A dielectric ellipsoid

The polarisation of a dielectric ellipsoid in a uniform external electric
field has some unusual properties which render this example particularly
interesting.

Let us consider first a simple special case, that of a dielectric sphere in an
external field €. We denote its dielectric constant by €®, and that of the
medium surrounding it by €©@. We take the origin of spherical co-ordinates
at the centre of the sphere, and the direction of € as the polar axis, and seek
the field potential outside the sphere in the form ¢© = E.r+ AE€-r/r3; the
first term is the potential of the external field imposed, and the second,
which vanishes at infinity, gives the required change in potential due to the
sphere (cf. §3, Problem 1, solution). Inside the sphere, we seek the field
potential to the form ¢® = —BE.r, the only function which satisfies
Laplace’s equation, remains finite at the centre of the sphere, and depends
only on the constant vector & (which is the only parameter of the problem).

The constants 4 and B are determined by the boundary conditions on
the surface of the sphere. It may be seen at once, however, that the field
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in the sphere E® = BE is uniform and differs only in magnitude from the
applied field €.

The boundary condition of continuity of the potential gives
E® = @1—A4[R3), where R is the radius of the sphere, and the
condition of continuity of the normal component of the induction gives

D® = c@§(1+24/R3).

Eliminating 4 from these two equations, we obtain

1D +2¢0ED) = OF 8.1)
or, substituting D% = ¢®E®), _
E® = 3e0E/(20 + ), 8.2)

The problem of an infinite dielectric cylinder in an external field per-
pendicular to its axis is solved in an entirely similar manner (cf. §3, Prob-
lem 2). The field inside the cylinder, like that inside the sphere in the above
example, is uniform. It satisfies the relation

}(DD 4 LOED) = O, 8.3)

or
ED = 2£0E/(0 4 &), 8.4

The relations (8.1) and (8.3), in which the dielectric constant ® of the
sphere or cylinder does not appear explicitly, are particularly important
because their validity does not depend on a linear relation between E and
D within the body; they hold whatever the form of this relation (e.g. for
anisotropic bodies). The analogous relations

E® = € (8.5)
or a cylinder in a longitudinal field and
D® = g (8.6)

for a flat plate in a field perpendicular to it are similarly valid; these
relations are evident at once from the boundary conditions.

The property of causing a uniform field within itself on being placed in a
uniform external field is found to pertain to any ellipsoid, whatever the ratio
of the semiaxes @, b, ¢c. The problem of the polarisation of a dielectric ellip-
soid is solved by the use of ellipsoidal co-ordinates, in the same way as the
corresponding problem for a conducting ellipsoid in §4.

Let the external field be again in the x-direction. The field potential out-
side the ellipsoid may again be sought in the form (4.22): ¢, = $oF(£),
with the function F (£) given by (4.23). Such a function cannot, however,
appear in the field potential ¢; inside the sphere, since it does not satisfy the
condition that the field must be finite everywhere inside the ellipsoid. For let
us consider the surface { = —c?, which is an ellipse in the xy-plane, lying
within the ellipsoid. For ¢ —~ —¢?, the integral (4.23) behaves as 1/(¢+c2).



4 Electrostatics of Dielectrics §8

The field, i.e. the potential gradient, therefore behaves as 1/4/(£+¢2), and
becomes infinite at £ = —c2. Thus the only solution suitable for the field
inside the ellipsoid is F(£) = constant, so that ¢; must be sought in the
form ¢; = Bdy. We see that the potential ¢; differs only by a constant
factor from the potential ¢o of the uniform field. In other words, the field
inside the ellipsoid is also uniform.

We shall not pause to write out the formulae for the field outside the
ellipsoid, which are of little interest. The uniform field inside the ellipsoid
can be found without actually writing out the boundary conditions, by using
some results already known.

Let us first suppose that the ellipsoid is in a vacuum (e = 1). Then there
must be a linear relation between the vectors E®, D® and @ (which are all
in the x-direction), of the form aE;+bD; = €, where the coefficients a, b
depend only on the shape of the ellipsoid, and not on its dielectric per-
meability ¢®., The existence of such a relation follows from the form of
the boundary conditions, as we saw above in the examples of the sphere and
the cylinder.

To determine a and b we notice that, in the trivial particular case ¢®) = 1,
we have simply E = D = €, and so a+b = 1. Another particular case for
which the solution is known is that of a conducting ellipsoid. In a conductor
E® = 0, and the induction D®, though it has no direct physical significance,
may be regarded formally as being related to the total dipole moment of the
ellipsoid by D = 4#P = 4xP|V. According to (4.26) we then have
Dy = €;/n@), ie. b = n®), and so a = 1—n®). Thus we conclude thatt

(1—n@) E®y 4@ DO, = €. (8.7)

Similar relations, but with other coefficients, hold for the fields in the y and
z directions. Like the particular formulae (8.1) and (8.3), they are valid
whatever the relation between E and D inside the ellipsoid.
The field inside the ellipsoid, when € is in the x-direction, is found from
(8.7) by putting D®, = ¢®E@),:

E®; = €,/[1+ (£9— 1)n@], (8.8)
and the total dipole moment of the ellipsoid is
Py = VPy = (0 =1)VED /47 = Labe(e?—1)Ez/[14 (<P —1)n@].  (8.9)

If the field @ has components along all three axes, then the field inside the
ellipsoid is still uniform, but in general not parallel to €. For an arbitrary
choice of co-ordinate axes we can write the relation (8.7) in the general form

E®+ ny (D — E®) = G4 (8.10)

t 'This result can also be written E¢); = €; —4mn®P;. The quantity 4mn(*)Pz is some-
times called the depolarising field. A similar formula holds for a magnetised ellipsoid in a
uniform external magnetic field (see §27). In this case n\®), n¥), n(?) are called demagnetisa-

tion coefficients.
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The transition to the case where the dielectric permeability of the medium
differs from unity is effected by simply replacing €® by e%/e). Then
formula (8.7) becomes

(1 —n@)OED, 4 @D, = (OF,. (8.11)

This formula can be applied, in particular, to the field inside an ellipsoidal
cavity in an infinite dielectric medium. In this case ¢® = 1.

PROBLEMS t
ProsLEM 1. Determine the torque on a spheroid in a uniform electric field.

SoLuTiON. According to the general formula (16.13), the torque on an ellipsoid is
K = 2 X €, where # is the dipole moment of the ellipsoid. In a spheroid, the vector # is
in a plane passing through the axis of symmetry and the direction of €. The torque is per-
pendicular to this plane, and a calculation of its magnitude from formulae (8.9) gives

_ (e=1)%1—3n|C%V sin 2«
"~ 8nlne+1—n][(1—n)e+1+n]
where « is the angle between the direction of @ and the axis of symmetry of the spheroid,
and 7 is the depolarisation coefficient along the axis (so that the depolarisation coefficients
in the directions perpendicular to the axis are (1 —#)). The torque is directed so that it
tends to turn the axis of symmetry of a prolate (n < }) or oblate (# > 1) ellipsoid parallel or
perpendicular to the field respectively.
For a conducting ellipsoid (¢ = o) we have
__11=34]
" 8mn(1—n)
ProBLEM 2. A hollow dielectric sphere (of dielectric constant € and internal and external
radii b and @) is in a uniform external field €. Determine the field in the cavity.

V&2 sin 2a.

SoLuTION. As above in the problem of a continuous sphere, we seek the field potentials
in the vacuum outside the sphere (region 1) and in the cavity (region 3) in the forms
¢1 = —E cos 8 (r—A/r?), ¢35 = —BErcos 8, and that in the dielectric (region 2) as ¢a
= —CG cos § (r—D/r?), where 4, B, C, D are constants determined from the conditions of
continuity of ¢ and e 9¢/9r at the boundaries 1—2 and 2—3. Thus the field E3 = BE in
the cavity is uniform, but the ficld Ez2in the sphere is not. A calculation of the constant gives
the result

Es = 9¢@/[(e+2)(2¢+1) —2(c—1)%(8/a)®].

ProBLEM 3. The same as Problem 2, but for a hollow cylinder in a uniform transverse
field.{

SoLuTION. As in Problem 2, with the result
Es = 4¢@/[(e+1)2—(e—1)2(b/a)?].

§9. The dielectric permeability of a mixture

If a substance is a finely dispersed mixture (an emulsion, powder mixture,
etc.), we can consider the electric field averaged over volumes which are
large compared with the scale of the inhomogeneities. The mixture is a
homogeneous and isotropic medium with respect to such an average field,

} In these three Problems the body is assumed to be in a vacuum.
1 In a longitudinal field the solution is clearly E3 = @.
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and so may be characterised by an effective dielectric permeability, which
we denote by emix. If E and D are the field and induction averaged in this
way, then, by the definition of emix,

D = emxE. (9.1)

If all the particles in the mixture are isotropic, and the differences in their
dielectric permeabilities are small in comparison with e itself, it is possible
to calculate emixin a general form which is correct as far as terms of the
second order in these differences.

We write the local ﬁeld as E = E +8E, and the local dielectric permeability
as ¢+ 8¢, where

é= (V) [edv 9.2)
is obtained by averaging over the volume. Then the mean induction is
= (é+8)([E+0E) = ¢E +38eSE, (9.3)

since the mean values of ‘8¢ and SE are zero by definition. In the zero-order
approximation emix = ¢; the first non-zero correction term will, of course, be
of the second order in 8¢, as we see from (9.3).

From the non-averaged equation div D = 0 we have, as far as small terms
of the first order,

div[ (é+8¢)(E +8E)] = édivSE+E-gradse = 0,

or, substituting 8E = —grad 8¢, e A8¢ = E-grad 8. Taking the gradient,
we have
ASE = —(1/é)(E-grad)gradde. 94

The averaging of the product 8¢3E in (9.3) is done in two stages. We first
average over the volume of particles of a given kind, i.e. for a given Je.
The value of 8E thus averaged is easily obtained from equation (9.4): on
account of the isotropy of the mixture as a whole, the operator 02/0x;0xx
on the right-hand side of (9.4) becomes, after averaging, 18ixA, so that we
have ASE = —(1/38)EASe, whence OE = —(1/3¢)ESe. Multiplying
by 8¢ and effecting the final averaging over all components of the mixture,
we obtain 8e3E — —(1/3¢)E(B¢)2. Finally, substituting this expression in
(9.3) and comparing with (9.1), we have the required result:

emix = é—(1/3€)(8¢)2. (9.5)
This formula can be written in another manner if we put

& = (E+0e) = e'*(l—-(—a—ef)
9¢&2
this is accurate to terms of the second order. Then

emixt = €. (9.6)
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Thus we can say that, in this approximation, the cube root of ¢ is additive.

PROBLEM

Determine the dielectric permeability of an emulsion of low concentration but with an
arbitrary difference between the dielectric permeabilities of the medium (e1) and the disperse
phase (e2).

SoLuTioN. In the integral
1 —
= J' (D—aE) dV =D —qk

the integrand is zero except within particles of the emulsion. It is therefore proportional to
the volume concentration ¢ of the emulsion, and in calculating it we can assume that the par-
ticles are in an external field which equals the mean field E. Assuming the particles spherical
and using formula (8.2), we obtain for the proportionality coefficient between D and E

€mix = €1+ 3cei(ez—e1)/(ea-+2¢€1).

This formula is correct to terms of the first order in ¢. When €1 and €2 are nearly equal it is
the same (to the first order in ¢ and the second in e2—e1) as the result given by formula (9.6)
for small c.

§10. Thermodynamic relations for dielectrics in an electric field

The question of the change in thermodynamic properties owing to the
presence of an electric field does not arise for conductors. Since there is no
electric field inside a conductor, any change in its thermodynamic properties
amounts simply to an increase in its total energy by the energy of the field
which it produces in the surrounding space.t This quantity is quite inde-
pendent of the thermodynamic state (and, in particular, of the temperature)
of the body, and so does not affect the entropy, for example.

On the other hand, an'electric field penetrates into a dielectric and so has
a great effect on its thermodynamic properties. To investigate this effect,
let us first determine the work done on a thermally insulated dielectric
when the field in it undergoes an infinitesimal change.

The electric field in which the dielectric is placed must be imagined as due
to various external charged conductors, and the change in the field can then
be regarded as resulting from changes in the charges on these conductors.}
Let us suppose for simplicity that there is only one conductor, of charge e
and potential . The work which must be done to increase its charge by an
infinitesimal amount 8e is

SR = ¢de; (10.1)

this is the mechanical work done by the given field on a charge 8¢ brought
from infinity (where the field potential is zero) to the surface of the conductor,

+ We here neglect the energy of the attachment of the charge to the substance of the
conductor ; this will be discussed in §22

1 The final results which we shall obtain involve only the values of the field inside the
dielectric, and therefore are independent of the origin of the field. For this reason there is
no need for special discussion of the case where the field is produced, not by charged con-
ductors, but (for instance) by extraneous charges placed in the dielectric itself or by pyro-
electric polarisation of it (§13).
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i.e. through a potential difference of . We shall put SR in a form which
is expressed in terms of the field in the space filled with dielectric which
surrounds the conductor.

If Dy is the component of the electric induction vector in the direction of
the normal to the surface of the conductor (out of the dielectric and into the
conductor), then the surface charge density on the conductor is —Dp[4,
so that

1 1
= ——@¢Dpdf = —— PpD-.df.
¢ 477'§ ndf 47r§

Since the potential ¢ is constant on the surface of the conductor, we can write

1 1
SR — g8 = —4;3§¢sn.df= "Z;f div (¢5D) dV.

The last integral is taken over the whole volume outside the conductor.
Since the varied field, like the original field, must satisfy the field equations,
we have div D = 0, and so div (¢6D) = ¢ div D +8D.grad ¢ = —E.3D.
Thus the following important formula is obtained:

SR = [(E-8D/4m)dV. (10.2)

It should be emphasised that the integration in (10.2) is over the whole field,
including the vacuum if the dielectric does not occupy all space outside the
conductor.

The work done on a thermally insulated body is just the change in its
energy at constant entropy. Hence the expression (10.2) must be included
in the thermodynamic relation which gives the infinitesimal change in the
total energy of the body; the latter contains also the energy of the electric

field. Denoting the total energy by %, we therefore have

1
S = T3y+4~;fE.3DdV, (10.3)

where T is the temperature of the body and & its entropy.t
Accordingly we have for the total free energyt & = #—TS

1
5% = — BT+ f E-SDdV. (10.4)

Similar thermodynamic relations can be obtained for the quantities per-
taining to unit volume of the body. Let U, S and p be the internal energy,

t The.body in general becomes inhomogeneous in an electric field, and so the volume
(whose differential is usually included in the expression for 84/) no longer characterises the
state of the body.

1 This quantity is meaningful only when the temperature is constant throughout the body.
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entropy and mass of unit volume. It is well known that the ordinary thermo-
dynamic relation (in the absence of a field) for the internal energy of unit
volume is dU = TdS+{dp, where { is the chemical potential of the sub-
stance.t In the presence of a field in a dielectric, there must be added the
integrand in (10.3):

dU = TdS+{dp+E-dDj4n. (10.5)

For the free energy per unit volume of the dielectric, F = U—TS, we
therefore have

dF = —SdT+{dp+E-dD/4. (10.6)

These relations are the basis of the thermodynamics of dielectrics.

We see that U and F are the thermodynamic potentials with respect to S,
p, D and T, p, D respectively. In particular, we can obtain the field by dif-
ferentiating these potentials with respect to the components of the vector D:

E = 4n(3U[0D)s,, = 4n(0F/iD)z, . (10.7)

The free energy is more convenient in this respect, since it is to be differen-
tiated at constant temperature, whereas the internal energy must be expressed
in terms of the entropy, which is less easy.

Together with U and F, it is convenient to introduce thermodynamic
potentials in which the components of the vector E, instead of D, are the
independent variables. Such are

U = U—E.Dj4n, F = F—E-D/4n. (10.8)

On differentiating these we have

dU = TdS+{dp—D-dE/4n,

dF = —SdT+{dp—D-dE/4n. (10.9)

Hence, in particular,
D= —4-1r(3(~]/3E)s,p = —447(3F/8E)T,p. (10.10)

It should be noticed that the relation between the thermodynamic quanti-
ties with and without the tilde is exactly that which occurs in §5 for the
energy of the electrostatic field of conductors in a vacuum. For the integral
JE-DdV can be transformed in an exactly similar manner to the one at the

t See Statistical Physics, §24, Pergamon Press, London, 1958. Instead of the mass
density we there use the number of particles N per unit volume, which is related to the
density by p = Nm, where m is the mass of one particle. For this reason the chemical
potentials as defined here and in Statistical Physics differ by a constant factor (the potential
here being referred to unit mass, and there to one particle).

We here denote the chemical potential by { instead of the more usual letter 1. The use
of the letter p for the mass density as well as the charge density cannot lead to any mis-
understanding, because the two quantities never appear together.
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beginning of §2, with the equation div D = 0 inside the dielectric and the
boundary condition D, = 4nc on the surfaces of conductors : '

4iJE.DdV= —%fgraqu-DdV
= =3 [ 6Dads = Fhuca (10.11)

Hence we have for the internal energy, for example,
" E-D
U = %—f —4—ﬂ—dV = U- Zata, (10.12)

in agreement with the definition (5.5).

It is useful to derive also the formulae for infinitesimal changes in these
quantities, expressed in terms of the charges and potentials of the conductors
(the sources of the field). For example, the variation in the free energy (for
a given temperature) is

(6F)r = 6R = %anSea. (10.13)
For the variation of & we have
@F)r = BF)r—8Z¢ats = — Seadia. (10.14)

We can say that the quantities without the tilde are the thermodynamic
potentials with respect to the charges on the conductors, while those with
it are thermodynamic potentials with respect to their potentials.

It is known from thermodynamicst that the various thermodynamic
potentials have the property of being minima in a state of thermodynamic
equilibrium, relative to various changes in the state of the body. In formu-
lating these conditions of equilibrium in an electric field, it is necessary to
state whether changes of state with constant charges on the conductors (the
field sources) or those with constant potentials are being considered. For
example, in equilibrium & and & are minima with respect to changes in
state occurring at constant temperature and (respectively) constant charges
and potentials of the conductors (the same is true for % and % at constant
entropy).

If any processes (such as chemical reactions) which are not directly related
to the electric field can occur in the body, the condition of equilibrium with
respect to these processes is that F is a minimum for given density, tempera-
ture and induction D, or that F is a minimum for constant density, tempera-
ture and field E.

Hitherto we have made no assumptions concerning the dependence of D
on E, so that all the thermodynamic relations derived above are valid

t See Statistical Physics, §15.
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whatever the nature of this dependence. Let us now apply them to an
isotropic dielectric, where a linear relation D = €E holds. In this case
integration of (10.5) and (10.6) gives

U = Uy(S, p)+ D?[8xe,
F = Fy(T, p)+ D?/8me,
where Up and Fy pertain to the dielectric in the absence of the field. Thus
in this case the quantity D2/8re = eE2?/8m = ED/[8n is the change in the
internal energy (for given entropy and density) or in the free energy (for
given temperature and density), per unit volume of the dielectric medium,
resulting from the presence of the field.
The expressions for the potentials U and F are similarly

U= Uo(S, p) — €E?/8m,
F = Fy(T, p)— <E2/8.

(10.15)

(10.16)

We see that the differences U—Up and U—U in this case differ only in
sign, as they did for an electric field in a vacuum (§5). In a dielectric medium,
however, this simple result holds good only when there is a linear relation
between D and E.

We shall write out also, for future reference, formulae for the entropy

density S and the chemical potential , which follow from (10.15):

)

= So(T, p)+E2( 2;) (10.17)

These quantities, of course, differ from zero only inside the dielectric.
The total free energy is obtained by integrating (10.15) over all space.
By (10.11) we have

F—-Fo = [E-DdV/[87 = }Seapu. (10.19)

This last expression is formally identical with the energy of the electrostatic
field of conductors in a vacuum. The same result can be obtained directly
by starting from the variation §& (10.13) for an infinitesimal change in the
charges on the conductors. In the present case, when D and E are linearly
related, all the field equations and their boundary conditions are also linear.
Hence the potentials of the conductors must (as for the field in a vacuum)
be linear functions of their charges, and integration of equation (10.13) gives
(10.19).

It should be emphasised that these arguments do not presuppose the di-
electric to fill all space outside the conductors. If, however, this is so, we
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can go further and use the results at the end of §7 to draw the following
conclusion. For given charges on the conductors, the presence of the di-
electric medium reduces by a factor € both the potentials of the conductors
and the field energy, as compared with the values for a field in a vacuum.
If, on the other hand, the potentials of the conductors are maintained con-
stant, then their charges and the field energy are increased by a factor e.

PROBLEM
Determine the height 4 to which a liquid rises in a vertical plane condenser.

SoruTioN. For given potentials on the condenser plates, & must be a minimum. & in-
cludes the energy #pgh? of the liquid under gravity. From this condition we easily obtain
h = (e—1)E2[8mpg.

§11. The total free energy of a dielectric

The total free energy & (or the total internal energy %), as defined in §10,
includes the energy of the external electric field which polarises the di-
electric. Itis also meaningful to consider the total free energy less the energy
of the field which would be present in all space if the body were absent. We
denote this field by @ Then the total free energy in this sense is

[ (F—€28m)av, 111y

where F is the free energy density. Here we shall denote this quantity by
the letter &, which in §10 signified { FdV. It should be emphasised that the
difference between the two definitions of % is a quantity independent of the
thermodynamic state and properties of the dielectric, and hence it has no
effect on the fundamental differential relations of thermodynamics pertain-
ing to this quantity.

. Let us calculate the change in % resulting from an infinitesimal change
'in the field which occurs at constant temperature and does not destroy the
thermodynamic equilibrium of the medium. Since 8F = E-8D/4x, we have
8F = [ (E-SD—E-8€)dV[4nx. This expression is identically equal to

5 = [(D—€)-3€ dV/4n+

+ [E-(8D—8@)dV/4n— [(D—E)-8€dV/4r. (11.2)

In the first integral we write 3G = —grad 8¢y (where ¢y is the potential of
the field €) and integrate by parts:

[ gradsgo-(D—-€)dV = $ 84o(D—€)-df - [ 840 div(D-@)dV.

+ It may be noted that there would be no sense in subtracting E%/8« from F, because E
is the field as modified by the presence of the dielectric, and so the difference F—E2?/8x
could not be regarded as the free energy density of the dielectric as such.



§11 The total free energy of a dielectric 53

It is easy to see that both the integrals on the right-hand side are zero. For
the volume integral this follows at once from the equations divD = 0 and
div @ = 0 which the induction in the dielectric and the field in the vacuum
must respectively satisfy. The surface integral is taken over the surfaces of
the conductors which produce the field and over an infinitely distant surface.
The latter of these is, as usual, zero, and for each of the conductors
8o = constant, so that § ¢o(D—E)-df = 6¢o § (D—E)-df. The field €, by
definition, is produced by the same sources as the field E and induction D
(i.e. by the same conductors with given total charges ¢). Hence the two
integrals ¢ D,df and § €,df are both equal to 4me, and their difference is
zero.

Similarly, we can see that the second term in (11.2) is also zero, by putting
E = —grad ¢ and using the same transformation. Finally, we have

8F = — [(D—E)-0€dVj4n = — [ P-3GdV. (11.3)

It should be noticed that the integral in this expression need be taken only
over the volume of the dielectric medium, since outside it P = 0.

However, we must emphasise that the integrand P-8@ cannot be inter-
preted as the variation of the free energy density in the same way as was done
with formulae (10.3), (10.4). First of all, this density must exist outside the
body, which modifies the field in the surrounding space also. It is clear,
moreover, that the energy density at any point in the body can depend only
on the field actually present there, and not on the field which would be
present if the body were removed.

If the external field € is uniform, then

8F = —8€- [PdV = — .36, (11.4)

where 2 is the total electric dipole moment of the body. Hence the thermo-
dynamic identity for the free energy can be written in this case as

d¥F = —»dT—- 2-.dE. (11.5)

The total electric moment of the body can therefore be obtained by dif-
ferentiating the total free energy:

P = —(0F[0€)r. (11.6)

The latter formula can also be obtained directly from the general statistical
formula

d#|ON = (3F |,

where S is the Hamiltonian of the body as the system of its component
particles, and A is any parameter characterising the external conditions in

which the body is placed.t For a body in a uniform external field €, the

t See Statistical Physics, §§11, 15.
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Hamiltonian contains a term — @-#, where £ is the dipole moment opera-
tor. Taking @ as the parameter A, we obtain the required formula.

If D and E are connected by the linear relation D = ¢E, we can similarly
calculate explicitly not only the variation 64 but & itself. We have

F-Fo= [(E-D-€)dV/sn.
This can be identically transformed into
F-Fo= [(E+€)-(D-€)dV[8r— [€-(D—E)dV/sn.
The first term on the right is zero, as we see by putting

E+@ = —grad (4 +)

and again using the same transformation. Hence we have
F-F(V,T) = -} [€-PdV. (11.7)

In particular, in a uniform external field
F—-FoV,T) = —3€.2. (11.8)

This last equation can also be obtained by direct integration of the rela-
tion (11.3) if we notice that, since all the field equations are linear when
D = ¢E, the electric moment 2 must be a linear function of E.

The linear relation between the components of # and  can be written

P = VoG, (11.9)

as for conductors (§2). For a dielectric, however, the polarisability depends
not only on the shape but also on the dielectric constant. The symmetry of
the tensor «;x, mentioned in §2, follows at once from the relation (11.6); it
is sufficient to notice that the second derivative 02%[0€0€; = — 0%, 0,
= —Vuyx is independent of the order of differentiation.

Formula (11.7) becomes still simpler in the important case where e is
close to 1, i.e. the dielectric susceptibility « = (e—1)/4w is small. In this
case, in calculating the energy, we can neglect the modification of the field
due to the presence of the body, putting P = «E >~ «E. Then

F-Fo= —jx[@dV, (11.10)

the integral being taken over the volume of the body. In a uniform field,
the dipole moment # = V«E, and the free energy is

F—Fo = —3VE2 (11.11)
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In the general case of an arbitrary relation between D and E, the simple
formulae (11.7) and (11.8) do not hold. Here the formula

F - f(F——)dV f[F-——-g-P oz]dV (11.12)

may be useful in calculating &; its derivation is obvious after the above
discussion. Here also the integrand in the latter integral is zero outside the
body, so that the integration is taken only over the volume of the body.

PROBLEM
Derive the formula which replaces (11.7) when the body is not in a vacuum but in a
medium of dielectric permeability e(e),

SoLuTioN. Using the same transformations as before, we find

FeFy = —l-f(i-(D—e(")E) av.
&n

§12. Electrostriction of isotropic dielectrics

For a solid dielectric in an electric field the concept of pressure cannot be
defined as for an isotropic body in the absence of a field, because the forces
acting on a dielectric (which we shall determine in §§15, 16) vary over the
body, and are anisotropic even if the body itself is isotropic. An exact
determination of the deformation (electrostriction) of such a body involves
the solution of a complex problem of the theory of elasticity.

However, matters are much simpler if we are interested only in the change
in the total volume of the body. As we saw in §5, the shape of the body
may then be regarded as unchanged, i.e. the deformation may be regarded
as a uniform volume compression or expansion.

We shall neglect the dielectric properties of the external medium (the atmo-
sphere, for instance) in which the body is situated, i.e. we suppose that € = 1.
This medium thus serves merely to exert a uniform pressure on the surface
of the body, which we shall denote by p. If F is the total free energy of the
body, then we have the thermodynamic relation p = —(0%[0V)r, and
accordingly the expression for the differential d# contains a term —pdV.
For example, in a uniform external field, (11.5) becomes

AF = —FdT—pdV—2-dE.

We introduce the total thermodynamic potential of the body in accordance
with the usual thermodynamic relation

g = F+pV. (12.1)
The differential of this quantity in a uniform external field is '
dgp = —£dT+Vdp— 2-dE. (12.2)



56 Electrostatics of Dielectrics §12

The change in the thermodynamic quantities in an external electric field is
usually a relatively small quantity. It is knownt that a small change in the
free energy (for given T and V) is equal to the small change in the thermo-
dynamic potential (for given T and p). Hence, besides (11.8), we can write
analogously

oo = goo—3E.-P (12.3)

for the thermodynamic potential of a body in a uniform external field. Here
goo is the value for the body in the absence of the field and for given values
of p and T, while ¢ in (11.8) is the free energy in the absence of the field
and for given values of ¥ and T.

Making explicit the dependence of the dipole moment on ¥ and € accord-
ing to (11.9), we can rewrite (12.3) as

g0 = goo(p, T) —1Veur€iCs, (12.4)

where the correction term must be expressed as a function of temperature
and pressure by means of the equation of state for the body in the absence
of the field. In particular, for a substance of small dielectric susceptibility
this formula becomes simply

oo = goo(p, T)— 3 xVE?; (12.5)

cf. (11.11).

The required change in volume V' —Vj in the external field can now be
obtained immediately by differentiating go with respect to pressure for
constant 7" and §. For example, from (12.5) we have

V—Vo = —3&2[0(«V)/0p]r- (12.6)

This quantity may be either positive or negative (whereas, in electrostric-
tion of conductors, the volume is always greater in the presence of the field).

Similarly, we can calculate the amount of heat Q absorbed in a dielectric
when an external electric field is isothermally applied (the external pressure
being constant).; Differentiation of go—gpo with respect to temperature
gives the change in the entropy of the body, and by multiplying this by T
we obtain the required quantity of heat. For example, from (12.5) we obtain

O = 3E2T[o(«V)[0T]p. (12.7)

Positive values of Q correspond to absorption of heat.

PROBLEMS

PrROBLEM 1. Determine the change in volume and the electrocaloric effect for a dielectric
ellipsoid in a uniform electric field parallel to one of its axes.

t See Statistical Physics, §15.

1 If the body is thermally insulated, the application of the field results in a change of
temperature AT = —Q/Cyp, where Cp is the specific heat at constant pressure.
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SoLuTION. From formulae (12.3) and (8.9) we have

V e—1
& = o 8 ne+1—n .
The relative change in volume is found to be
V—=Vo E2f e—1 1 1 [ 9e
14 = gf-r[ns+l ~nK (ne+1 —n)ﬂ%)y]’

and the electrocaloric effect

_ TV(E2[ e—1 + 1 (ae) ]
0= net+l—n = (ne+1—n)2\aT /),

where 1/K = —(1/V)(aV/dp)r is the compressibility of the body, and & = (1/V)}(aV/aT)p
the thermal expansion coefficient.
In particular, for a plane disc in a field perpendicular to it, » = 1, so that

V=T (52[6—1 1 1 (36 )T],

vV 87l ¢ K €\op
TV&z[e—l 1 (8e) ]
= o —} |.
8w € e2\aT /p

For a similar disc (or any cylinder) in a longitudinal field, » = 0, and

- 23 2 2
|4 Vo=ge 1 _(_a_e) ] Q=TV(E [(e—l)a+(—e) ]
vV = 8xl K o) r 87 oT/,
ProBLEM 2. Determine the difference between the heat capacity €4 of a plane disc in a

field perpendicular to it, with a constant potential difference between its faces, and the heat

capacity €p at constant induction, the external pressure being maintained constant in
each case.t

SoLuTION. According to the results of Problem 1, the entropy of the disc is
vEe [e—l 1 ( 3@)

8w T,

aT ,]'

—a
€ €

Igp
7 ( oT ),,,e Zol, T+
The induction inside the disc is the same as the external field: D = E. Hence, to calculate
the heat capacity ¥p, we must differentiate & for constant €. The potential difference
between the faces of the discis ¢ = EI = § l/e, where [ is its thickness. For a uniform com-
pression or expansion of a body, ! is proportional to V#. Hence, to calculate the heat capacity
€4, we must differentiate & for constant €V#/e. The required difference is found to be

ot = T e 1) I ) s

ProBLEM 3. Determine the electrocaloric effect in a homogeneous dielectric whose total
volume is kept constant.

SoLuTiON. Strictly speaking, when an external field is applied the density of the body
changes (and ceases to be uniform), even if the total volume is kept constant. In calculating
the change in the total entropy, however, we can ignore this and assume the density p constant
at every point.}

.1 @4 is the heat capacity of a disc between the plates of a plane condenser in circuit
with a constant e.m.f. In an unconnected condenser with constant charges on the plates,
the heat capacity of the disc is € p.

I The change in density 8p is of the second order with respect to the field (~ E?), and the
consequent change in the total entropy is of the fourth order: the term in the change of
total entropy which is linear in 8p is (2S0/2p) [ 8p dV, and the integral is zero because the
total mass of the body is unaltered.
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According to (10.17) the total entropy of the body is

1/ oe
= — 2
F=Folp, T)+sw(aT)JE v,

where the integration is over the volume of the body. The amount of heat absorbed is

T ( o¢
= —|— E24V.
0 811'(3T)pf

ProBLEM 4. Determine the difference ¥4 —%p (see Problem 2) when the total volume of
the disc is kept constant.

SoruTioN. When the volume, and therefore the thickness, of the disc are constant, dif-
ferentiation for constant potential difference is equivalent to differentiation for constant field E.
Using the formula of Problem 3 for the entropy we have
TVE? ( Oe ) 2

oT

ProBLEM 5. A condenser consists of two conducting surfaces at a distance 4 apart which is
small compared with their dimensions; the space between them is filled with a substance
of dielectric permeability ei. A sphere of radius a <€ 4 and dielectric permeability ez is
placed in the condenser. Determine the change in capacity.

€e—€p =

4me »

SoLuTION. Let the sphere be placed in the condenser in such a way that the potential
difference ¢ between the plates remains unchanged. The free energy for constant poten-
tials of the conductors is &. In the absence of the sphere, & = —3Co¢?2, where Co is the
original capacity of the condenser. Since the sphere is small, we may imagine it to be brought
into a uniform field € = ¢/h, and the change in & is small. The small change in & at con-
stant potentials is equal to the small change in % at constant charges on the sources of the
field. Using the formula derived in §11, Problem, and (8.2), we have

7 = —1Cod?—}aleld(eld) — @) $2/(26(0) + el)R2,

whence the required capacity is

C = Co+aBel)(elh)—el@))[(2¢le) + B2,

§13. Dielectric properties of crystals

In ‘an anisotropic dielectric medium (a crystal) the linear relation between
the electric induction and the electric field is less simple, and does not reduce
to a simple proportionality.

The most general form of such a relation is

D; = Dg;+ e By, (13.1)

where Dy is a constant vector, and the quantities e;x form a tensor of rank
two, called the dielectric permeability tensor (or simply the dielectric tensor).
The inhomogeneous term Dy in (13.1) does not, however, appear for all
crystals. The majority of the types of crystal symmetry do not admit this
constant vector (see below), and we then have simply

D; = e Ey. (13.2)
The tensor e;x is symmetrical:
€k = €. (13.3)
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In order to prove this, it is sufficient to use the thermodynamic relation
(10.10) and to observe that the second derivative —4«02F|0Ex0E; = 0Dy 0Ex
= ¢;x is independent of the order of differentiation.

For F itself we have (when (13.2) holds) the expression

F = Fo—eiEEy/8n. (13.4)
The free energy F is
F=F+ EzDi/‘i-ﬂ' = Fo+e1yDiDy/8x. (13.5)

Like every symmetrical tensor of rank two, the tensor € can be brought
to diagonal form by a suitable choice of the co-ordinate axes. In general,
therefore, the tensor e is determined by three independent quantities, namely
the three principal values €@, €@, @), All these are necessarily greater than
unity, just as € > 1 for an isotropic body (see §14).

The number of different principal values of the tensor €;x may be less than
three for certain symmetries of the crystal.t

In crystals of the triclinic, monoclinic and rhombic systems, all three
principal values are different; such crystals are said to be biaxial.} In
crystals of the triclinic system, the directions of the principal axes of the
tensor e;x are not uniquely related to any directions in the crystal. In those
of the monoclinic system, one of the principal axes must coincide with the
axis of symmetry of the second order or be perpendicular to the plane of
symmetry of the crystal. In crystals of the rhombic system, all three princi-
pal axes of the tensor e are crystallographically fixed.

Next, in crystals of the tetragonal, rhombohedral and hexagonal systems,
two of the three principal values are equal, so that there are only two inde-
pendent quantities; such crystals are said to be uniaxial. One of the principal
axes coincides with the axis of crystal symmetry of the fourth, third or sixth
order, but the directions of the other two principal axes can be chosen
arbitrarily. ||

Finally, in crystals of the cubic system all three principal values of the
tensor €;x are the same, and the directions of the principal axes are entirely
arbitrary. 1 This means that the tensor ey is of the form e8¢, i.e. it is deter-
mined by a single scalar e. In other words, as regards their dielectric proper-
ties, crystals of the cubic system are no different from isotropic bodies.

1 'The fairly obvious symmetry properties of the tensor e that are given below can be
very simply obtained by using a result of tensor algebra: to every symmetrical tensor of rank
two there corresponds a tensor ellipsoid, the lengths of whose semiaxes are proportional to
the principal values of the tensor. The symmetry of the ellipsoid corresponds to that of the
crystal.

1 This name refers to the optical properties of the crystals; see §§78, 79.

|l In this case the tensor ellipsoid degenerates into a spheroid, completely symmetrical
about the longitudinal axis. It should be emphasised that, as regards the physical properties
of the crystal which are determined by a symmetrical tensor of rank two, the presence of
an axis of symmetry of the third or higher order is equivalent to complete isotropy in the
plane perpendicular to this axis.

tt The tensor ellipsoid here degenerates into a sphere.
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Let us now examine the dielectric properties of crystals for which the
constant term Dy appears in (13.1). The presence of this term signifies that
the dielectric is spontaneously polarised even in the absence of an external
electric field. Such bodies are said to be pyroelectric. The magnitude of this
spontaneous polarisation is, however, in practice always very small (in com-
parison with the molecular fields). This is because large values of Dp would
lead to strong fields within the body, which is energetically unfavourable and
therefore could not correspond to thermodynamic equilibrium. The small-
ness of Dy also ensures the legitimacy of an expansion of D in powers of E,
of which (13.1) represents the first two terms.

The thermodynamic quantities for a pyroelectric body are found by
integrating the relation —470F|0E; = D; = Dy; + €ixEx, whence

F = Fo— eiEiEx |87 — EiDo;[4n. (13.6)
The free energy is

F=F+ EiDi/47'r = Fo+ eikEiEk/Sﬂ'
= Fo+ e‘lik(Di - DOi)(Dk — DOk)/Sw. (137)

It should be noted that the term in F' linear in E; does not appear in F.+
The total free energy of a pyroelectric can be calculated from formula
(11.12) by substituting (13.7) and (13.1). If there is no external field, € = 0,

and we have simply
F = [[Fo—(E-Do/8m)]dV. (13.8)

It is remarkable that the free energy of a pyroelectric in the absence of an
external field depends, like the field E, not only on the volume of the body
but also on its shape.

As has already been pointed out, the phenomenon of pyroelectricity is
not possible for every crystal symmetry. Since, in any symmetry transforma-
tion, all the properties of the crystal must remain unchanged, it is clear that
the only crystals which can be pyroelectric are those in which there is a
direction which is unchanged (and, in particular, not reversed) in all sym-
metry transformations, and that this will be the direction of the constant
vector Dy.

This condition is satisfied only by those symmetry groups which consist
of a single axis together with planes of symmetry which pass through the
axis. In particular, crystals having a centre of symmetry certainly cannot be

t It should also be noted that in these formulae we neglect the piezoelectric effect, i.e. the
effect of internal stresses on the electric properties of a body; see §17. The formulae given .
here are therefore, strictly speaking, applicable only when the fields are uniform throughout
the body, and internal stresses do not arise.
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pyroelectric. We may enumerate those out of the 32 crystal classes in which
pyroelectricity occurs:

triclinic system: C;

monoclinic system: G, Cp

rhombic system: Cy,

tetragonal system: Cjy, G4y

rhombohedral system: Cs, Csy

hexagonal system: Cg, Cgy.
There are, of course, no pyroelectric cubic crystals. In a crystal of class
C; the direction of the pyroelectric vector Dy is not related to any direction
fixed in the crystal; in one of class Cj, it must lie in the plane of symmetry.
In all-the remaining classes listed above the direction of Dy is that of the
axis of symmetry.

It should be mentioned that, under ordinary conditions, pyroelectric
crystals have zero total electric dipole moment, although their polarisation
is not zero. The reason is that there is a non-zero field E inside a spon-
taneously polarised dielectric. Since a body usually has a small but non-zero
conductivity, the presence of a field gives rise to a current, which flows until
the free charges formed on the surface of the body annihilate the field inside
it. The same effect is produced by ions deposited on the surface from the
air. Experimentally, pyroelectric properties are observed when a body is
heated and a change in its spontaneous polarisation is detected.

PROBLEMS

ProsLEM 1. Determine the field of a pyroelectric sphere in a vacuum.

SoLuTioN. The field inside the sphere is uniform, and the field and induction are related
by 2E = —D (as follows from (8.1) when € = 0, i.e. when there is no applied external
field). Substituting in (13.1), we obtain the equation 2Es+emEx = —Doi. We take the co-
ordinate axes to be the principal axes of the tensor ex. Then this equation gives Ey =
—Doif/(2+€®). 'The polarisation of the sphere is Pi = (Di—E;)[4n = 3Doi/4n(2+ ).
The field outside the sphere is that of an electric dipole of moment # = PV.

ProBLEM 2. Determine the field of a point charge in a homogeneous anisotropic medium.

SoruTioN. The field of a point charge is given by the equation divD = 4ned(r) (the
charge being at the origin). In an anisotropic medium D; = eixEr = —ew 0¢/0xx; taking
the co-ordinate axes x, ¥, = along the principal axes of the tensor €ix, we obtain for the poten-
tial the equation

€(®) 924/ 0x2 4 €¥) D24 02+ €(2) D24/ 022 = —4med(x) 3(y) 8(2).
By the introduction of new variables
K= xVeD, Y =ylyen, o = alyed), ey
this becomes ’

24 % ¢ 4me
ox"2 oy’e 2272 - 4/ (e@e)elz)y

3(x") 8(y") 3(="),

t In Problems 2-5 the anisotropic dielectric is assumed not to be pyroelectric.
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which formally differs from the equation for the field in a vacuum only in that e is replaced
by e/v/ (e®)eel2)), Hence

e e [ x2 y2 22 ]‘%

T T VE@dnda) L@ | | @

In tensor notation, independent of the system of co-ordinates chosen, we have
¢ = eIV (el pxinr),
where || is the determinant of the tensor eix.

ProBLEM 3. Determine the capacity of a conducting sphere, of radius a, in an anisotropic
dielectric medium.

SoLuTION. By the transformation shown in Problem 2, the determination of the field of a
sphere with charge e in an anisotropic medium reduces to the determination of the field in a
vacuum due to a charge ¢’ distributed over the surface of the ellipsoid exx’sx’x = e®x'24
+eWly’24€(2)2'2 = g2, Using formula (4.14) for the potential due to an ellipsoid, we find
the required capacity to be given by

&= mﬁle—)f [(e+ ) (e ) e+ )] e

PROBLEM 4. Determine the field in a flat anisotropic plate in a uniform external field &.

SoLuTiON. From the condition of continuity of the tangential component of the field it
follows that E = @ -+4n, where € is the uniform field outside the plate, n a unit vector
normal to its surface, and A4 a constant. The constant is determined from the condition of
continuity of the normal component of the induction, n:D = n.§, or mexEr = menxCr+
+ Aeawnine = Cni. Hence A = — (et — Sux)niCr/ eimmin,.

PRrROBLEM 5. Determine the torque on an anisotropic dielectric sphere, of radius a, in a
uniform external field € in a vacuum.

SoLuTION. According to (8.2) we have for the field inside the sphere Ez = 3E;/((®)+2),
and similarly for Ey, E.. Here the axes of x, y, = are taken to be the principal axes of the
tensor eix. Hence the components of the dipole moment of the sphere are

e@)—1
Crey
The components of the torque on the sphere are

K, = (PxE); = 3a3 €; €y (@) —eW)/(e® +2)(eW)4-2),

and similarly for K, Ky.

PROBLEM 6. An infinite anisotropic medium contains a spherical cavity of radius a. Express
the field in the cavity in terms of the uniform field E(¢) far from the cavity.

SoLUTION. The transformation (1) of Problem 2 reduces the equation for the field potential
in the medium to Laplace’s equation for the field in a vacuum. The equation for the field in
the cavity is transformed into that for the field in a medium with dielectric constants 1/e(%),
1/e®), 1/e(?). Moreover, the sphere is transformed into an ellipsoid with semiaxes af+/€®),
af+/€W), af+/€?). Let n@), nW), n(?) be the depolarisation coefficients of such an ellipsoid
(given by formulae (4.25)). Applying formula (8.7) to the field of this ellipsoid, we obtain
the relation )

Pr = 3 nad Py ad €, etc.

PY) + n® ag®)  aple

o' | €@ o ox

and similarly for the y and 2 directions. Returning to the original co-ordinates, we have
9¢/0x’ = +/€® 3¢/ox = +/e@Ez, so that the field in the cavity is

()

({3 RS —— 7 (1)
Ey E(z)—n(z)(s(z)_l)E b

(1 —n@)




§14 The sign of the dielectric susceptibility 63

§14. The sign of the dielectric susceptibility

To elucidate the way in which the thermodynamic quantities for a di-
electric in a field depend on its dielectric constant, let us consider the formal
problem of the change in the electric component of the total free energy of
the body when € undergoes an infinitesimal change.

For an isotropic (not necessarily homogeneous) body we have by (10.19)
F —Fo = [(D?/8ne)dV. When e changes, so does the induction, and the
variation in the free energy is therefore

E.3D E2
SedV ——dV —dedV.
87

SF =

The first term in the last member is the same as (10.2), which gives the work
done in an infinitesimal change in the field sources (i.e. charges on conduc-
tors). In the present case, however, we are considering a change in the field
but no change in the sources. This term therefore vanishes, leaving

8 = — [3e(E28m)dV. (14.1)

From this formula there follows, first of all, an important result: any in-
crease in the dielectric constant of the medium, even if in only a part of it
(the sources of the field remaining unchanged), reduces the total free energy.
In particular, we can say that the free energy is always reduced when un-
charged conductors are brought into a dielectric medium, since these
conductors may (in electrostatics) be regarded as bodies whose dielectric
constant is infinite. This conclusion generalises the theorem (§2) that the
energy of the electrostatic field in a vacuum is diminished when an uncharged
conductor is placed in it.

Formula (14.1) can also be used to prove the statement in §7 that the di-
electric constant of any body exceeds unity, i.e. the dielectric susceptibility
(e—1)/4n is positive. To show this, we must first show independently
that the total change in the free energy of a dielectric when it is placed in an
electric field is negative.t This can be done by the use of thermodynamic
perturbation theory, the change in the free energy of the body being regarded
as the result of a perturbation of its quantum energy levels by the electric
field. According to this theory we havet

V, 2w w ) P —
F—F, = M—_Zz ' 1;"::][)( m(o) n) T(Vnn"‘vfm)z' (14.2)
'@ —

t The change proportional to the square of the field is meant. It may be recalled that,
in pyroelectric bodies, the change in the free energy contains also a term linear in the field,
which is of no interest here.

1 See Statistical Physics, §32, formulae (32.5), (32.6). The formulae given here differ
from those in Statistical Physics only in form.
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Here E,© are the unperturbed levels, V,,, the matrix elements of the perturb-
ing energy, and the bar denotes a statistical averaging with respect to the
Gibbs distribution wy, = exp {(Fo—E,©)/kT}.

The term ¥,y in formula (14.2), which is linear in the field, is zero except
in pyroelectric bodies. The quadratic change in the free energy, which is of
interest here, is given by the remaining terms. It is evident from the form
in which they are written here that they are negative.

If we formally consider the change in the free energy as the result of a
gradual change in the dielectric constant of the body from 1 to a given value
¢, it follows from formula (14.1) that & —%) is negative only if ¢ > 1.
This completes the proof.

In the same way we can prove the inequalities €® > 1 for the principal
values of the tensor €; in an anisotropic dielectric medium. To do so, it is
evidently sufficient to consider the energy of a field parallel to each of the
three principal axes in turn.

The total free energy is diminished, in particular, when any charge is
brought up to a dielectric body from infinity (a process which may be
regarded as an increase of € in a certain volume of the field round the charge).
In order to conclude from this that any charge is attracted to a dielectric,
we should, strictly speaking, prove also that F' cannot attain a minimum for
any finite distance between the charge and the body. We shall not pause
here to prove this statement, especially as the presence of an attractive
force between a charge and a dielectric may be regarded as a fairly evident
consequence of the interaction between the charge and the dipole moment of
the dielectric, which it polarises.

We can deduce immediately from formula (14.1) the direction of motion
of a dielectric body in an almost uniform electric field, i.e. one which may
be regarded as uniform over the dimensions of the body. In this case E2?
is taken outside the integral, and the difference # —% is a negative quantity,
proportional to E2. In order to take a position in which its free energy is a
minimum, the body will therefore move in the direction of E increasing.

§15. Electric forces in a fluid dielectric

The problem of calculating the forces (called ponderomotive forces) which
act on a dielectric in an arbitrary non-uniform electric field is fairly compli-
cated and requires separate consideration for fluids (liquids or gases) and
for solids. We shall take first the simpler case, that of fluid dielectrics. We
denote by fdV the force on a volume element d¥, and call the vector f the
force density.

It is well known that the forces acting on any finite volume in a body can
be reduced to forces applied to the surface of that volume.t This is a conse-
quence of the law of conservation of momentum. The force acting on the

t See Theory of Elasticity, §2, Pergamon Press, London, 1959.
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matter in a volume d7V is the change in its momentum per unit time. This
change must be equal to the amount of momentum entering the volume
through its surface per unit time. If we denote the momentum flux tensor
by — ok, then

ffidV = §0'ikdfk, (15.1)

where the integration on the right is over the surface of the volume V. The
tensor oix is called the stress temsor. It is evident that opdfy = owmidf is
the 7th component of the force on a surface element df (n being a unit vector
along the normal to the surface outwards from the volume under considera-
tion).

Similarly, the total torque acting on a given volume also reduces to a
surface integral, by virtue of the law of conservation of angular momentum.
This reduction is possible because of the symmetry of the stress tensor
(0w = oxs), which thus expresses the conservation law mentioned.

On transforming the surface integral in (15.1) into a volume integral, we
obtain [ fi{dV = [(9aux/dxx)dV, whence, since the volume of integration is

arbitrary,
fi = Oou/Ox. (15.2)

This is a well-known formula giving the body forces in terms of the stress
tensor.

Let us now calculate the stress tensor. Any small region of the surface
may be regarded as plane, and the properties of the body and the electric
field near it as uniform. Hence, to simplify the derivation, we can with no
loss of generality consider a plane-parallel layer of material (of thickness A
and uniform composition, density and temperature) in an electric field
which is uniform but whose direction is arbitrary.t This field may be
imagined to be due to conducting planes, bearing appropriate charge distri-
butions, applied to the surfaces of the layer.

Following the general method for determining forces, we subject one of
the conducting planes (the upper one, say) to a virtual translation over an
infinitesimal distance £, whose direction is arbitrary and need not be that of
the normal n. We shall suppose that the potential of the conductor remains
unchanged at every point, and that the homogeneous deformation of the
dielectric layer, resulting from the translation, is isothermal.

A force —oyny is exerted by the layer on unit area of the surface. In the
virtual displacement this force does work —ownxé;. The work done in an
isothermal deformation at constant potential is equal to the decrease in [ FdV,
i.e. in AF per unit surface area. Thus

outmy = ShF) = hSF+ Foh. (15.3)

t+ We thus ignore any terms in the stress tensor depending on the gradients of tempera-
tare, field, etc. These terms, however, are vanishingly small in comparison with terms which
do not contain derivatives, in the same way as any terms containing derivatives which might
appear in the relation between D and E.



66 Electrostatics of Dielectrics §15

The thermodynamic quantities for the fluid depend (for given tempera-
ture and field) only on its density; deformations which do not change the
density (i.e. pure shears) do not affect the thermodynamic state. We can
therefore write for an isothermal variation 8 F in a fluid

(), 2+ (57),
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% (15.4)

The change in the density of the layer is related to the change in its thick-
ness by 8p = —pdh/h. The variation of the field is calculated as follows.
At a given point in space (with radius vector r) there appears matter which
was originally at r—u, where u is the particle displacement vector in the
layer. Since, under the conditions stated (homogeneous deformation, and
constant potential on the conducting planes), each particle carries its poten-
tial with it, the change in the potential at a given point in space is 8¢
= ¢(r—u)—¢(r) = —u-grad ¢ = u-E, where E is the uniform field in the
undeformed layer. Since the deformation is homogeneous, however, we
have

u = zE/h, (15.5)

where z is the distance from the lower surface. Hence the variation of the

field is
8E = —n(E-E)/h. (15.6)
Substituting the above expressions in (15.4) and using also the fact that

8h = ¢, = E+n, we obtain

1 oF
aikfink = ;(n-D)(E-E)—E-n p?p--‘}-E'nF

ED, oF
= —p—8u+F$ } .
{ p o ik + FSix (Esny;

Hence we have finally the following expression for the stress tensor:
o = [F—p(9F|0p) g, r18u+ EiDy/4m. (15.7)

In isotropic media, which are those here considered, E and D are parallel.
Hence EiDy = ExD;, and the tensor (15.7) is symmetrical, as it should be.
If the linear relation D = €E holds, then

F = Fo(p, T)— <E2/8; (15.8)
see (10.16). Fy is the free energy per unit volume in the absence of the field.
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According to a well-known thermodynamic relation, the derivative of the free
energy per unit mass with respect to the specific volume is the pressure:

[we )]~ mrlZ) -

po = po(p,T) is the pressure which would be found in the medium in the
absence of a field and for given values of p and 7. Hence, substituting (15.8)
in (15.7), we have

)% Ez[ a‘) ]8 Lk (15.9)
o = —polp, T)0w & € p(apT ik yw— .

In a vacuum, this expression becomes the familiar Maxwell stress tensor of

the electric field:t

ok = (EiEx—YE?S)/4m.

The forces exerted on the surface of separation by two adjoining media
must be equal and opposite: oyng = —o’yn’y, where the quantities with
and without the prime refer to the two media. The normal vectors n and
n’ are in opposite directions, so that

Oikng = O kM. (15.10)

At the boundary of two isotropic media the condition of equality of the
tangential forces is satisfied identically. For, substituting (15.7) in (15.10)
and taking the tangential component, we obtain E;D, = E';D’,. This equa-
tion is satisfied by virtue of the boundary conditions of continuity on E;
and D,. The condition of equality of the normal forces is, however, a
non-trivial condition on the pressure difference between the two media.
For example, let us consider a boundary between a liquid and the atmo-
sphere (for which we can put e = 1). Denoting by a prime quantities
pertaining to the atmosphere, and using formula (15.9) for oy, we have

E2 /0e €
~ ke T+ (), +5olBet = )
8 \dp/p 8

1
= —patm+ —(E'n2—E?).
87

Using the boundary conditions E; = E';, Dy = eEy = D'y = E’y, we can
rewrite this equation as

E2? /0 -1
po(p, T) — patm = %T_(i)q,_igﬂ (En2+ E2). (15.11)

This relation is to be taken as determining the density p of the liquid near
its surface from the electric field in it.

t See The Classical Theory of Fields, §4-8, Addison-Wesley Press, Cambridge (Mass.),
1951; Pergamon Press, London, 1959.
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Let us now determine the body forces acting in a dielectric medium.
Differentiating (15.9) in accordance with (15.2) gives

f_a[ +E2(3€)]E236+1[13E2 aED
" L P\ el T E Tl TR0 +E;(““)]'

On using the equation div D = 0Dg/dx; = 0, the expression in the brackets
in the last term can be reduced to
OEy, OE; OE, OFE;
- Dk( ) ’

3x¢ Bxk

which is zero, since curl E = 0. Thus we have

1 0 E2
£ —gradpolp, T)+—grad[E2p(-f) ]——grade. (15.12)
8= op/rl 8=
If the dielectric contains extraneous charges of density pex, the force f
contains a further term E div D/4m, or, since div D = 4mpex,

pexE; (15.13)

however, it should not be supposed that this result is obvious (cf. §16,
Problem 3).

In a gas, as already mentioned in §7, we can assume the difference ¢ —1
to be proportional to the density. Then pde/dp = e—1, and formula (15.12)
takes the simpler form

~1
f— —-gradpo+€—8——gradE2. (15.14)
T

Formula (15.12) is valid for media of both uniform and non-uniform
composition. In the latter case € is a function not only of p and T but also
of the concentration of the mixture, which varies through the medium. In
a body of uniform composition, on the other hand, e is a function only of p
and 7, and grad e can be written as

grade = (0¢/0T),grad T+ (0¢</0p)r grad p.
Then (15.12) becomes

£ dpolp, T)+ 2 d[E2(ae)] EZ( 35) dT. (15.15)
= —gra , —gra —} | ——(—=) gradT. .
grachle 1Tg, 8 ople) “8a\o1) B

If the temperature also is constant through the body, the third term on the
right is zero, and in the first term grad po can be replaced by p grad Jo, in
accordance with the thermodynamic identity for the chemical potential in
the absence of a field, pdfp = dpo—Sod7. Thus

E2/0e

f= —pgrad [c —STT(a_p)T]’ (15.16)
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The expression in the brackets is just the chemical potential { in an electric
field (see (10.18)), and therefore f = —p grad {.

In particular, the condition of mechanical equilibrium f = 0 is, for con-
stant temperature,

{ = {o—(E?/8n)(0¢/0p)r = constant, (15.17)

in accordance with the thermodynamic condition of equilibrium.t This
condition can usually be written still more simply. The change in density
of the medium due to the field is proportional to E2. Hence, if the medium
is of uniform density in the absence of the field, we can put p = constant in
the last two terms in (15.15) when the field is present; an allowance for the
change in p is beyond the accuracy of formulae which assume the linear
relation D = €E. Then, equating to zero f from (15.15), we obtain the
equilibrium condition at constant temperature in the form

po(p, T)— (pE?/8m)(9€/0p)r = constant, (15.18)
which differs from (15.17) in that { is replaced by po/p.

§16. Electric forces in solids

The dielectric properties of a solid body change not only when its dens1ty
changes (as with liquids) but also under deformations (pure shears) which
do not affect the density. Let us first consider bodies which are isotropic in
the absence of the field. In general, the deformed body is no longer iso-
tropic; in consequence, its dielectric properties also become anisotropic,
and the scalar dielectric permeability € is replaced by the dielectric tensor
€ik-

The state of a slightly deformed body is described by the strain tensor
1 ( Ouy 3uk)

Ui = — ’
3x]g 3.76'¢

where u(x,y,2) is the displacement vector for points in the body. Since these
quantities are small, only the first-order terms in ug need be retained in the
variation of the components €. Accordingly, we represent the dielectric
tensor of the deformed body as

eik = €odix + Ayl + asundik. (16.1)

Here ¢ is the dielectric permeability of the undeformed body, and the other
two terms, which contain the scalar constants a;, @z, form the most general
tensor of rank two which can be constructed linearly from the components
Uik

Let us now see where the derivation given in §15 must be modified.
Since, in a solid body, F depends on all the components of the strain tensor,
we must replace (15.4) by 8F = —D-8E[4n + (0F/0ui)ousk. For the virtual

t See Statistical Physics, §25.
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displacement considered, the vector u is given by formula (15.5), so that the
strain tensor is s = (Emk+ Exng)[2h. Substituting this in 8F and using the
symmetry of the tensor u, and therefore of the derivatives 0F[duw, we
obtain

8F = —D.8E/4m -+ (&mu/h)oF dusy. (16.2)

It is now evident that we find, instead of (15.7), the following expression for
the stress tensor:t

O = F«Sm + (E)F/auik);r E+ Eka/47T. (163)

Formula (16.3) is valid whatever the relation between D and E. For a
body which is neither pyroelectric nor piezoelectric, so that D; = ey Ey,
F is given by formula (13.4) and the required derivatives are OF/ou
= 0F| ouix—(a1E(Ex+ asE?8;)|87. We then put e = €9 everywhere in
(16.3) and obtain the following formula for the stress tensor:

oix = 0O+ (2¢0— a1)EiEy/8m — (0 + az) E28:x/8m. (16.4)

o0 is the stress tensor in the absence of an electric field, determined by the
moduli of rigidity and compression according to the ordinary formulae of
the theory of elasticity.

Let us now make similar calculations for anisotropic solids. The neces-
sary modification of the above argument is as follows. When the layer
undergoes a virtual deformation, its crystallographic axes are rotated, and
their orientation relative to the electric field is therefore changed. On account
of the anisotropy of the dielectric properties of the crystal, this leads to an
additional change in F not shown in (16.2). To calculate this change we
can equally well suppose that the crystal axes rotate through some angle 6¢
relative to the field E, or that the field rotates through an angle —8¢ relative
to the axes, and the latter approach is the more convenient.

Thus the variation of the field (15.6) considered above must be augmented
by the change in E on rotation through an angle —8¢: 8E = —n(E-§)/hA—
—8¢xE. The angle 8¢ is related to the displacement vector u in the
deformation by 8¢ = } curl u; this equation is easily obtained by noticing -
that, when the body rotates through an angle 8¢, its points are displaced by

= 8¢ x r. Substituting u from (15.5), we find 8¢ = curl 2§/2k = nxE[2h,

t The quantity F in this formula, and in all preceding formulae, is the free energy per
unit volume. In the theory of elasticity, however, a somewhat different definition is usual:
the thermodynamic quantities are referred to the amount of matter contained in unit volume
of the undeformed body, which may after deformation occupy some other volume. It is
easy to go from one definition to the other by expressing the relative volume change in the
deformation in terms of the tensor uix; on account of the presence of the derivative with
respect to ui in (16.3), this must be done with allowance for second-order terms. As a
result, the first two terms on the right of (16.3) combine into one of the form &F/dus, in
accordance with the usual formula of elasticity theory.

1 We shall see in §17 that the phenomenon of electrostriction in crystals may, for some
types of symmetry, differ markedly from that in isotropic bodies. Such crystals are said to
be piezoelectric. Here, however, we discuss only electrostriction in non-piezoelectric bodies.
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and 8E = —n(E-E)/k+Ex(nxE)/2h = —[n(E-E)+¥E(n-E)]/2k. The first
term in (16.2) becomes

—4;1D-8E = qur_h [(n-D)E-E)+(E-D)(n-E)] = Tizfink.%(Eka+Eth).

Hence we see that the product E;Dy in (16.3) must be replaced by the second
factor in the last expression:

oF 1
a‘ik=F3ug+ +—(E¢Dk+EkDi). (16.5)
8uik 87
This expression is symmetrical in the suffixes 7 and %, as it should be.

The expression (16.1) for the dielectric tensor, involving two scalar con-
stants, must be replaced in the case of a dielectric crystal by

cix = <O+ aiamtim, (16.6)

where @ik, is a constant tensor of rank four, symmetrical with respect to
the pairs of suffixes 7, k and /, m (but not with respect to an interchange of
these pairs). The number of independent non-zero components of this
tensor depends on the crystal class.

We shall not pause to write out here the formula for the stress tensor
(analogous to (16.4)) which is obtained by using (16.6).

The formulae which we have obtained give the stresses inside a solid di-
electric. They are not needed, however, if we wish to determine the total
force F or the total torque K exerted on the body by the external field. Let
us consider a body immersed in a fluid medium and kept at rest there.
The total force on it is equal to the integral ¢ oynrdf, taken over the surface.
Since the force osny is continuous, it does not matter whether this integral
is calculated from the values of oy given by (16.4) or from formula (15.9),
which relates to the medium surrounding the body. Let us suppose that
this medium is in mechanical and thermal equilibrium. Then the calcula-
tion is further simplified if we use the condition of equilibrium (15.18).
From this condition, part of the stress tensor (15.9) is constant through the
body, being a uniform compressing or expanding pressure and making no
contribution to the total force F and torque K acting on the body. These can
therefore be calculated by writing o as

O = (e/%)(EiEk—-%Ezam) ) (167)

simply, where E is the field in the fluid and e its dielectric permeability; this
expression differs only by a factor € from the Maxwell stress tensor of the
electric field in a vacuum. Thus

F = (¢/47) § [E(n-E)-}E*n] df, (16.8)

K = (¢/4m)§ [r x E(n-E)—}E% x n] df. (16.9)
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It may also be noted that, since the fluid is in equilibrium, we can take
these integrals over any closed surface which surrounds the body in question
(but, of course, does not enclose any of the charged bodies which are sources
of the field).

The calculation of the total force on a dielectric in an electric field in a
vacuum can also be approached in another way by expressing this force,
not in terms of the actual field, but in terms of the field ¢ which would be
produced by the given sources in the absence of the dielectric; this is the
“‘external field” in which the body is placed. Here it is assumed that the
distribution of charges producing the field is unchanged when the body is
brought in. This condition may not be fulfilled in practice—for example, if
the charges are distributed over the surface of an extended conductor and the
dielectric is brought to a finite distance from it.

In a virtual translation of the body over an infinitesimal distance u, the
total free energy of the body varies, according to (11.3), by 8% = — [P.3€dV,
where 8@ = E(r+u)—E(r) = (u-grad)@ is the change in the field at any
given point in the body. Since u = constant and curl @ = 0, we have
P.(u-grad)¢ = P.grad(u.€) = u-(P-grad)@, so that

8F = —u. [(P.grad)@ dV.
But 6% = —u-F, and we therefore have for the required forcet
F = [ (P-grad)€dV. (16.10)

Similarly, the total torque on the body can be determined. We shall not
go through the calculation, but merely give the result:

K = [Px@dV+ [rx(P-grad)€dV. (16.11)

In an almost uniform field, which may be regarded as constant over the
dimensions of the body, formula (16.10) gives to a first approximation

F = ([ PdV-grad)€ = (#-grad)t, (16.12)

where £ is the total dipole moment of the polarised dielectric; this result,
of course, could have been obtained by direct differentiation of & from
(11.8). In formula (16.11) we neglect the second term in the first approxi-
mation and reach the natural conclusion that

K = # x€. (16.13)

t It should be emphasised, however, that the integrand in (16.10) cannot be interpreted
as the force density. The reason is that the local forces in the dielectric arise not only from
the field @ but also from the internal fields which, by Newton’s third law, contribute nothing
to the total force, though they modify the distribution of forces over the volume of the body.
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PROBLEMS

ProBLEM 1. A dielectric sphere of radius @ in a uniform external field € is cut in halfby a
plane perpendicular to the field. Determine the force of attraction between the hemispheres.

SoLuTiON. We imagine the hemispheres separated by an infinitely narrow slit and deter-
mine the force from formula (16.8) with € = 1, integrating over the surface of a hemisphere ;
E is the field in the vacuum near the surface. According to (8.2) the field E®) inside the sphere
is uniform and equal to 3€/(2+¢), where e is the dielectric constant of the sphere. The field
in the slit is perpendicular to the surface and is E = D@ = 3e§/(24¢). On the outer surface
of the sphere we have

3
e+2

where 0 is the angle between the radius vector and the direction of . A calculation of the
integral gives an attractive forcet

F = 9(e—1)2 a2 €2/16(e+2)2

ProBLEM 2. Determine the change in shape of a dielectric sphere in a uniform external
electric field.

E, = DWW, = 3 € cos 6, Eg = Etlg = — € sin 6,
2+e

SoLuTION. As in §5, Problem 4. In determining the change in shape, we assume the
volume of the sphere to be unchanged.}] The elastic part of the free energy is given by the
same expression as in §5, Problem 4. The electric part is given by

V @ —1
T 8x1tn(e®—1)
and the dielectric permeability in the x-direction is, by (16.1), % = eo+a1uzz = 0+

+%a1(uzz—uyy) = eo+%ar(a—>b)/R. From the condition that the total free energy is a
minimum we find

-1 2.6 = @2,

a—b  9C2 (e0—1)2+5a1
R 40m (ot2?
For ¢g — oo this tends to the value for a conducting sphere.
ProBLEM 3. Determine the body forces in an isotropic solid dielectric, assumed homoge-
neous, when extraneous charges are present in it.

SOLUTION. Assuming eo, a1, a2 constant and using the equations curl E = 0, divD =
€0 div E = 47pex, we have from (16.4)

0 20(0) 1 oE?
fo= 2% _ 90T _ - Gartas) — + (1_
* w x4

ai

—25—0) pex Ei.

§17. Piezoelectrics

The internal stresses which occur in an isotropic dielectric in an electric
field are proportional to the square of the field. The effect is similar in
crystals belonging to some of the crystal classes. For certain types of
symmetry, however, the electrostriction properties of the crystals are quite
different. The internal stresses in these piezoelectric bodies resulting from

t It is by chance that, in the limit € — o0, this expression tends to the result obtained
in §5, Problem 3, for a conducting sphere (indeed, the forces are in opposite directions).
The two cases are evidently not physically equivalent, because there is no field in the slit
between two conducting hemispheres at the same potential, whereas in this problem there
is a field in the slit.

1 The change in volume is determined in §12, Problem 1.
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an electric field are proportional to the field itself. The converse effect also
occurs: the deformation of a piezoelectric is accompanied by the appearance
in it of a field proportional to the deformation.

Since in a piezoelectric only the principal (linear) effect is of interest, we
can neglect the terms quadratic in the field in the general formula (16.5).
Then o = Fdy+ (0F|0uw)rg. In this section we shall use the thermo-
dynamic quantities referred to the matter in unit volume of the undeformed
body (see the first footnote to §16). Taking F in this sense, we have simply

Ok = (8F/8uik)m, (17.1)
Accordingly, the thermodynamic relation for the differential dF is
dF = —-SdT+ o-ikduik—D- dE/41T. (17.2)

The following remark should be made concerning the last term. In the form
given here, this term (taken from (10.9)) pertains, strictly speaking, to unit
volume of the deformed body. By ignoring this fact, we commit an error
which, in the case of a piezoelectric, is of a higher order of smallness
than the remaining terms in (17.2).

The independent variables in (17.2) include the components of the tensor
uix. It is sometimes convenient to use instead the components og. To do so,
we must introduce the thermodynamic potential, defined as

&) = F—umom. (173)

For the differential of this quantity we have
d® = —SdT—wuydoyx—D- dE/4m. (17.4)

It must be emphasised that the use of the thermodynamic potential ® in
electrodynamics in accordance with formulae (17.3) and (17.4) rests on
the validity of (17.1) and so is possible only for piezoelectric bodies.

Having thus defined the necessary thermodynamic quantities, let us now
ascertain the piezoelectric properties of crystals. If oy and Ej are taken as
independent variables, the induction D must be regarded as a function of
them, and an expansion of this function must include the linear terms in
them. The linear terms in the expansion of the components of a vector in
powers of the components of a tensor of rank two can be written, in the
most general case, as 4mry; g1 ok, where the constants y;z; form a tensor of
rank three, and the factor 4+ is introduced for convenience. Since the tensor
ox; is symmetrical, it is clear that the tensor y;; may also be supposed to
have the symmetry property

Yikl = Vilk- (17'5 )

For clarity we separate the symmetrical suffixes from the remaining one by
a comma. We call y;z; the piezoelectric tensor. If it is known, the piezo-
electric properties of the crystal are entirely determined.
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Adding the piezoelectric terms to the expression (13.1) for the electric
induction in the crystal, we have

Dy = Doi+ eixEx+ 4y ion. (17.6)

Corresponding additional terms appear in the thermodynamic quantities.
- The thermodynamic potential of a non-piezoelectric crystal in the absence of a
field is ® = ® = Oy—Luimoikomm, where @y pertains to the undeformed
body, and the second term is the ordinary elastic energy, determined by
the elastic constant tensor uyum.t For a piezoelectric we have

& = Oo—tpikimoworm — ewEiEx/8m — EiDoi/4m — yigaEion. 17.7)

The form of the last three terms is given by the fact that the derivatives of ®
with respect to E; (for given temperature and internal stresses), found from
the relation D; = —420®|0E;, must accord with (17.6).

Knowing ®, we can obtain from (17.4) a formula giving the strain tensor
in terms of the stresses oy and the field E:

ue = —(00/00w)rE = piamorm + vrEr. (17.8)

It should be mentioned that to regard the quantities ey, and e for a
piezoelectric as elastic constants and dielectric permeability is to some extent
conventional. With the definitions used here, they give respectively the
strains as functions of the elastic stresses for a given field, and the induction
as a function of the field for given stresses. If, however, the deformation
occurs with a given value of the induction, or we consider the induction as a
function of the field for given strains, the elastic constants and the dielectric
permeability will be represented by other quantities, which can be expressed
as somewhat complex functions of the components of the tensors u, € and y.

The field in a piezoelectric body must be determined together with its
deformation, leading to a problem in both electrostatics and elasticity
theory. We must seek a simultaneous solution of the electrostatic equations

divD=0, curlE=0, (17.9)
with D given by (17.6), and the equations of elastic equilibrium
30’{];/3.2’,’]; = 0, (17.10)

with the appropriate boundary conditions at the surface of the body and use
of the relation (17.8) between oy and the strains. In general this problem is
very complex.

t 'The tensor pixim determines the relation between stress and strain:
uk = — 300wk = pkimOim.

In Theory of Ela:ticity, §10, the converse relation og = Aiximuim is used. It is evident that
the symmetry properties of the tensor pikim are exactly the same as those of Ajim.
The free energy F contains the elastic energy with the plus sign:

Fe = YMximuitiym.
The thermodynamic potential is obtained from F by subtracting ouuix, and so

De1 = Fe1 — oty = — Yimpmusrtism = — Ypuikim otk oim.
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The problem is much simplified for a body of ellipsoidal form with a free
surface (i.e. one subject to no external mechanical forces). In this case
(§8), the field inside the body is uniform; the deformation is therefore
homogeneous, and the elastic stresses o = 0. ,

Finally, let us consider which types of crystal symmetry allow the existence
of piezoelectricity; in other words, what are the restrictions imposed on the
components of the tensor y; z; by the symmetry conditions. In general, this
tensor (which is symmetrical in the suffixes % and /) has 18 independent non-
zero components, but in reality the number of independent components is
usually much smaller.

In all symmetry transformations of a given crystal, the components of the
tensor y; x; must remain unaltered in value. Hence it follows at once that
no piezoelectric body can have a centre of symmetry or, in particular, be
isotropic. For, on reflection in the centre (i.e. change of sign of all three co-
ordinates), the components of a tensor of rank three change sign.

Of the 32 crystal classes, only 20 allow piezoelectricity. These comprise
the ten enumerated in §13 as allowing pyroelectricity (all pyroelectrics are
also piezoelectrics) and the ten following classes:

rhombic system: Dy

tetragonal system: Dy, Dag, S4
rhombohedral system: Dg
hexagonal system: Dg, C3p, D3p
cubic system: T, Tg.

The non-zero components of the piezoelectric tensor for each class are
given in the following Problems.

PROBLEMS

ProsLEM 1. Determine the non-zero components of the tensor i,k for non-pyroelectric-
crystal classes which allow piezoelectricity.

SoLuTION. The class D2 has three mutually perpendicular axes of symmetry of the second
order, which we take as the axes of ¥, y and z. Rotations through 180° about these axes
change the sign of two out of the three co-ordinates. Since the components yqx: are trans-
formed as the products xxkx;, the only non-zero components are those with three different
suffixes: Vz,yz Yz.zy» Yv.ez- (The other non-zero components are equal to these, since
yix1 = vi,k.) Accordingly, the piezoelectric part of the thermodynamic potential ist

(Bpxe = —Z(Ys.yz Ezoyz:+yyaz Eyoze+yz,zy Et”zy)- 1

“The class Dag is obtained by adding to the axes of class D2 two planes of symmetry passing
through one axis (the z-axis, say) and bisecting the angles between the other two. Reflection
in one of these planes gives the transformation x =y, y — x, 2 — 2. Hence the components
yi,.1 which differ by interchange of x and y must be equal, so that only two out of the three
coefficients in (1) are now independent: yz,zy, Yz,yz = Vy,zz.

+ To avoid misunderstanding it should be recalled that, if we calculate the components
of the strain tensor uix by direct differentiation of the actual expression for @ with respect
to oik, the derivatives with respect to components oy with ¢ 7 k give twice the correspond-~
ing components us; see Theory of Elasticity, §10, Problem, footnote.
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The class T is obtained from the class D2 by adding four diagonal axes of symmetry of
the third order, rotations about which effect a cyclic permutation of x, y, 2, e.g. x - 2,
¥y = x, 2 = y. Hence all three coefficients in (1) are equal: yz,y: = yz,2y = ¥y,22z. The same
result is obtained for the cubic class Tg4.

‘The class D4 has one axis of symmetry of the fourth order (the z-axis, say) and four of the
second order lying in the xy-plane. Here the symmetry elements of the class Dz are supple-
mented by a rotation through 90° about the z-axis, i.e. the transformation x -y, y —> —x,
z —> 2. Consequently, one of the coefficients in (1) must be zero (yYz,2y = —Yzyz = —¥Yz,2y
= 0), and the other two are equal, but opposite in sign: yz,yz = —¥y,zz. The same result is
obtained for the class Dg.

The class S includes the transformations x +y, y > —x, 2 > —z and x - —x,
y = —y, ¥ —> 2. 'The non-zero components are Yzuy, Yr.yz = Yu,z2, Yz.2x = —Yz,09s
Yz,2z = —vy,zy. One of these can be made to vanish by a suitable choice of the x and y axes.

The class D3 has one axis of symmetry of the third order (the z-axis, say), and three of the
second order lying in the xy-plane; let one of these be the x-axis. To find the restrictions
imposed by the presence of a third-order axis, we make a formal transformation by introducing
the complex ‘“co-ordinates’’ £ = x4y, n = x—iy; the co-ordinate 2 remains unchanged.
We must also transform the tensor y4,x1 to these new co-ordinates, in which the suffixes take
the values £, 7, z. In a rotation through 120° about the z-axis these co-ordinates undergo
the transformation ¢ — £2™/3, y — 7e=27#/3 2 —» 2, The only components of the tensor ys,x:
which remain unchanged and so may be different from zero are yz,n¢, ¥n,2¢, Yes2ms Y&rt6r Ynom
and yz,zz. A rotation through 180° about the x-axis gives the transformation x — x,y — —y,
z—> —z,0r £ >, > £ 2 > —3; vz, and Vz,zz change sign and so must be zero, while the
remaining components listed above are mutually transformed in pairs, giving y,,2¢ = —v¢,2y,
Y£.6¢ = Ypom- In order to write an expression for pie, We must form the sum —y¢,kiEtox1,
in which the suffixes take the values ¢, 9, =:

Dpte = —29, 25 (Bnozs—E502m) —ve,ex (Egoez + En o).

Here the components E; and o in the co-ordinates £, %, 2 must also be expressed in terms of
those in the original co-ordinates ¥, y, 2. This is easily done by using the fact that the com-
ponents of a tensor are transformed as the products of the corresponding co-ordinates.
Hence, for example, from 2 = x2—32--2ixy, we have oz = ozz— oyy+2f0zy. The result is

&’pie = 20(Ev ozz—Ez0 zy) + b[2Ey0'zy —Ez( Ozz— Uw)]’ (2)

where a = 2iy,,2¢ and b = 2y; ¢ are real constants. The relations between the components
vi,x1 in the co-ordinates x, y, 2 are, as we see from (2),

Yyiez = ~Yz,2y = G, Yooy = —Yz,zz = Yz = b.

The class Dsj is obtained from the class Ds by adding a plane of symmetry (the xy-plane)
perpendicular to the axis of the third order. Reflection in this plane changes the sign of z,
and so ¥,z = 0, so that only the term with the coefficient b remains in (2).

‘The class Csp has an axis of the third order and a plane of symmetry perpendicular to it.
Reflection in this plane changes the sign of 2, and so all components yi ki whose suffixes
contain z an odd number of times must be zero. Taking into account also the restrictions
derived above which are imposed by the third-order axis of symmetry, we find that only the
two components ¥, and ¢, are not zero. These quantities must be complex conjugates
in order that @ should be real. Putting 2y,,, = a+ib, 2y¢,¢ = a—ib, we find

@ pre= a[2Ey0zy— Ez(0rz— 04y)1+ b[2Ez 02y + Ey( 02— oyy)]. A3)
Either a or b can be made to vanish by a suitable choice of the x and y axes.

PrROBLEM 2. The same as Problem 1, but for the crystal classes which allow pyroelectricity.

t In non-orthogonal co-ordinates such as £, 9, 2 the covariant and contravariant compo-
nents of tensors must be distinguished. 'This should have been done in returning to the
original co-ordinates x, y, 2. We avoid this necessity, however, by obtaining the required
relations between the components i,k in the co-ordinates x, y, z directly from the form
of the scalar combination (2).
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SoLUTION. Let the z-axis be the axis of symmetry of the second, third, fourth or sixth
order, or in the class Cs be perpendicular to the plane of symmetry. In the classes Cno the
x2-plane is a plane of symmetry. By a suitable choice of axes three more components can be
made zero in the class C1, and one component in the classes Cs, Cp.

We give below for each class all the components ¥,k which are not zero.

Class C1: all yi,z1.

C;: all those in which the suffix z appears twice or not at all.
Cav: V2,22, Youu V2,22, V2,22 Yo,y

C2: the same, together with vz,yz, Yy,22, 2,29+

Cuv: V2,92 = Yz,0u, Vo,22, Va,22 = Yy,y2-

Ca: the same, together with yz,yz = —vyy,z2.

Csv: Yz,22, Yz,22 = Vy,yz, V.22 = —Vz,99 = —Yy.20, V2,22 = Yz,9y-
‘Cs: the same, together with yz,yz = —7vy,22, Yv.22 = —VYy,yy = Yz.29.
Cev: V2,22, Yz,22 = Yy,uz, V2,23 = Vz,yy-

Ce: the same, together with yz,yz = —vy,2z.

ProBLEM 3. Determine Young’s modulus (the coefficient of proportionality between the
extending stress and the relative extension) for a flat slab of a non-pyroelectric piezoelectric
in the following cases: (a) where the slab is stretched by the plates of a short-circuited
condenser, (b) where it is stretched by those of an uncharged condenser, (c) where it is
stretched parallel to its plane with no external field.

SoLUTION. (a) In this case the field E inside the slab is zero. The only non-zero component
of the tensor o is the extending stress o;; (the 2z-axis being perpendicular to the slab).f
From (17.8) we have #;; = p;22:022, whence Young’s modulus is E = 1/pzzzz.

(b) In this case we have in the slab Ez = Ey =0, D; = 0. From (17.6) and (17.8)
we have Dz = EzzEz+41l"y2’zzUzz = 0, Uzz = [l-zzgzazz"l"}'z,ngz. Eliminating Ez, we obtain
1/E = I"zzzz—“'ﬂ‘)’z,zzzlfzz-

(c) In this case also, Ez = Ey = 0, D; = 0, but the extension is along the x-axis, say.
Here we have D; = €ng¢+4ﬂ)’z,zz0¢x = 0, Uzz = ﬂzxxxaxz"l—‘y;,zx.Ez. Eliminating Ez,
we obtain 1/E = pyroa—41ys,22%/€z2.

ProBLEM 4. Obtain an equation for the velocity of sound in a piezoelectric medium.

SoLuTioN. In this problem it is more convenient to use u;: as the independent variables,
ns tead of oix. We write F in the form

1 1
F = Fo+4Mtim wie iim — — e EsEx— — EiDoi+ Bi,x1 B,
87 47
where
Bixt = = Aetkv’ Vi, 50y

whence
o = OF[oui = Mrimwim—+ Br,ixE;.
The equations of motion from the theory of elasticity are

d0ix duim oE;
{ = = Aietm— + B, ik,
ox% oxk oxx

where u is the displacement vector, related to usx by

1/0u¢  Oux
= 5 * )
The equation div D = 0 gives
ew";—ff‘ — 4nBu a:;; =0,
and the field can be expressed in terms of the field potential: E; = — 9¢/dx:, which takes

into account the equation curl E = 0.

t It is not assumed to coincide with any particular crystallographic direction,
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In a plane sound wave, u and ¢ are proportional to exp[i(k-r — wt)], and we find from the
above equations that

w?ug = Miimkrkium — Bickekid,
eikikxd+4nBixikikrur = 0.

Eliminating ¢, we can write the condition of compatibility of the resulting equations for
ui as

| w28k — Miximkikm —4n(Br,mikikm)(Bp, ql;kpkq)/ erskeks] = 0.

For any given direction of the wave vector k, this equation determines three phase velocities
of sound w/k, which are in general different. A characteristic property of a piezoelectric
medium is the involved relation between the velocity and direction of the wave.

§18. Thermodynamic inequalities

According to the formulae of §10, the total free energy can be written as
the integral

F = j F(T, p,D)dV, (18.1)

taken over all space. We shall suppose that the function D(x, y, 2) which
appears in the integrand satisfies only the equation

divD = 0 (18.2)

inside a dielectric and the condition
$ D-df = 4re (18.3)

on the surface of a conductor which carries a given charge. These equations
establish the relation between the field and its sources. Otherwise we regard
the function D(x, y, 2) as arbitrary, and in particular we do not require it to
satisfy the second field equation curl E = 0 (where E = 470F/9D) or the
boundary condition ¢ = constant on the surface of a conductor. We shall
show that these equations can then be obtained from the condition that the
integral (18.1) is a minimum with respect to changes in the function
D(x, y, 2) which satisfy equations (18.2) and (18.3). It should be emphasised
that the possibility of this derivation is not a priori evident, since the field
distributions which come into consideration in determining the minimum of
the integral (18.1) do not necessarily correspond to physically possible states
(because they do not satisfy all the field equations), whereas, in the thermo-
dynamic condition that the free energy is a minimum, only the various.
physically possible states are considered.

The problem of finding the minimum of the integral (18.1) with the
subsidiary conditions (18.2) and (18.3) is solved by Lagrange’s method of
multipliers. We multiply the variation of the condition (18.2) by some as
yet undetermined function —¢/47 of the co-ordinates, and that of the
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condition (18.3) by some undetermined constant ¢o/4w, and then equate to
zero the sum of variations

1 do
SFAV—— [ ¢ diveDdV+22 §sp. df = 0.
f 41'rf ¢ div V+4w3€

In the first term we writet

SF = (0F/0D)r, 5D = E-8D/4m,

and the second can be integrated by parts: [ ¢ divdD dV = §¢éD-df—
— [8D-.grad ¢ dV. The result is

[(E+grad ¢)-s5Dav + $(#o— $)3D- df = O.

Hence we conclude that, throughout the volume, we must have E = —grad ¢
(and so curl E == 0), and on the surface of a conductor ¢ = ¢y = constant.
These are the correct equations for the field, and the Lagrangian multiplier
¢ is its potential.

Similarly it can be shown that the equations for the electric induction are
obtained from the condition that the integral &= [ F (T, p, E)dV is a mini-
mum, in which the function E(x, y, 2) is varied with the subsidiary conditions

= —grad ¢ and ¢ = constant on the surface of a conductor. For

8F = [(3F(|2E)-SEdV= [D-grad 8¢ dV/4n
= §5¢ D dff4r— [54 div DdV/4m = 0.

The first integral is zero because 8¢ = 0 on the surface, and from the second
we find the required equation div D = 0, since 8¢ is arbitrary in the volume.

If the body is not in an external electric field (in particular, if there are no
charged conductors), it may be possible to formulate the condition of thermo-
dynamic equilibrium as the condition that the total free energy (18.1) has
an absolute (unconditional) minimum. This amounts to the condition that the
free energy density F is a minimum as a function of the independent variable
D: 0F/0oD = E[4r = 0, i.e. the field must be zero in all space. If it is pos-
sible to find a distribution of the induction such that div D = 0, this state
will correspond to thermodynamic equilibrium.}

t The free energy is the minimum for a given temperature. The variation is with respect
to two independent quantities D and p. Here we are interested only in the result of varying
with respect to D. The variation of the integral (18.1) with respect to density (with the
subsidiary condition of constant mass, i.e. constant [p d¥’) gives one of the usual conditions
of thermal equilibrium, namely the constancy of the chemical potential {.

1 Here we are considering bodies in which D need not be zero even if E = 0 (see §19).
Otherwise we have simply the trivial result E = D = 0 in all space.
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Equating to zero the first variation of the free energy, we find necessary but
not sufficient conditions for this energy to be a minimum. The calculation
of the sufficient conditions requires a discussion of the second variation.
These conditions take the form of certain inequalities (called thermodynamic
inequalities) and are the conditions which ensure the stability of the state of
the body. ,

When there is a linear relation between D and E, the situation is much
simplified, and the thermodynamic inequality of interest here (relating to
the dielectric properties of the body) becomes evident. The total free energy
is Fo+ [ (D?/8me)dV. It is clear that this can have a minimum only if
¢ > 0, since otherwise the integral could be made to take any large negative
value by making D? large enough. Thus in this case nothing new is learnt,
since we know already that the dielectric permeability must in fact be not
only positive but greater than unity (see §14).

In the general case of an arbitrary relation between D and E, however, it
is necessary to consider the second variation of the integral (18.1), and to
vary simultaneously both D and p (leaving only the temperature constant).
In an isotropic body, F(T, p, D) depends only on the magnitude of the vector
D, but its three components vary independently. We take the direction of
the vector D before variation as the z-axis. Then the change in the magni-
tude of D is given in terms of the changes in its components, as far as the
second-order terms, by 8D = 8D,+(8D;)2[2D+(8Dy)2[2D. The first and
second variations of the integral (18.1) are both contained in the expression

oF oF 1 &2F 2F 102F
- 2 - 2
f {ESD+3—P3P+ 55 O+ 5p-DBe 5 5 {60) }dV.
Substituting 8D and collecting the second-order terms, we find the second
variation

f L O 5D+ (3D, AV +
2D aD"  © v

+f{la—2F—(aD or PF o se st OHs )Z}dV 18.4
T TR AT TS b (184)
These two terms are independent. The first is positive if (1/D)oF/oD > 0.
But 0F/0D = E[4m, so that the derivative 0F/dD is positive or negative
according as the vectors D and E are in the same or opposite directions.
Thus these vectors must be in the same direction.

The conditions for the second term in (18.4) to be positive are

B2F/op > 0, (18.5)
#F #F | o°F )2 . 8e
9p? 9D (apaD > (18.6)

t See Statistical Physics, §21.
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Since 9F[dp = {, 0F|0D = E|4m, the first of these gives
(%¢/op),T > 0, (18.7)
and the second can be rewritten as a Jacobian:
O(0F|oD, 0F|dp) _ _1_ 9 (E, ) S
D, p) 4m oD, p)

Changing from the variables D, p to D, {, we have
AE D _ AEL) oD,L) _ (aE) (ag) o
aD,p) ¥D,L) aD,p) \ oD/ \op ’
by (18.7), this gives

(2E/aD),,r > 0. (18.8)

Thus we have derived the required thermodynamic inequalities. In the
absence of a field, the inequality (18.7) becomes the usual condition that the
isothermal compressibility is positive: (9p/0p)r > 0.1 The inequality (18.8)
gives € > 0, since when E — 0 the induction D - €E.

Of the two inequalities (18.5), (18.6) the latter is the stronger; it may be
violated while the first is not, whereas the reverse is impossible. The equation

02F 2F 02F )2 _ UEY)
dp2 0D2 (apap ~ D, p)
corresponds to what'is called the critical state.t This condition is more

conveniently written in a different form by multiplying it by the non-zero
factor (D, p)/o(E, p):

o(E, O/O(E, p) = (2/0p),z = O. (18.9)

The determination of further conditions for the stability of the critical state
of matter requires a study of the third and fourth variations; we shall not
pause to do this, but simply give the results:

(2¢/2p2)g.r = O, (18.10)
(3¢/0p3) 5,7 > O, (18.11)

=0

in analogy with those found in the absence of an electric field.

t It should be recalled that, in the absence of a field, { is the thermodynamic potential
of unit mass and, by the ordinary thermodynamic relations, its differential

df = dp/p — (S/p) dT,

so that (9L/2p)r = (1/p)(2p/3p)r. In the above derivation the second of the ordinary
thermodynamic inequalities (that the specific heat is positive) is ignored.

1 See Statistical Physics, §80.
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PROBLEM

Determine the displacement of the critical point of a dielectric substance in an electric
field.

SoLuTioN. Substituting in (18.9) the expression for { from (10.18), we find (8o/dp)r —
—(E?/87)(0%/0p?)r = 0. For the chemical potential when E =0 we have (8%o/dp)r
= (1/p)(2p/2p)r (see the penultimate footnote to this section), where p = p(p, T) is the
equation of state in the absence of the field. Thus (9p/dp)r = (pE2/87)(0%¢/p%)r. When
there is no field, the critical point is given by the equation (9p/dp)r = 0, and if it is stable
we must also have (92p/9p%)r = 0. Hence

ap 3"’? % s
(_) —_aﬁ pt 3p3TAT= ap o b

where AT and Ap are the displacements of the critical temperature and density (assumed to
be of the same order of smallness, which is confirmed by the result). The temperature
displacement is therefore
T = pE2( aze) azp
2p2) rl 2poT"
The displacement of the critical pressure is Ap = (3p/dT),AT. 'To determine the displace-
ment Ap, equation (18.10) must be used in a similar manner.

§19. Ferroelectrics

The various crystalline modifications of a given substance may include
some which are pyroelectric and some which are not. If the change from
one to the other takes place by means of a second-order phase transition,
then near the transition point the substance has a number of unusual proper-
ties which distinguish it from ordinary pyroelectrics; these are called ferro-
electric properties.

In an ordinary pyroelectric crystal, a change in the direction of the spon-
taneous polarisation involves a considerable reconstruction of the crystal
lattice. Even if the final result of this reconstruction is energetically favour-
able, its realisation may still be impossible because it would require the
surmounting of very high energy barriers.

In a ferroelectric body, however, the situation is quite different because,
near a second-order phase transition point (a Curie point), the arrangement
of the atoms in the crystal lattice of the pyroelectric phase is only compara-
tively little different from the arrangement in the non-pyroelectric lattice
(and so the spontaneous polarisation also is small). For this reason the change
in direction of the spontaneous polarisation here requires only a relatively
slight reconstruction of the lattice (a slight displacement of the atoms) and
can occur quite easily.

The actual nature of the ferroelectric properties of a body depends on its
crystal symmetry. The direction of the spontaneous polarisation of the pyro-
electric phase (which we shall call the ferroelectric axis) is determined by the
structure of the non-pyroelectric phase beyond the Curie point. In some
cases it is uniquely determined, in the sense that the ferroelectric axis can
lie in only one, crystallographically determinate, direction; the direction of
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the spontaneous polarisation is then determined apart from sign, since in the
non-pyroelectric phase the two opposite directions parallel to the ferro-
electric axis must be entirely equivalent (otherwise this form of the crystal
would also be pyroelectric). In other cases, the symmetry of the non-
pyroelectric phase may be such as to allow spontaneous polarisation in any
of several crystallographically equivalent directions.t

The quantitative theory of ferroelectricity can be developed in terms of
the general theory of second-order phase transitions;} this has been done
by V. L. GINzBURG (1945).

The basis of the following considerations will be the thermodynamic
stability of states. From this point of view the transition is characterised by
the fact that, on one side of it, a state with D = 0 can be stable, but on the
other side any such state is unstable, and so there must be a non-zero induc-
tion even when the field E is zero. For definiteness, we shall suppose below
that the pyroelectric phase (D # 0) corresponds to temperatures 7" < ©
(where © is the transition point), but it should be emphasised that this dis-
position of the phases, though the more usual, is not obligatory, and the
opposite case is also found in Nature.

Since our prime interest is in the dielectric properties of the substance, we
shall first suppose that there are no internal stresses in the body. To deter-
mine the stability conditions, we can start from the condition that the total
thermodynamic potential of the body is a minimum (for a given temperature
and zero stresses). As we have seen in §18, this reduces to the condition that
the second variation of the thermodynamic potential per unit volume @
should be positive. For a state in which the induction is almost zero, the
second variation of @ is simply ®—®y = (1/8m)e LiD;Dy..

If we take the co-ordinate axes to be the principal axes of the tensor e,
then

1,1 1 1
—_ — 2. 2.4 2
®— D, ( D2+ Dy +€(Z)D,). (19.1)

= 8_,,. @)

The state with D = 0 satisfies the stability conditions (i.e. can correspond to
a minimum of ®) so long as all three coefficients 1/e® are positive. Hence
the pyroelectric phase can be formed only when one of these three coeffi-
cients changes sign. The point at which the second-order phase transition
takes place is determined by the vanishing of that coefficient.

t An instance of the first type is sodium potassium tartrate, whose non-pyroelectric
phase has a rhombic symmetry. The ferroelectric axis appears in it (at the Curie point)
in a completely definite crystallographic direction (one of the second-order axes), and the
lattice becomes monoclinic. .

An instance of the second type is barium titanate. Its non-pyroelectric modification has
a cubic lattice, and any of the three cubic axes may become the ferroelectric axis. After the
spontaneous polarisation has appeared at the Curie point, these three directions, of course,
are no longer equivalent. The ferroelectric axis becomes the only fourth-order axis, and the
lattice becomes tetragonal.

1 See Statistical Physics, Chapter XIV. The discussion here following, however, is not
based on the usual formulation.
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The ferroelectric axis is then the one for which 1/ is zero. Here various
cases can arise, depending on the symmetry of the non-pyroelectric phase. If
this symmetry is such that €® s ¢®) # €@, only one of the coefficients
in (19.1) is zero, and the position of the ferroelectric axis is uniquely defined.
If @ = @) = €@ (for which the symmetry must be cubic), all three coeffi-
cients vanish simultaneously, and the ferroelectric axis may be in one of
several directions (see below). Finally, if the symmetry is such that @)
= €W) # €%), either one or two of the coefficients in (19.1) will vanish at
the transition point.

Let us consider first the case where the position of the ferroelectric axis,
which we take as the z-axis, is uniquely determined. The dielectric properties
of the crystal in the x and y directions then exhibit no anomalies, and to
investigate the properties in the z-direction we need consider only those
terms in the thermodynamic potential which contain D,.

The expression (19.1) represents the leading terms in an expansion of @
in powers of D. Since 1/e@ is small near the transition point, it is necessary
to take into account the next term beyond the quadratic in the expansion in
powers of D,. There can be no odd powers in this expansion, since they would
change sign with D, (and so ® would change), whereas here the two direc-
tions along the z-axis are equivalent. The next term after the quadratic
therefore involves D,4:

B
D22+ —DA.
Sre® * ' 16m
In order that the state with D, = 0 should be stable at the point 7'= @,
it is clearly necessary that the coefficient B should be positive there, and so
positive in the neighbourhood of that point. Near the transition point,
1/e® can be expanded in powers of the difference T7—®; the first term in

the expansion is of the form «7T—®), the coefficient « being positive (so
that 1/e® > O for 7' > ©). Thus

D = Oy+

€? = 1/(T—0), (19.2)
and the thermodynamic potential is
T-0 B
o =00+ T pe B pa (19.3)
T 16w

These formulae are sufficient for the calculation of all ferroelectric proper-
ties of present interest near the transition point. First of all, from the formula
E; = 4n0®[0D, we have

E, = «(T—©)D,+ BDS3. (19.4)

This is the fundamental relation giving the field as a function of the induction
in a ferroelectric.

For T > O (in the non-pyroelectric phase), D, is zero for E; = 0. As E,
increases (for a given value of T—®), the induction at first increases linearly
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(D, = E,|o(T—©)), but for sufficiently large values of E, we have
D, = (E,/B)*. The proportionality coefficient €? in the linear relation is the
dielectric constant of the non-pyroelectric phase. For T — @ it increases
without limit in inverse proportion to T—®, but the linear relation then
ceases to be valid.

For T < O (in the pyroelectric phase), the value D, = 0 cannot corres-
pond to a stable state. For E, = 0 the induction has a non-zero value, which
by (19.4) is

D, = Dy = ++/[(®—T)/B]. (19.5)

Thus the spontaneous polarisation P, = D /4w of a ferroelectric decreases
towards the Curie point as /(0 —T).

The “‘dielectric constant” of the pyroelectric phase may be defined as the
value of the derivative dD./dE, for E,=0. From (19.4) we have
1 = [—(®—T)+3BD,2]dD,/dE,; substituting (19.5), we have dD,/dE,
= 1/20(®@—T) for E, = 0. For sufficiently small E,, the relation between D,
and E; becomes

D,— Dy = E;24(@—T). (19.6)

A comparison of (19.2) and (19.6) shows that the “dielectric constant” of
the pyroelectric phase is half its value in the non-pyroelectric phase at the
same distance from the Curie point.

Differentiating @ (19.3) with respect to temperature, we can find the
entropy S = —(8®/0T)p = So—aD.;?/8n. Here the fourth-order term can
be omitted, since the quadratic term is not zero. In the pyroelectric phase
with E, = 0 we have also D, = 0, so that S = Sy. For the pyroelectric
phase, substituting D, from (19.5), we find S = Sp—o?(®—T')/87B. Hence
the specific heat of this phase at the transition point itself is

Cp = T3S/0T = Cpo+a20/8nB, (19.7)

where Cypo is the specific heat of the non-pyroelectric phase at this point.
Thus, if the transition of the ferroelectric from one phase to the other takes
place with E, = 0, it is accompanied by a sudden change in the specific heat,
as happens in ordinary second-order phase transitions. Moreover, Cp > Cypo,
i.e. the specific heat increases when pyroelectricity appears.

Let us further investigate equation (19.4) in the pyroelectric phase (i.e.
for T' < @). Figure 13 shows the approximate curve of the function D,(E;)
given by this equation. We see, first of all, that the part CC’ of the curve
(shown dashed in Fig. 13) does not correspond to stable states which can
occur in Nature: on CC’ we have OE,[/0D, = 4w0?®[0D,2 < 0, whereas
the condition that the second variation of the thermodynamic potential
should be positive requires this derivative to be positive also. The
ordinates of the points C and C’ are given by the equation 9E,/éD, = 0,
and so we conclude that the possible values of |D,| in the pyroelectric phase
are bounded below by the condition

D2 > «(®—T)/3B. (19.8)
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If we consider states of a ferroelectric with given values of E;, there is still
an ambiguity in the value of D,, in the range of abscissae between C and C’,
and the question arises of the physical significance of the two values. We
shall assume the ferroelectric to be a homogeneous flat slab, with the ferro-
electric axis perpendicular to it, lying between the plates of a condenser,
which are maintained at given potentials, i.e. which set up a given uniform
field E = E,.

For given potentials on the conductors, the condition of stablhty requires
that the thermodynamic potential ® = ®—E-.D/4 be a minimum. In
particular, for E = 0 there are two states in which D, has opposite signs (the
points 4 and 4’ in Fig. 13) but @ (= @) is the same. These two states,
therefore, are equally stable, i.e. they are two “phases” which can exist in
contact.

Fi1G. 13

Hence it is clear that the portions AC and A'C’ of the curve correspond to
states which are metastable but not absolutely stable. Itis easy to see directly
that the values of ® on AC and A4'C’ are in fact greater than its values of A’B’
and 4B for the same value of E,. The ordinates of 4 and A’ are given by
formula (19.5). Thus the range of metastability is

«(@®—T)/3B < D2 < «(®—T)/B. (19.9)

The existence of these two “phases” with E = 0 is very important, since
it means that a ferroelectric body can be divided into a2 number of separate
regions or domains in which the polarisation is in opposite directions. On
the surfaces separating these domains, the normal component of D and the
tangential component of E must be continuous. The latter condition is
satisfied identically, because E = 0. From the former condition it follows
that the domain boundaries must be parallel to the z-axis.

7
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The actual shapes and sizes of the domains are determined by the condi-
tion that the total thermodynamic potential of the body should be a mini-
mum. This subject has not yet been much studied for ferroelectrics.

If we are not interested in the details of the structure, and consider por-
tions of the body which are large compared with the domains, we can use
the induction D averaged over such portions. Its component D, can evi-
dently take values in the range between the ordinates of 4 and 4’ in Fig. 13,
ie.

—+/[x(®—T)/B] < D, < +/[«(0—T)/B]. (19.10)

In other words, if D, in Fig. 13 is taken as the induction averaged in this way,
the vertical segment A4’ corresponds to the region of domain structure, and
the thick curve BAA'B’ gives all stable states of the body.

A ferroelectric must, in particular, have a domain structure if it is not in
an external electric field. For we have seen in §18 that the conditions of
thermodynamic equilibrium in the absence of an external field reduce to the
condition that ® should be an absolute minimum as a function of D, with
E = 0 everywhere.t

Let us consider ferroelectrics which belong (in the non-pyroelectric phase)
to the cubic system. The cubic symmetry requires that €@ = @) = @
= ¢, and admits two independent fourth-order invariants formed from the
components of the vector D, which may, for example, be takenas D%+ Dy%+
+D;tand D,2D,2+ D,2D2+D,2D,;2. Hence the expansion of the thermo-
dynamic potential is of the form

® = Bo+ T~ O) D2+ Dy2+ D)8+ B(DsA+ Dy + DAY 167+
+ C(Dg2Dy2 + D2D 2+ Dy2D2) 8, (19.11)

where we have again put 1/¢ = «(7T—®), and «, B, C are constants.

It must be borne in mind, however, that cubic symmetry may admit also
a third-order invariant D;D,D,; this happens for the crystal classes T and
Tg, where there is no centre of symmetry. In these cases the state with
D = 0 certainly cannot satisfy the stability condition (that @ should be a
minimum), and so no Curie point can exist. Hence the ferroelectric transi-
tion can occur only in crystals of the classes O, T, Oy, of the cubic system,
in accordance with the expansion (19.11).

The sum of the fourth-order terms in (19.11) must be essentially positive.
Hence we must have

B >0, C > —B. (19.12)

The spontaneous polarisation of a ferroelectric in the absence of an
external field is determined, as already stated, by the condition that ® should

t It should be emphasised that here we are speaking of tomplete thermodynamic equi-
librium. This exists in ferroelectrics, but cannot do so in ordinary pyroelectrics, because of
the difficulty, already mentioned, of reorienting the polarisation and so forming domains
in them.
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be a minimum as a function of D. In particular, since the second-order
term in (19.11) is independent of the direction of D, the direction of the
spontaneous polarisation is determined by the condition that the fourth-
order terms are a minimum for a given absolute value of D. Two cases are
possible. If C' > B, the minimum of ® corresponds to D being along any
one of the axes x, y, 2, i.e. along any of the three edges of the cube (the
crystallographic directions [001], [010], [100]). If, however, C < B, @ takes
its minimum values when D is along any one of the spatial diagonals of the
cube (the crystallographic directions [111], [111], etc.) i.e. when D,2 = D,?2
= D,? = }D?% In the former case the spontaneously polarised pyroelectric
phase of the ferroelectric has tetragonal symmetry, and in the latter case it
has rhombohedral symmetry.

Let us consider in more detail, for example, the first case (C > B), and
take as the z-axis the direction of the spontaneous polarisation below the
Curie point. The magnitude of this polarisation is determined by the mini-
mum of the expression —a(® — T')D2/87 + BD4/16ar, whence

Do? = «(®—T)/B. (19.13)

The “dielectric permeability” in the z-direction below the Curie point is,
of course, different from that in the x and y directions. If the field E is

small, then Dy, Dy and D,—Dy are also small. Differentiating the expression
(19.11) gives

E; = 470®/0D, = —a«(® — T)D,+ BD,3 ~ 2BD*D,— Dy),
E; = 4w0®/0Dy = [CD¢2 — o(® — T)]D,, whence
D,—Dy = E;[2(0—T),

D; = BE;/«(® — T)(C— B).

Above the Curie point the dielectric permeability of a cubic ferroelectric is
the same in all directions:

(19.14)

e = 1/a(T—0). (19.15)

Finally, let us briefly consider the elastic properties of ferroelectrics.
According to its crystallographic class, the non-pyroelectric phase of a ferro-
electric may or may not be piezoelectric.t Here particular interest attaches
to piezoelectric crystals whose symmetry admits a piezoelectric relation
between the deformation and the polarisation in the direction of the ferro-
electric axis. These include the classes D2, Dag and S4; in each case the
induction D, in the direction of the ferroelectric axis appears in the piezo-
electric part of the thermodynamic potential through a term{—A; ;4D ,04y.

t The non-pyroelectric phase of a ferroelectric is piezoelectric if it belongs to one of
eight out of the ten classes listed at the end of §17: Ds, D4, D2a, Sa, D3, Ds, Can, Dsn.

1 Since we are using here the potential ®, and not @ as in §17, the piezoelectric tensor
Ai,k1 is not the same as the tensor yi,x: introduced previously, but their symmetry properties
are, of course, identical.



90 : Electrostatics of Dielectrics §19

In the elastic energy of these crystals, the component ozy appears in a term
—Uzyzyor® Thus the thermodynamic potential near the Curie point is

® = Qo+a(T— To)D2/8m+ BDA16m — \Dyozy— oz (19.16)

where for brevity we have put A; zy = A, yzyzy = p. The terms involving the
other components are of no interest, since they lead to no anomaly of the
piezoelectric properties near the Curie point.

Differentiating @ with respect to D, and ozy, we find the field E; and the
deformation wgy:t

E, = 470®/0D, = o(T— To)Dy+ BD 3 —4mAogy, (19.17)
Ugy = ’%‘ADz'i‘fl:O'xy. (19.18)

In the non-pyroelectric region when E is small we can neglect the term in
D;3in (19.17):
Ez = OL(T— TO)DZ—%)\O'{&!/'

Substituting D, from (19.18), we find

. [ L ]
Y = o T—Toy P T (T =Tl

The coefficient of ozy in this formula represents the modulus of elasticity
for deformations in which the field E;, is kept constant, while x in formula
(19.18) is the modulus for constant induction D,. Hence we can write

p® = p® + 2708/ T— To), (19.19)

where the superscripts indicate the nature of the deformation. We see that
the two coefficients behave entirely differently near the Curie point: whereas
u® is a finite constant, u®) increases without limit as the Curie point is
approached.

In the pyroelectric region, formula (19.18) shows that the spontaneous
polarisation results in a certain deformation of the body. If there are no
internal stresses and the field E is zero, the deformation uzy is proportional
to Dy, i.e. by (19.5) it is proportional to 4/(@—T).

If the symmetry (cubic, for example) of the non-pyroelectric phase of a
ferroelectric does not admit a piezoelectric effect linear in D, then the first
non-vanishing terms in an expansion of the thermodynamic potential in
powers of oy and D are quadratic in the components D, i.e. they are of the
form

— yiktmDiDxom, (19.20)

where yixim is a tensor of rank four, symmetrical with respect to the pairs of

suffixes ¢, & and [, m.

t See the first footnote to §17, Problem 1, concerning differentiation with respect to the
components %#ik.
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Doubt might be cast on the legitimacy of using the expression (19.20) in
the thermodynamic potential, on the grounds that, as stated in §17, this
potential can be used only when quadratic effects are neglected. However,
the ferroelectrics form an exception because, near the Curie point, the field
E is smallt compared with the induction D. The use of the thermedynamic
potential involves the neglect of quantities of the order of EDuy (or, what
is the same thing, EDoy), whereas the expression (19.20) is of the order
of D2gy.

t This is seen, for instance, from formula (19.4): the first term on the right-hand side
contains the small quantity T — @, and the second term is of the third order in D.



CHAPTER III
CONSTANT CURRENT

§20. The current density and the conductivity

LET us now consider the steady motion of charges in conductors, i.e. con-
stant electric currents. We shall denote by j the mean charge flux density or
electric current density.t In a constant current, the spatial distribution of j
is independent of time, and satisfies the equation

divj = 0, (20.1)

which states that the mean total charge in any volume of the conductor
remains constant.

The electric field in the conductor in which a constant current flows is also
constant, and therefore satisfies the equation

curlE = 0, (20.2)

i.e. it is a potential field.

Equations (20.1) and (20.2) must be supplemented by an equation relating
j and E. This equation depends on the properties of the conductor, but in
the great majority of cases it may be supposed linear (Ohm’s law). If the
conductor is homogeneous and isotropic, the linear relation is a simple
proportionality:

j=oE. (20.3)
The coefficient ¢ depends on the nature and state of the conductor; it is
called the electrical conductivity.

In a homogeneous conductor, ¢ = constant and, substituting (20.3) in
(20.1), we have divE = 0. In this case the electric field potential satisfies
Laplace’s equation: A¢ = 0.

At a boundary between two conducting media, the normal component of
the current density must, of course, be continuous. Moreover, by the
general condition that the tangential field component is continuous (which
follows from curl E = 0; cf. (1.7) and (6.9)), the ratio j;/oc must be continu-
ous. Thus the boundary conditions on the current density are

Jn1 = jn2,  Jjnfo1 = jue/os, (20.4)
or, as conditions on the field,
o1En1 = 02En2,  En = Ep. (20.5)

t+ In this chapter we ignore the magnetic field due to the current, and therefore the
reaction of that field on the current. If this effect is to be taken into account, the definition
of the current density must be refined, which we do in §29.

92
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At a boundary between a conductor and a non-conductor we have simply
jn=20, or E, = 0.1

An electric field in the presence of a current does mechanical work on the
current-carrying particles moving in the conductor; the work done per unit
time and volume is evidently equal to the scalar product j-E. This work is
dissipated into heat in the conductor. Thus the quantity of heat evolved per
‘unit time and volume in a homogeneous conductor is

j-E = oE2 = j2/o. (20.6)

This is Joule’s law.}

The evolution of heat results in an increase in the entropy of the body.
When an amount of heat dQ = j-E dV is evolved, the entropy of the volume
element dV increases by dQ/T. The rate of change of the total entropy of
the body is therefore

dzjdt = [ (j-E/T)aV. (20.7)

Since the entropy must increase, this derivative must be positive. Putting
j = oE, we see that the conductivity o must therefore be positive.

In an anisotropic body (a single crystal), the directions of the vectors j
and E are in general different, and the linear relation between them is

Ji = oukEy, (20.8)

where the quantities og form a tensor of rank two, the conductivity tensor,
which is symmetrical (see below).

The following remark should be made here. The symmetry of the crystal
would admit also an inhomogeneous term in the linear relation between j
and E, giving j; = ouEx+7i'®, with j©@ a constant vector. The presence of
this term would mean that the conductor was “pyroelectric”, there being a
non-zero field in it when j= 0. In reality, however, this is impassible,
because the entropy must increase: the term j©)-E in the integrand in (20.7)
could take either sign, and so d%/d¢ could not be invariably positive.

Just as, for an isotropic medium, d%/dt > 0 leads to ¢ > 0, so for an
anisotropic medium this condition means that the principal values of the
tensor oy must be positive.

The dependence of the number of independent components of the tensor
oix on the symmetry of the crystal is the same as for any symmetrical tensor
of rank two (see §13): for biaxial crystals, all three principal values are differ-
ent, for uniaxial crystals two are equal, and for cubic crystals all three are

1 It should be noticed that the equations curl E = 0, div (¢E) = 0 and the boundary
conditions (20.5) thereon are formally identical with the equations for the electrostatic field
in a dielectric, the only difference being that € is replaced by o. This enables us to solve
problems of the current distribution in an infinite conductor if the solutions of the corres-
ponding electrostatic problems are known. When the conductor is bounded by a non-
co}?dlﬁctor :)his analogy does not serve, because in electrostatics there is no medium for
which € = 0.

1 In Russian “Joule and Lenz’s law’’.
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equal, i.e. a cubic crystal behaves as an isotropic body as regards its con-
ductivity.
The symmetry of the conductivity tensor

o = ot (20.9)

is a consequence of the symmetry of the kinetic coefficients. This general
principle, due to L. ONSAGER, may be conveniently formulated, for use here
and in §§25, 26, as follows.t

Let x;,%2,... be some quantities which characterise the state of the
body at every point. We define also the quantities

X, = — 0S/0xq, (20.10)

where S is the entropy of unit volume of the body, and the derivative is taken
at constant energy of the volume. In a state close to equilibrium, the
quantities xg are close to their equilibrium values, and the X, are small.
Processes will occur in the body which tend to bring it into equilibrium. The
rates of change of the quantities x, at each point are usually functions only
of the values of the x4 (or X) at that point. Expanding these functions
in powers of X, and taking only the linear terms, we have

dxaf0t = — ZyanXo. | (20.11)

Then we can assert that the coeflicients y,p (the kimetic coefficients) are
symmetrical with respect to the suffixes a and 4:

Yab = Vba- (20.12)

In order to make practical use of this principle, it is necessary to choose
the quantities x, (or their derivatives %) in some manner, and then to deter-
mine the X,. This can usually be done very simply by means of the formula
for the rate of change of the total entropy of the body

2
4 _ _f X,,—x‘-‘dr/ (20.13)

where the integration is extended over the whole volume of the body.

When a current flows in a conductor, d#/d¢ is given by (20.7). Compar-
ing this with (20.13), we see that, if the components of the current density
vector j are taken as the quantities %, then the quantities X, will be the
components of the vector —E/T. A comparison of formulae (20.8) and
(20.11) shows that the kinetic coefficients in this case are the components of
the conductivity tensor, multiplied by 7. Thus the symmetry of this tensor
follows immediately from the general relation (20.12).

t See Statistical Physics, §119, Pergamon Press, London, 1958; Fluid Mechanics, §58,
Pergamon Press, London, 1959.
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PROBLEMS

ProBLEM 1. A system of electrodes maintained at constant potentials ¢ is immersed in a
conducting medium. A current J, flows from each electrode. Determine the total amount
of Joule heat evolved in the medium per unit time.

SoLuTioN. The required amount of heat Q is given by the integral

Q =JjEdV = =[j-grad ¢ dV = — [ div(¢j) AV,

taken over the volume of the medium. We transform this into a surface integral, using the
fact that jn = O at the outer boundary of the medium, while on the surfaces of the electrodes
¢ = constant = ¢g. The resultis Q = I ¢qJa.

ProBLEM 2. Determine the potential distribution in a conducting sphere with a current J
entering at a point O and leaving at the point O’ diametrically opposite to O.

o

0
Fic. 14

SoruTioN. Near O and O’ (Fig. 14) the potential must be of the forms ¢ = J/2moR:
and ¢ = —J/2noRzrespectively, R1and Re being the distances from O and O’. These func-
tions satisfy Laplace’s equation, and the integrals —o [ grad ¢-df over infinitesimal hemi-
spheres about O and O’ are equal to + J. We seek the potential at an arbitrary point P in the
sphere in the form

J { 1 1 }
" 2m0lR1  Ra o
where i is a solution of Laplace’s equation having no poles in or on the sphere. It is evident
from symmetry that ¢, like ¢, is a function of the spherical co-ordinates r and ¢ only.

On the surface of the sphere (r = a) we must have 8¢/3r = 0. Differentiating, we find the
boundary condition on :

a 1 (1
o R1 R
If f(r, ) is any solution of Laplace’s equation, then the function

o 2a
' f(r, 0
J‘f(f, )dr
r
0

is also a solution.t Comparing this with the above boundary condition, we see that the

t This is easily seen either by direct calculation or from the fact that any solution f(r, 6)
of Laplace’s equation depending only on r and @ can be written f = Zcar"Pjp (cos 0), where
the cn are constants and the P, are Legendre polynomials.
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condition is met by the solution

¥=1 f &) 7
Substituting Ri,2 = /| (az-l—rzq: 2ar cos 0) and effecting the integration, we have finally

_ J 1 1 ( _4,atrcosf . _a—rcos 0)}
= 30 R1 Rt 2R e TS )

ProOBLEM 3. Show that the current distribution in a conductor is such that the energy
dissipated is a minimum.

SoLutioN. The minimum concerned is that of the intergal [j*E dV = [ (j2/0) dV, with
the subsidiary condition divj = 0 (conservation of charge). Varying with respect to j the
integral [[(j%/¢) —2¢ div j]dV, where 2¢ is an undetermined Lagrangian multiplier, and equat-
ing the result to zero, we obtain the equation j = — o grad ¢ or curl (j/¢) = 0, which is the
same as (20.2) and (20.3).

§21. The Hall effect

If a conductor is in an external magnetic field H, the relation between the
current density and the electric field is again given by j1 = o4 Ej, but the
components of the conductivity tensor oj are functions of H and, what
is particularly important, they are no longer symmetrical with respect to the
suffixes 7 and k. The symmetry of this tensor was proved in §20 from the
symmetry of the kinetic coefficients. In a magnetic field, however, this
principle must be formulated somewhat differently: when the suffixes are
interchanged, the direction of the magnetic field must be reversed.t Hence
we now have for the components oy(H) the relations

ou(H) = oxi(—H). (21.1)

The quantities o3x(H) and o(H) are not equal.
Like any tensor of rank two, oy can be divided into symmetrical and anti-
symmetrical parts, which we denote by s and az:

Cik = Sik+ Ak (21.2)
By definition
sie(H) = spi(H),  au(H) = —ari(H), (21.3)
and from (21.1) it follows that
s(H) = spi(—H) = su(—H),
aw(H) = ap(—H) = —ap(—H).

Thus the components of the tensor sy are even functions of the magnetic
field, and those of ay are odd functions.

(21.4)

t See Statistical Physics, §119.
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Any antisymmetrical tensor aix of rank two corresponds to some axial
vector, whose components are

Ay = Qyz, Ay = —Qgz, a; = axy. (21.5)

In terms of this vector, the components of the product a;xEx can be written
as those of the vector product Exa:

The Joule heat generated by the passage of the current is given by the
product j-E. Since the vectors Exa and E are perpendicular, their scalar
product is zero identically, and so

jE = suEiEy, (21.7)

i.e. the Joule heat is determined (for a given field E) only by the symmetrical
part of the conductivity tensor.

The external magnetic field may usually be supposed weak, and the compo-
nents of the conductivity tensor accordingly expanded in powers of that
field. Since the function a(H) is odd, the expansion of this vector will
involve only odd powers. The first terms are linear in the field, i.e. they
are of the form

a; = ocuch. (21.8)

The vectors a and H are both axial, and the constants o therefore form an
ordinary (polar) tensor. The expansion of the even functions su(H) will
involve only even powers. The first term is the conductivity oo g in the
absence of the field, and the next terms are quadratic in the field:

sik = o0,k + BiximHiHm. (21.9)

The tensor Bixim is symmetrical with respect to 7, k and /, m.

Thus the principal effect of the magnetic field is linear in the field and is
given by the term E x a; it is called the Hall effect. As we see, it gives rise
to a current perpendicular to the electric field, whose magnitude is propor-
tional to the magnetic field. It should be borne in mind, however, that, for
an arbitrary anisotropic medium, the Hall current is not the only current
perpendicular to E; the current siFEj also has a component in such a
direction.

The Hall effect may be differently regarded if we use the inverse formulae
which express E in terms of the current density: E; = o™l jx. The inverse
tensor o1y, like oy itself, can be resolved into a symmetrical part pg and
an antisymmetrical part which may be represented by an axial vector b:

E; = pijr+ (j xb)s. (21.10)

The tensor pg and the vector b have the same properties as s and a. In
particular, in weak magnetic fields the vector b is linear in the field. In formu-
la (21.10) the Hall effect is represented by the term j % b, i.e. by an electric
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field perpendicular to the current and proportional to the magnetic field and
to the current j.

The above relations are much simplified if the conductor is isotropic.
The vectors a and b must then be parallel to the magnetic field, by sym-
metry. The only non-zero components of the tensor pi are pzz = pyy and
pzz the field being in the z-direction. Denoting these two quantities by p,
and p, and taking the current to lie in the xz-plane, we have

Exz = pijz Ey = —bja, E; = pyjz (21.11)

Hence we see that, in an isotropic conductor, the Hall field is the only
electric field which is perpendicular to both the current and the magnetic
field.

In weak magnetic fields, the vectors b and H are related (in an isotropic
body) by

= —RH (21.12)

simply. The constant R (called Hall’s constant) may be either positive or
negative. The form of the terms quadratic in H in the relation between E
and j, which enter through the tensor pg, is easily seen from the fact that the
only vectors linear in j and quadratic in H which can be constructed from j
and H are (j-H)H and H?j. Hence the general form of the relation between
E and j in an isotropic body, as far as the terms quadratic in H, is

E = poj+ RH x j+ B1H?2j+ Bo(j-H)H. (21.13)

PROBLEM
Express the components of the inverse tensor ¢~ in terms of those of six and a.

SoLuTION. The calculations are most simply effected by taking a system of co-ordinates
in which the axes are the principal axes of the tensor six; the form of the results in an arbitrary
co-ordinate system can easily be deduced from their form in this particular case. The deter-
minant |o] is

] Szx az —ay

lol ={—a: sy a=

ay —az Szz
= SzaSyySzzt SzeQz®—+Syyay?+sz.a:l.
In the general case we evidently have
Jo| = |s|+sixasak.
From the minors of this determinant we find the components of the inverse tensor:
071z = pzz = (syySzzt+az )/IUI:
07 lzy = pay+b: = (azay—asszs)|lol, ... .

The general expressions which give these for the particular system of co-ordinates chosen
are

pie = {s~Lix|s|+aiax}/|o],  bi = —swax/|o].
This completes the solution.
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§22. The contact potential

In order to remove a charged particle through the surface of a conductor,
work must be done. The work required for a thermodynamically reversible
removal of the particle is called the work function. This quantity is always
positive; this follows immediately from the fact that a point charge is at-
tracted to any neutral body, and therefore to any conductor (see §14). It
will be more convenient to refer this work to unit (positive) charge; the sign
of the work function W thus defined is the same as that of the charge on the
particle removed.

The work function depends both on the nature of the conductor (and its
thermodynamic state, i.e. its temperature and density) and on that of the
charged particle. For example, the work function for a given metal is differ-
ent for the removal of a conduction electron and for the removal of an ion
from the surface. It must also be emphasised that the work function is
characteristic of the surface of the conductor. It therefore depends, for
instance, on the treatment of the surface and the “contamination” of it. If
the conductor is a single crystal, then the work function is different for
different faces.

To ascertain the physical nature of the dependence of the work function
on the properties of the surface, let us establish its relation to the electric
structure of the surface layer. If p(x) is the charge density not averaged over
physically infinitesimal segments of the x-axis (perpendicular to the layer),

we can write Poisson’s equation in that layer as d?fdx2 = —4wp. Let the
conductor occupy the region ¥ < 0. Then a first integration gives

d xz

—¢ = —4x Ip dx,

dx KA

and a second integration (by parts) gives
[ X
$—¢(—00) = —4mx [ pd+4m [ wpda.

For x — o0, the integral

@z

fpdx

—a

tends very rapidly to zero (since the surface of an uncharged conductor is
electrically neutral). Hence

$(+ 00)— ¢(— ) = 477J.xpdx.
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The integral on the right is the dipole moment of the charges near the surface
of the body. These charges form a ‘“‘double layer”, in which charges of
opposite sign are separated and the dipole moment is non-zero. The struc-
ture of the double layer, of course, depends on the properties of the surface
(its crystallographic direction, contamination, etc.). The difference in the
work function for different surfaces of a given conductor is determined by
the difference in the dipole moments.

If two different conductors are placed in contact, an exchange of charged
particles may occur between them. Charges pass from the body with the
smaller work function to that with the greater until a potential difference
between them is set up which prevents further movement of charge. This is
called a contact potential.

Fic. 15

Fig. 15 shows a cross-section of two conductors in contact (@ and b) near
their surfaces 40 and OB. Let the potentials of these surfaces be ¢, and
¢p respectively. Then the contact potential is ¢gp = dp—¢,. The quantita-
tive relation between this potential and the work functions is given by the
condition of thermodynamic equilibrium. Let us consider the work which
must be done on a particle of charge e to remove it from the conductor a
- through the surface 4O, transfer it to the surface OB, and finally carry it
into the conductor 4. In a state of thermodynamic equilibrium, this work
must be zero.t The work done on the particle in the three stages mentioned
is eWa, e(dp—dy), and —elV; respectively. Putting the sum of these equal to
zero, we find the required relation: :

<ﬁab = Wb—‘ Wa- (22.1)

Thus the contact potential of the neighbouring free surfaces of two conduc-
tors in contact is equal to the difference in their work functions.

The existence of the contact potential results in the appearance of an
electric field in the space outside the conductors. It is easy to determine

t Of course, in reality a particle can pass from one conductor to another only through
their surface of contact, and not through the space adjoining them, but the work done is
independent of the path.
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this field near the line of contact of the surfaces. In a small region near this
line (the point O in Fig. 15), the surfaces may be regarded as plane. The
field potential outside the conductors satisfies the equation

100, 12
e P
or) " 2 o

r or
where 7 and 6 are polar co-ordinates with origin at O; on 40 and OB the
potential takes given constant values. We are interested in the solution
which contains the lowest power of r; this is the leading term in an expansion
of the potential in powers of the small distance r. The solution concerned is
¢ = constant x §. Measuring the angle 0 from AO and arbitrarily taking
the potential on 4O as zero, we have

b = dasd]a, (22.2)

where « is the angle A4OB. Thus the equipotential lines in the plane of the
diagram are straight lines diverging from O. The lines of force are arcs of
circles centred at O. The field is

E=———"= 2202, (22.3)

b

it decreases inversely as the distance from O.

As has been said above, “‘contact’ potentials also exist between the various
faces of a single crystal of metal. Hence an electric field of the kind just
described must exist near the edges of the crystal.t

If several metallic conductors (at equal temperatures) are connected
together, the potential between the extreme conductors is, as we easily de-
duce from formula (22.1), simply the difference of their work functions, as

~ it is for two conductors in direct contact. In particular, if the metal at each
end is the same, the contact potential between the ends is zero. This is
evident, however, because if there were a potential difference between two
like conductors, a current would flow when they were connected, in contra-
diction to the second law of thermodynamics.

§23. The galvanic cell

The statement at the end of §22 ceases to be valid if the circuit includes
conductors in which the current is carried by different means (e.g. metals
and solutions of electrolytes). Because the work function of a conductor is
different for different charged particles (electrons and ions), the total contact
potential in the circuit is not zero even when the conductors at each end are
similar. This total potential difference is called the electromotive force or
e.m.f. in the circuit; it is just the potential difference between the two like
conductors before the circuit is closed. When the circuit is closed, a current
flows in it; this is the basis of the operation of what are called galvanic cells.

t In reality, all such fields are usually compensated by the field of ions from the atmo-
sphere which “adhere’’ to the surface of the crystal.
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The energy which maintains the current in the circuit is supplied by chemical
transformations occurring in the cell.

When we go completely round any closed circuit the field potential must,
of course, return to its original value, i.e. the total change in the potential
must be zero. Let us consider, for example, a contour on the surface of the
conductors. When we pass from one conductor to another, the potential has
a discontinuity ¢4 The potential drop across any conductor is RJ; where J
is the total current flowing through it and R is its resistance. Hence the
total change in the potential round the circuit is Z¢sp—2ZJR. Putting this
equal to zero and using the facts that J is the same at every point in the
circuit and X,y is the electromotive force &, we find

JER = &, (23.1)

so that the current in a circuit containing a galvanic cell is equal to the e.m.f.
divided by the total resistance of all the conductors in the circuit (including,
of course, the internal resistance of the cell itself).

Although the e.m.f. of a galvanic cell can be expressed as a sum of contact
potentials, it is very important to note that it is in reality a thermodynamic
quantity, determined entirely by the states of the conductors and independent
of the properties of the surfaces separating them. This is clear; because &
is just the work per unit charge which must be done on a charged particle
when it is carried reversibly along the closed circuit.

To illustrate this, let us consider a galvanic cell consisting of two electrodes
of metals A and B immersed in solutions of electrolytes AX and BX, X~
being any anion. Let {4 and {p be the chemical potentials of the metals 4
and B, and {4x and {gx those of the electrolytes in solution.t If an elemen-
tary charge e is carried along the closed circuit, an ion 4+ passes into solution
from the electrode 4 and an ion Bt passes out of solution to the electrode
B, the change in the charges on the electrodes being compensated by the
passage of an electron from A to B through the external circuit. The result
is that the electrode A4 loses one neutral atom, the electrode B gains one,
and in the electrolyte solution one molecule of BX is replaced by one of 4X.
Since the work done in a reversible process (at constant temperature and
pressure) is equal to the change in the thermodynamic potential of the sys-

tem, we have
e€ap = ({B—{Bx)—({a—lax), (23.2)

which expresses the e.m.f. of the cell in terms of the properties of the material

of the electrodes and of the electrolyte solution.
From (23.2) we can also draw the following conclusion. If the solution

contains three electrolytes AX, BX, CX and three metallic electrodes A4,
B, C, then the e.m.f.s between each pair of them are related by

E4B+8E8c = b ac- (23.3)

+ In this section we use the ordinary chemical potentials, i.e. those defined with respect
to one particle.
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Using the general formulae of thermodynamics, we can relate the e.m.f.
of a galvanic cell to the heat evolved when a current flows, which of course is
actually an irreversible phenomenon. Let Q be the amount of heat generated
(both in the cell itself and in the external circuit) when the unit charge passes
along the circuit; Q is just the heat of the reaction which occurs in the cell
when a current flows. By a well-known formula of thermodynamics, t it is
related to the work & by

- — Tz%(é). (23.4)

The definition of the partial derivative with respect to temperature depends
on the conditions under which the process occurs. For example, if the current
flows at constant pressure (as usually happens), then the differentiation is
effected at constant pressure.

§24. Electrocapillarity

The presence of charges on the boundary between two conducting media
affects the surface tension there. This phenomenon is called electrocapillarity.
In practice, the media concerned are both liquids; usually one is a liquid
metal (mercury) and the other is a solution of an electrolyte.

Let ¢1, ¢2 be the potentials of the two conductors, and ey, ez the charges
at the surface of separation. These charges are equal in magnitude and
opposite in sign, and thus form a double layer on the surface.

The differential of the potential gb of a system of two conductors at given
temperature and pressure is, taking into account the surface of separation,

dgp = adS—e;ddy — ez dhs, (24.1)

where the term «dS is the work done in a reversible change dS in the

area S of the surface of separation; « is the surface-tension coefficient.}
The thermodynamic potential g in (24.1) may be replaced by its ‘“‘sur-

face part” gos, since the volume part is constant for given temperature and

pressure, and is therefore of no interest here. Putting e; = —es = e and
the potential difference ¢;—¢z = ¢, we can write (24.1) as
dgps = adS—edé. (24.2)
Hence
(0gP5/0S)g = a, (24.3)

« being expressed as a function of ¢. Integrating, we find that gos = «S.

t See Statistical Physics, §89.
1 See Statistical Physics, §139.

8
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Substitution in (24.2) gives d(«S) = adS—ed¢, or Sda = —edp, whence
o = —(0u/0p)p,T, (24.4)

where o = e/S is the charge per unit area of the surface. The relation (24.4),
first derived by G. LippMANN and J. W. GiBBs, is the fundamental formula
in the theory of electrocapillarity.

In a state of equilibrium, the thermodynamic potential go must be a
minimum for given values of the electric potentials on the conductors.
Regarding it as a function of the surface charges e, we can write the necessary
conditions for a minimum as

dghslOe = 0 Dgig/oer > 0, (24.5)

where the derivatives are taken at constant area S. To calculate these, we
express ghs in terms of the thermodynamic potential gos = gos (€):

s = gos(e) —er1—eade = gps(e) —ed. (24.6)
The vanishing of the first derivative gives
agbs = agos—¢ = O,
de de

and then the condition for the second derivative to be positive becomes,
329‘58 32m3 395 1 945

== —— > (),
oe2 Oe2 de S 0o

or
do/0g > 0. (24.7)

This result was to be expected, since the double layer on the surface may be
regarded as a condenser of capacity de/d¢.

Differentiating equation (24.4) with respect to ¢ and using (24.7), we find
that

Paog? < 0. (24.8)

This means that the point where d«/0¢ = —o = 0 is a maximum of « as
a function of ¢.

§25. Thermoelectric phenomena

The condition that there should be no current in a metal is that there is
thermodynamic equilibrium with respect to the conduction electrons. This
means not only that the temperature must be constant throughout the body,
but also that the sum e¢+{p should be constant, where {p is the chemical
potential of the conduction electrons in the metal (for ¢ = 0).1 If the metal

t See Statistical Physics, §25. Here we take { to be the chemical potential defined in the
usual manner, viz. per unit particle (electron).
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is not homogeneous, {op is not constant throughout the body even if the
temperature is constant. Hence the constancy of the electric potential ¢ in
this case does not mean the absence of a current in the metal, although the
field E = —grad ¢ is zero. This makes the ordinary definition of ¢ (as the
average of the true potential) inconvenient, if we wish to take inhomogeneous
conductors into consideration.

It is natural to redefine the potential as ¢+ /e, and we shall write this
henceforward as ¢ simply.t In a homogeneous metal, the change amounts to
the adding of an unimportant constant to the potential. Accordingly, the
“field” E = —grad ¢ (which we shall use henceforward) is the same as the
true mean field only in a homogeneous metal, and in general the two differ
by the gradient of some function of the state.

With this definition, the current and field are both zero in a state of
thermodynamic equilibrium with respect to the conduction electrons, and
the relation between them is j = oE (or j; = owEyx) even if the metal is not
homogeneous.

Let us now consider a non-uniformly heated metal, which cannot be in
thermodynamic equilibrium (with respect to the electrons). Then the field
E is not zero even if the current is zero. In general, when both the current
density j and the temperature gradient grad T' are not zero, the relation
between these quantities and the field can be written

E =jlo+agradT. (25.1)

Here o is the ordinary conductivity, and « is another quantity which is an
electrical characteristic of the metal. Here we suppose for simplicity that
the substance is isotropic (or of cubic symmetry), and therefore write the
proportionality coefficients as scalars. The linear relation between E and
grad T'is, of course, merely the first term of an expansion, but it is sufficient
in view of the smallness of the temperature gradients occurring in practice.

The same formula (25.1), in the form

j=o(E—agradT), (25.2)
shows that a current can flow in a non-uniformly heated metal even if the
field E is zero.

As well as the electric current density j, we can consider the energy flux
density q. First of all, this quantity contains an amount ¢j resulting simply
from the fact that each charged particle (electron) carries with it an energy
e¢. 'The difference q—¢j, however, does not depend on the potential, and
can be generally written as a linear function of the gradients grad ¢ = —E

and grad T, similarly to formula (25.2) for the current density. We shall
for the present write this as

q—4j = BE—ygrad T.

t This definition can also be formulated as follows: the new e¢ is the change in the free
energy when one electron is isothermally brought into the metal. In other words, ¢ = F/dp,
where F is the free energy of the metal and p the charge on the conduction electrons per unit
volume.
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The symmetry of the kinetic coefficients gives a relation between the coeffi-
cient B and the coefficient « in (25.2). To derive this, we calculate the rate
of change of the total entropy of the conductor. The amount of heat evolved
per unit time and volume is —div q. Hence we can put

d& di
AN f 4.
dz T
Using the equation div j = 0, we have
di 1 1 E-j
3 - fdivia- )+ divef} = - divia—di)- =

The first term is integrated by parts, giving
d& Ej —¢j)-grad T
4% _ (Ed f(q #)-grad T
dt T T?
This formula shows that, if we take as the quantities 0xq/0t (see §20)
the components of the vectors j and q—¢j, then the corresponding quantities

X, are the components of the vectors —E/T and grad T/T2. Accordingly
in the relations

(25.3)

. E grad T
j=oT——ouT? ,
T T2
. TE ngradT
-4 =T —vT*—5—

the coefficients ocaT? and BT must be equal. Thus B = oaT, so that
q—¢j = caTE—y grad T. Finally, expressing E in terms of j and grad T
by (25.1), we have the result

q=(¢p+aTl)j— xgrad T, (25.4)

where k = y—Tu«2c is simply the ordinary thermal conductivity, which
gives the heat flux in the absence of an electric current.

It should be pointed out that the condition that d&/d¢ should be positive
places no new restriction on the thermoelectric coefficients. Substituting
(25.1) and (25.4) in (25.3), we obtain

i2 d T2
7 _ f(_]___kﬁ_a__)) dv > 0, (25.5)
dt oT T2

whence we find only that the coefficients of thermal and electrical conduc-
tivity must be positive.

In the above formulae it was tacitly assumed that an inhomogeneity of
pressure (or density) at constant temperature cannot cause a field (or current)
to appear in the conductor, and consequently no term in gradp was in-
cluded in (25.2) or (25.4). The existence of such terms would, in fact, contra-
dict the law of the increase of entropy: the integrand in (25.5) would then
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contain terms in the products j-grad p and grad T-grad p, which could
be of either sign, and so the integral could not be necessarily positive.

The relations (25.1) and (25.4) indicate various thermoelectric effects.
Let us consider the amount of heat —div q evolved per unit time and
volume in the conductor. Taking the divergence of (25.4), we have

0 =—divq
= div(xgrad T)+ E<j+j-grad («T),

or, substituting (25.1), N
O = div(xgrad T)+ 2 — Tj.grada. (25.6)
g

The first term on the right pertains to ordinary thermal conduction, and the
second term, proportional to the square of the current, is the Joule heat.
The term of interest here is the third, which gives the thermoelectric effects.

Let us assume the conductor to be homogeneous. Then the change in «
is due only to the temperature gradient, and grad « = (d«/dT) grad T; if,
as usually happens, the pressure is constant through the body, do/d7" must
be taken as (9a/0T)p. Thus the amount of heat evolved (called the Thomson
effect) is

pj-grad T, where p = — T'do/dT. (25.7)
The coefficient p is called the Thomson coefficient. It should be noticed
that this effect is proportional to the first power of the current, and not to
the second power like the Joule heat. It therefore changes sign when the
current is reversed. The coefficient p may be either positive or negative.
If p > 0, the Thomson heat is positive (i.e. heat is emitted) when the current
flows in the direction of increasing temperature, and heat is absorbed when
it flows in the opposite direction; if p < 0 the reverse is true.

Another effect, called the Peltier effect, occurs when a current passes
through a junction of two different metals. At the surface of contact, the
temperature, the potential and the normal components of the current density
and energy flux density are all continuous. Denoting by the suffixes 1 and 2
the values of quantities for the two metals and equating the normal com-
ponents of q (25.4) on the two sides, we have, since ¢, T and j, are con-
tinuous,

[— x0T /ox]} = —jzT(az— 1),

the x-axis being taken along the normal to the surface. If the positive
direction of this axis is from metal 1 to metal 2, then the expression on the
left-hand side of this equation is the amount of heat taken from the surface
per unit time and area by thermal conduction. This heat loss is balanced by
the evolution at the junction of an amount of heat given by the right-hand
side of the equation. Thus the amount of heat generated per unit time and
area is

].H12, where H12 = — T(ocz - oq). (258)
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The quantity Il;s is called the Peltier coefficient. Like the Thomson effect,
the Peltier effect is proportional to the first power of the current, and changes
sign when the direction of the current is reversed. The Peltier coeflicient
is additive: I113 == I1;2+ I123, where the suffixes 1, 2, 3 refer to three different
metals.

A comparison of formulae (25.7) and (25.8) shows that the Thomson and
Peltier coefficients are related by

d (I
—pr=T—|—}). 25.9
p2—p1 de( T)/ (25.9)

Next, let us consider an open circuit containing two junctions, the two
end conductors being of the same metal (1 in Fig. 16). We suppose that the
junctions b and ¢ are at different temperatures Ty and T2, while the tempera-
ture at each end (a and d) is the same. Then there is a potential difference
called a thermoelectromotive force, which we denote by &7, between the ends.

FiG. 16

To calculate this force, we put in (25.1) j =0 and integrate the field
E = « grad T along the circuit (taken to be the x-axis):

d o7 d

&r = fa—dx = foch.

dx
a a

The integrations from a to b and from ¢ to 4 are over temperatures from
Teto Ty in metal 1, and that from 5 to ¢ is over temperatures from T to T2
in metal 2. Thus

Ty ‘
&r = [ (s2—am)dT. (25.10)
T,

Comparing this with (25.8), we see that the thermo-e.m.f. is related to the
Peltier coefficient by

T,
Mo
ér = — | —dT (25.11)
T
T,
Formulae (25.9) and (25.11) are called Thomson’s relations.

To conclude this section, we shall give the formulae for the current and
heat flux in an anisotropic conductor. These are derived from the symmetry
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of the kinetic coefficients in exactly the same way as formulae (25.1) and
(25.4), and the results are

E; = o Vugx+ o 0T/ Ox,

. . (25.12)
qi—¢ji = Tagiji— x0T/ 0xk.

Here 071 is the tensor inverse to the conductivity tensor o, and the tensors
o and kg are symmetrical. The thermoelectric tensor «s, however, is
in general not symmetrical. '

PROBLEM

Find the relations between the coefficients of the various thermogalvanomagnetic effects,
i.e., those which occur when a current flows in the simultaneous presence of an electric field,
a magnetic field, and a temperature gradient.

SoLuTtioN. The discussion is entirely similar to that given above for thermoelectric effects.
It is conveniently carried out in tensor form, so as to be applicable to both isotropic and
anisotropic conductors. We write the electric current density j and the heat flux q as

. Ex 2 (1
Ji = aw— +bw—(—),
T oxp\T
¢y
&is = Ek-}-d ) (1)
qs Nt = l—‘ik? ika; T)

where all the coefficients are functions of the magnetic field. The symmetry of the kinetic
coefficients gives

aix(H) = ar(—H), du(H) = dri(—H),

2
bix(H) = cxi( —H). @
Expressing E and q—¢j in terms of j and grad T from (1), we have
Ei = o luj T}
1 = o g +oux 0T Oxx, @)

qi—&js = Bujie— x0T/ dxx,

where the tensors o™1, «, B, « are certain functions of the tensors a, b, ¢, d, and have the fol-
lowing symmetry properties resulting from (2):

o lg(H) = o~Liy(—H), @
kx(H) = cei(—H),  Bu(H) = Tazri(—H).

‘These are the required relations in their most general form. They generalise those found in
§25 for the case where there is no magnetic field and in §21 for the case where there is no
temperature gradient. .
For an isotropic conductor in a weak magnetic field we have, as far as the first-order terms
in H,
E = j/o+a grad T+ RHXj+ NHxgrad T, (5)

q—¢j = aTj—« grad T+ NTHXj+LHXgrad T. (6)

Here o and « are the ordinary coefficients of electrical and thermal conductivity, « is the
thermoelectric coefficient which appears in (25.1), R is the Hall coefficient, and N and L
are new coefficients. The term NHxgrad T may be regarded as representing the effect
of the magnetic field on the thermo-e.m.f. (called the Nernst effect), and the term LHx grad T
as representing the effect of this field on the thermal conduction (called the Leduc-Righi
effect).

At a boundary between media, the normal components of the vectors j and q are continu-
ous, and therefore so is that of the vector —« grad T+aTj+NTHxj+LHxgrad T.
The term NTHxj gives the influence of the magnetic field on the Peltier effect (called the
Ettingshausen effect).
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The amount of heat evolved in the conductor per unit time and volume is Q = —div q.
Here we must substitute q from (6) and replace —grad ¢ = E in accordance with (5).
If the conductor is homogeneous, then the quantities «, N, L, etc. are functions of tempera-
ture alone, and so their gradients are proportional to grad 7. In the calculation we neglect
all quantities of the second order in H, and to the same approximation we can take curl (j/o)
= curl E = 0. We also note that the external field H (arising from sources outside the
conductor under consideration) is such that curl H = 0.1 Finally, divj = 0, as for any
constant current. The result is

- 1
Q= e +div(« grad T)—Tj-grad o+ —-i(aNTz)j XH.grad T.
o oT dT

The last term gives the change in the Thomson effect resulting from the presence of the
magnetic field.

§26. Diffusion phenomena

The presence of diffusion causes certain phenomena in electrolyte solu-
tions which do not occur in solid conductors. We shall assume, for simplicity,
that the temperature is the same everywhere in the solution, and so consider
only pure diffusion phenomena, uncomplicated by thermoelectric effects.

Instead of the pressure p and the concentration ¢, it is more convenient
to take as independent variables the pressure and the chemical potential {.
We here define { as the derivative of the thermodynamic potential of unit
mass of the solution with respect to its concentration ¢ (at constant p and
T); by the concentration we mean the ratio of the mass of electrolyte in a
volume element to the total mass of fluid in the same volume.f It may be
recalled that the constancy of the chemical potential is (like that of the
pressure and the temperature) one of the conditions of thermodynamic
equilibrium.

The definition of the electric field potential given in §25 has to be some-
what modified in this case, since the current is now carried by the ions of
the dissolved electrolyte, and not by the conduction electrons. A suitable
definition is (cf. the second footnote to §25) ¢ = (0®/9p);, where @ is the
thermodynamic potential and p the sum of the ion charges in unit volume
of the solution (after differentiating we put p = 0, of course, because the
solution is electrically neutral). The derivative is taken at constant mass
concentration, i.e. at a given sum of the masses of ions of both signs in
unit volume.

t This neglects the very weak effect on the evolution of heat resulting from the magnetic
fields of the currents themselves.

1 The chemical potentials are usually defined as {1 = 8®/dn1, {2 = 2®/dna, where @ is
the thermodynamic potential of any mass of the solution, and n1, n2 the numbers of particles
of solute and solvent in that mass of solution. If @ is the thermodynamic potential of unit
mass, then the numbers n1 and #n2 are related by nimi-+ namg = 1 (where mi, ma are the
masses of the two kinds of particle), and the concentration ¢ = mimi. Hence we have

o oD ony 0D ona & Lo

%  omoc | oms oc my mg’

where { is the chemical potential as here defined.
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When a gradient of the chemical potential is present, a term proportional
to it is added to the expression for the current density:

j = o(E—Bgradl), (26.1)

in analogy with the added term in (25.2). We shall see below that, for a
given gradient of the chemical potential (and of the temperature), j must
be independent of the pressure gradient, and so no term in grad p appears
in (26.1).1

As well as the electric current, we have to consider the transport of the
mass of the electrolyte which takes place at the same time. It must be borne
in mind that the passage of a current through the solution may be accom-
panied by a macroscopic motion of the fluid. The mass flux density of the
electrolyte resulting from this motion is pcv, where v is the velocity and p
the density of the solution. The electrolyte is also transported by molecular
diffusion. We denote the diffusion flux density by i, so that the total flux
density is pcv+i. The irreversible processes of diffusion cause a further
increase in entropy; the rate of change of the total entropy ist

f i-gradl ., (26.2)
7T

Like the electric current density, the diffusion flux may be written as a
linear combination of E and grad {, or of j and grad{. Using the sym-
metry of the kinetic coefficients, we can relate one of the coefficients in this
combination to the coefficient B8 in (26.1), in exactly the same way as we did
for j and q—¢j in §25. The result is

pD
(3C/3 o ————grad {+8j. (26.3)

The coefficient of grad { is here expressed in terms of the ordinary diffusion
coefficient. ||

The inadmissibility in (26.1) and (26.3) of terms proportional to the
pressure gradient follows, as in §25, from the law of the increase of entropy:
such terms would make the derivative of the total entropy (26.2) a quantity
of variable sign.

Formulae (26.1) and (26.3) give all the diffusion phenomena in electrolytes,
but we shall not pause here to examine them more closely.

t It should be emphasised, however, that, for a given concentration gradient j does
depend on the pressure gradient:

grad { = (9¢/3c)p,r grad ¢ + (3L/3p)c,r grad p.

1 The derivation of the second term is given in Fluid Mechanics, §57.
|| For j = 0 and constant pressure and temperature we have i = —pD grad c.
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PROBLEM

Two parallel plates of a metal A are immersed in a solution of an electrolyte AX. Find the
current density as a function of the potential difference applied between the plates.

SoLurioN. When the current passes, metal is dissolved from one plate and deposited on
the other. The solvent (water) remains at rest, and a mass flux of metal of densityt
pv = jm/fe occurs in the solution, where j is the electric current density, and m and e are the
mass and charge of an ion A+. This flux is also given by pv = {4 pvc, where ¢ is as shown
in (26.3); assuming the pressure constant throughout the liquid,} we have

de m R

D = [8-Za-a); M
x e

where x is the co-ordinate in the direction of a line joining the electrodes. Sincej = constant

in the solution, this gives

_ ( pD dc
= ! —m(1—c)/e @

where ci1, c2 are the concentrations at the surfaces of the plates, and / is the distance between
them.

The potential difference & between the plates is most simply found from the total amount
of energy Q dissipated per unit time and unit area of the plates, which must equal j&. By
(26.1), (26.2) we have

& _ ([ 34(22} -
Q_Tdt"f{o+PDa—cdx) dv =74,

and therefore, using (1),

- * pDdc farp, m
¢ - | =t [ alfva-o] = ®

Formulae (2) and (3) implicitly solve the problem.
If the current j is small, the concentration difference cz—c1 is also small. Replacing the
integrals by ca—c1 times the integrands, we find the effective specific resistance of the solution:

¢ 1 13;[3—%{1—0]2.

i o * oD%

The first term in (3) gives the potential drop (J (j/0) dx) due to the passage of the current.
The second term is the e.m.f. due to the concentration gradient in the solution (in a certain
sense analogous to the thermo-e.m.f.). This latter expression is independent of the con-
ditions of the particular one-dimensional problem considered, and is the general expression
for the e.m.f. of a “concentration cell’’.

+ It may be recalled that the hydrodynamic velocity v in a solution is defined so that p
is the momentum of unit volume of the liquid; see Fluid Mechanics, §57. Hence the fact
that in this case only the dissolved metal is moving (relative to the electrodes) does not
affect the calculation of pv.

1 The change in pressure due to the motion of the liquid gives only terms of a higher
order of smallness.




CHAPTER 1V
CONSTANT MAGNETIC FIELD

§27. Constant magnetic field
A CONSTANT magnetic field in matter satisfies two of Maxwell’s equations,
obtained by averaging the microscopic equations

. loe 4=
divh = 0, curlh = ——+—pv. (27.1)
cot ¢

The mean magnetic field is usually called the magnetic induction and denoted
by B

h =B. (27.2)
Hence the result of averaging the first equation (27.1) is
divB = 0. (27.3)

In the second equation, the time derivative gives zero on averaging, since the
mean field is supposed constant, and so we have

curl B = (4x/c)pv. (27.4)

The mean value of the microscopic current density is in general not zero
in either conductors or dielectrics. The only difference between these two
classes is that in dielectrics we always have

[pv-df = 0, (27.5)

where the integral is taken over the area of any cross-section of the body; in
conductors, this integral need not be zero. Let us suppose to begin with that
there is no net current in the body if it is a conductor, i.e. that (27.5) holds.

The vanishing of the integral in (27.5) for every cross-section of the body
means that the vector pv can be written as the curl of another vector,
usually denoted by ¢cM:

pv = ccurlM, (27.6)

where M is zero outside the body; compare the similar discussion in §6.

For, integrating over a surface bounded by a curve which encloses the body

and nowhere enters it, we have [pv-df = ¢ [curl M.df = c§M.dl = 0.
113
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The vector M is called the magnetisation of the body. Substituting it in
(27.4), we find

curlH = 0, (27.7)
where the vector H and the magnetic induction B are related by
B = H+4+M, (27.8)

which is analogous to the relation between the electric field E and induction
D. Although H is, by analogy with E, usually called the magnetic field, it
must be remembered that the true mean field is really B and not H.

To see the physical significance of the quantity M, let us consider the
total magnetic moment due to all the charged particles moving in the body.
By the definition of the magnetic moment, this is

fr xpvdV/2c = %frxcurlMdV.

Since pv = 0 outside the body, the integral can be taken over any volume
which includes the body. We transform the integral as follows:

[rxcurlMdV = —drx(M xdf)— [(M x grad) xrdV".

The integral over the surface outside the body is zero. In the second term
we have (M xgrad)xr = —M divr+M = —2M. Thus we obtain

1
—J.rxﬁVdV= [Mav. (27.9)
2¢

We see that the magnetisation vector is the magnetic moment per unit
volume.}

The equations (27.3) and (27.7) must be supplemented by a relation be-
tween H and B in order to complete the system of equations. For example,
in non-ferromagnetic bodies in fairly weak magnetic fields, B and H are
linearly related. In isotropic bodies, this linear relation becomes a simple
proportionality: ' »

B = uH. (27.10)

The coefficient p is called the magnetic permeability. We also have M = yH,
where the coeflicient

x = (u—1)/4n (27.11)
is called the magnetic susceptibility.

t See The Classical Theory of Fields, §5-9, Addison-Wesley Press, Cambridge (Mass.),
1951 ; Pergamon Press, London, 1959. :
The quantity M is completely determined only when this relation is established. The
relation (27.6) inside the body, and M = 0 outside it, do not uniquely define M: the gradient
of any scalar could be added to M inside the body without affecting (27.6) (cf. the similar
remark in the first footnote to §6).
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Unlike the dielectric constant €, which always exceeds unity, the magnetic
permeability may be either greater or less than unity. (Itis, however, always
positive, as we shall prove in §30. The reason for the differing behaviour of
w and e is discussed in §31.) The magnetic susceptibility x may corres-
pondingly be either positive or negative.

Another, quantitative, difference is that the magnetic susceptibility of the
great majority of bodies is very small in comparison with the dielectric
susceptibility. This difference arises because the magnetisation of a (non-
ferromagnetic) body is a relativistic effect, of order 22/c2, where v is the
velocity of the electrons in the atoms.t

From the equations div B =0, curl H =0 it follows (cf. §6) that at a
boundary between two different media we must have

Bin = Bap,  Hi = Hos. (27.12)

This system of equations and boundary conditions is formally identical with
those for the electrostatic field in a dielectric in the absence of free charges,
differing only in that E and D are replaced by H and B respectively. Since
curl H = 0, we can put H = —grad #; the equations for the potential ¢
are the same as those for the electrostatic potential. Thus the solutions of
the various problems of electrostatics discussed in Chapter II can be im-
mediately applied to problems with a constant magnetic field. In particular,
the formulae derived in §8 for a dielectric ellipsoid in a uniform electric
field hold also, with appropriate substitutions, for a magnetic ellipsoid in a
uniform magnetic field.

The tangential component of the magnetic induction, unlike its normal
component, is discontinuous at a surface separating two media. The magni-
tude of the discontinuity can be related to the current density on the surface.
To do this, we integrate both sides of equation (27.4) over a small interval
Al crossing the surface along the normal. We then let Al tend to zero; the
integral f{pv d/ may tend to some finite limit. The quantity

g = fﬁdz (27.13)

may be called the surface current density; it gives the charge passing per unit
time across unit length of a line in the surface. We take the direction of g
at a given point on the surface as the y-axis, and the direction of the normal
from medium 1 to medium 2 as the x-axis. Then the integration of equation

(27.4) gives

0z ox

Since B; is continuous, the derivative 9B.[/0z is finite, and so its integral
tends to zero with Al. The integral of 0B,/0x gives the difference in the

f(an 3Bz) 47 4=

X =—8y = —4-
¢ ¢

t The ratio v/c appears with H in the Hamiltonian of the interaction of the body with
the magnetic field, and again in the magnetic moments of the atoms or molecules.
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values of B, on the two sides of the surface. Thus Bg,—Bj, = —4mug]c.
This can be written in vector form:

41Tg/c =n X(Bz—Bl) = 47n X(Mz—Ml), (27.14)

where n is a unit vector along the normal into region 2; the last member of
(27.14) is obtained by using the continuity of the tangential component of H.

§28. Magnetic symmetry of crystals

There is a profound difference between the electric properties of crystals
and their magnetic properties, which results from a difference in the be-
haviour of charges and currents with respect to a change in the sign of the
time.

The invariance of the equations of motion with respect to this change
means that the formal substitution ¢ — —t, on being applied to any state of
thermodynamic equilibrium of a body, must give some possible equilibrium
state. There are then two possibilities: either the state obtained by changing
the sign of ¢ is the same as the original state, or it is not.

In this section we denote by p(x,y, 2) and j(x,y, 2) the true (micro-
scopic) charge and current densities at any given point in the crystal, averaged
only over time, and not over “physically infinitesimal” volumes as in the
macroscopic theory. These are the functions which determine the electric
and magnetic structure of the crystal respectively.

When # is replaced by —t¢, j changes sign. If the state of the body remains
unchanged, it follows that j = —j, i.e. j = 0. Thus there is a reason why
bodies can exist in which the function j(x, y, 2) is identically zero. In such
bodies, not only the current density but also the (time) average magnetic
field and magnetic moment vanish at every point (we are speaking, of course,
of states in the absence of an external magnetic field). Such bodies may
be said to have no “magnetic structure”, and indeed the great majority of
bodies fall into this category.

The charge density p, on the other hand, is unchanged when ¢ - —t.
There is therefore no reason why this function should be identically zero. In
other words, there are no crystals without “electric structure”, and herein
lies the essential difference, mentioned at the beginning of this section,
between the electric and the magnetic properties of crystals.

Let us now consider crystals for which the change from ¢ to —¢ results
in a change of state, so that j 3 0. We shall say that such bodies have a
magnetic structure. First of all, we note that, although j is not zero, there
can be no total current in an equilibrium state of the body, i.e. the integral
{jdV taken over an elementary cell must always be zero.t Otherwise the

t It should be emphasised that the cell spoken of here is the true elementary cell, whose
definition involves the magnetic structure of the crystal, and which may be different from
the purely crystallographic cell, which relates only to the symmetry of the charge distribu-
tion in the lattice.
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current would produce a macroscopic magnetic field, and the crystal would
have a magnetic energy per unit volume increasing rapidly with its dimen-
sions. Since such a state is energetically unfavourable, it could not corres-
pond to thermodynamic equilibrium.

The currents j may, however, produce a non-zero macroscopic magnetic
moment, i.e. the integral {rxjdV, again taken over an elementary cell,
need not be zero. Accordingly, the bodies for which j # 0 may be divided
into two types: those in which the macroscopic magnetic moment is not
zero, called ferromagnetics, and those in which it is zero, called antiferro-
magnetics.

The symmetry of the current distribution j can be conveniently regarded
as the symmetry of the arrangement and orientation of the magnetic moments
of the individual atoms in the crystal. If j= 0, all these moments are
changing their orientation in the course of time in an entirely random
manner, so that the mean value of each moment is zero. In a ferromagnetic,
the atomic moments are oriented mainly in one direction, causing a non-zero
total moment in each elementary cell. In an antiferromagnetic, the mean
atomic moments are not zero, i.e. they are not randomly oriented, but they
are so arranged as to balance one another in each cell.

What are the possible symmetry groups of the current distribution
( %, y, 2)? This symmetry contains, first of all, the usual rotations, reflections
and translations, and so the possible symmetry groups of jalways include the
usual 230 crystallographic space symmetry groups. These, however, are by
no means all. As has already been mentioned, the substitution ¢ - —¢
changes the sign of the vector j. For this reason a new symmetry element
comes in, namely that resulting from the reversal of all currents; we shall
denote this transformation by R. If the current distribution itself has the
symmetry R, it follows that j= —j, i.e. j =0, and the body has no mag-
netic structure. A non-zero function j(x, y, 2) may, however, be symmetrical
with respect to various combinations of R with the other symmetry elements
(rotations, reflections and translations). Thus the problem of determining
the possible types of symmetry of the current distribution (the magnetic
space groups) amounts to the enumeration of all possible groups containing
both the transformations of the ordinary space groups and the combinations
of these with R.

If the symmetry of the current distribution is given, the crystallographic
symmetry of the particle distribution, which is also the symmetry of the
function p(x,y, 2), is determined. It is the symmetry of the space group
which is obtained from the symmetry group of j by formally regarding the
transformation R as the identity (as it is with respect to the function p).

If only the macroscopic properties of the body are of interest, however, it
is not necessary to know the complete symmetry group of the function
j(x, 3, 2). These properties depend only on the direction in the crystal, and
the translational symmetry of the lattice does not affect them. As regards
crystallographic structure, the “‘symmetry of directions” is specified by the
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32 crystal classes. These are the symmetry groups consisting of rotations
and reflections only, and are obtained from the space groups by regarding
every translation as the identity, and the screw axes and glide planes as
simple axes and planes of symmetry. As regards the magnetic properties,
the macroscopic symmetry can be classified by groups (consisting of rotations,
reflections and combinations of these with R) which may be called the mag-
netic crystal classes. They are related to the magnetic space groups in the
same way as the ordinary crystal classes to the ordinary space groups. They
include, firstly, the usual 32 classes, and those classes augmented by the
element R. These augmented classes are, in particular, the macroscopic
symmetry groups for all bodies having no magnetic structure, but they occur
also in bodies with magnetic structure. This happens if the magnetic space
symmetry group of such bodies includes R only in combination with trans-
lations, and not alone.

There are also 58 classes in which R enters only in combination with
rotations or reflections. Each of these becomes one of the ordinary crystal
classes if R is replaced by the identity.t

It should be noted that the occurrence of magnetic structure (ferro-
magnetic or antiferromagnetic) always involves comparatively weak inter-
actions.} Hence the crystal structure of a magnetic body is only a slight
modification of that in the non-magnetic phase, which usually changes into
the magnetic phase when the temperature is reduced. In this respect ferro-
magnetics, in particular, differ from ordinary pyroelectrics, but are analogous
to ferroelectrics.

If the magnetic crystal class of a body is specified, its macroscopic mag-
netic properties are qualitatively determined. The most important of these
is the presence or absence of a macroscopic magnetic moment, i.e. of spon-
taneous magnetisation in the absence of an external field. The magnetic
‘moment M is a vector, behaving as an axial vector (the vector product of
two polar vectors) under rotation and reflection, and changing sign under
the operation R. The crystal will possess spontaneous magnetisation if it
has one or more directions such that a vector M in that direction and having

t These classes are isomorphous with those discovered by A. V. SuuBNIKoOV for the
symmetry groups of polyhedra with faces of two colours (called by him groups of mixed
polarity). The element R corresponds to the operation of changing the colour of each face.
See A. V. SHUBNIKOV, Symmetry and antisymmetry of finite figures (Simmetriya i anti-
simmetriya konechnykh figur), Moscow, 1951. A direct derivation as symmetry groups for
the magnetic properties of bodies is given by B. A. TAVGER and V. M. ZalTsev, Zhurnal
éksperimental'nof i teoreticheskot fiziki 30, 564, 1956 ; Soviet Physics JETP 3, 430, 1956.

The total number of magnetic space groups is 1651; they are derived (as Shubnikov
groups) by N. V. BeLov, N. N. NEroNovA and T. S. SMIRNOVA, Trudy Instituta Kristallo-
grafii 11, 33, 1955; A. M. ZaMoRzAEv, Kristallografiya 2, 15, 1957; Soviet Physics: Crystallo-
graphy 2, 10, 1958.

1 The exchange interaction between the magnetic moments of atoms usually results in
the saturation of the valency bonds and the formation of non-magnetic structures. A mag-
netic structure results only from the relatively weak exchange interactions between deep-
lying d and f electrons of atoms of elements in the intermediate groups of Mendeleev’s

system.
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the above-mentioned properties is invariant under all transformations belong-
ing to the magnetic crystal class concerned.

We must again emphasise the difference between these (macroscopic)
properties and the corresponding ones in electrostatics. The latter are
qualitatively determined by the ordinary crystal class. In particular, a body
is pyroelectric if its crystal class admits the existence of a polar vector P
(the polarisation). It would, however, be entirely wrong to base conclusions
about the existence or otherwise of a macroscopic magnetic moment on the
behaviour of the axial vector M with respect to the transformations of the
non-magnetic crystal class of the body concerned.

As an illustration, let us consider a tetragonal lattice of identical atoms,
with magnetic moments parallel to the tetragonal axis.t The magnetic
crystal class comprises the fourth-order axis C4@, two second-order axes
combined with R (Co%R and C3®R), the plane of symmetry o3@ perpendicu-
lar to the z-axis, and two vertical planes of symmetry combined with
R (0v"R and o,%R). This group admits the existence of a vector M along
the tetragonal axis. The crystallographic symmetry class is obtained by
replacing R by unity, i.e. it is the class Dgs. This class does not admit the
existence of an axial vector M, since the components M, M,, M, would
change sign on reflection in the planes 0@, o@, ¢ respectively.

The properties of bodies with a spontaneous non-zero macroscopic
magnetic moment (ferromagnetics) will be discussed in detail in Chapter V.
In all other crystals, in fairly weak fields, the relation between B and H is
linear:

B; = pHy, (28.1)
with no inhomogeneous term. The magnetic permeability tensor pi is sym-
metrical. This follows from thermodynamic relations which will be derived
in §30, in exactly the same way as the symmetry of the tensor ez (§13).

We may also mention two further phenomena possible in principle. One
is prezomagnetism, resulting from the existence of a linear relation between
the magnetic field and the deformation of a body (analogously to piezo-
electricity; see §17). The other results from a linear relation between the
magnetic and electric fields in a substance, which would cause, for example,
a magnetisation proportional to the electric field.1 Both these phenomena can
occur for certain magnetic crystal symmetry classes. ||

§29. The magnetic field of a constant current

If a conductor carries a non-zero total current, the mean current density
in it can be written as pv = ¢ curl M+j. The first term, resulting from the

1 Such, for example, is the lattice of iron in its ferromagnetic phase. Crystallographically,
it is a cubic lattice slightly distorted along one of the fourth-order axes.

I Effects of this type but quadratic in the field must in principle exist even in isotropic
bodies, but are negligible.

li Examples of these are given by 1. E. Dzyavosuinskil, Zhurnal éksperimental’nof i teore-
ticheskof fiziki 33, 807, 1957; 37, 881, 1959 (Soviet Physics JETP 6 (33), 621, 1958;
10 (37), 628, 1960).

9
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magnetisation of the medium, makes no contribution to the total current,
so that the net charge transfer through a cross-section of the body is given
by the integral (j.df of the second term. The quantity j is called the conduc-
tion curvent density.t The statements made in §20 apply to this current; in
particular, the energy dissipated per unit time and volume is E-j.

The distribution of the current j over the volume of the conductor is given
by the equations of §20, which do not involve the magnetic field due to j
itself, if we neglect the effect of this field on the conductivity of the body.
Hence the magnetic field of the currents must be determined for a given
current distribution. The equations satisfied by this field differ from those
in §27 by the presence of a term 4xj/c on the right-hand side of (27.7):

divB = 0, (29.1)
curlH = 4aj/c. (29.2)

The conduction current density j, which is proportional to the electric field,
does not become infinite, and in particular is finite on a surface separating
two media. Hence the term on the right of (29.2) does not affect the boun-
dary condition that the tangential component of H is continuous.

To solve equations (29.1), (29.2), it is convenient to use the vector potential
A, defined by

B = curlA, (29.3)

so that equation (29.1) is satisfied identically. Equation (29.3) does not
uniquely define the vector potential, to which the gradient of any scalar may
be added without affecting (29.3). For this reason we can impose on A a
further condition, which we take to be

divA = 0. (29.4)
The equation for A is obtained by substituting (29.3) in (29.2). If the linear
relation B = pH holds we have

curl (icurlA) — dale. (29.5)

In this form the equation is valid for any medium, homogeneous or not.
In a homogeneous medium, u = constant, and since

curl curl A = grad divA— AA = — AA
we find from (29.5)
AA = —4ayj/e. (29.6)

If we have two or more adjoining media of different magnetic permeability
p, the general equation (29.5) has the form (29.6) in each homogeneous

t The quantity ¢ curl M is sometimes called the molecular current density. This name,
however, is not in complete accordance with the actual physical picture of motion of charges
in a conductor. For example, in a metal the conduction electrons, as well as those moving
in the atoms, contribute to the magnetization .
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medium, while at the interfaces the tangential component of the vector
(1/p) curl A must be continuous. Moreover, the tangential component of
A itself must be continuous, since a discontinuity would mean that the
induction B was infinite at the boundary.

The field equations are simpler in the two-dimensional problem of finding
the magnetic field in a medium infinite and homogeneous in one direction
(which we take as the z-direction), the currents which produce the field
being everywhere in that direction, with the current density j, = j depend-
ing only on # and y. We make the plausible assumption (to be confirmed
by the result) that the vector potential of such a field is also in the z-direction:
A = A(x,y). The condition (29.4) is then satisfied identically; the magnetic
field is everywhere parallel to the xy-plane. We denote by k a unit vector
in the z-direction; then

curl A = curl 4k = grad 4 xk,

1 d4 d4
curl (—curlA) = curl (_g_ra__ xk) = —kdivgi—.
R © 7
Hence equation (29.5) becomes
. grad4 47,
div—— = —Tj(x, ) (29.7)

i.e. we in fact obtain one equation for the one scalar quantity A(x, y). For
a piecewise homogeneous medium, (29.7) becomes

AA = —4apj(x,y)/c, (29.8)

with the boundary condition that 4 and (1/u) 04/2n are continuous at an
interface.t

The magnetic field is easily found if the current distribution is sym-
metrical about the z-axis: j; =j(r) (where 7 is the distance from that axis).
In this case the lines of magnetic force are evidently the circles # = constant.
The magnitude of the field is found at once from the formula

$H.d1 = 4-Cffj.df, (29.9)

which is the integral form of (29.2). Thus
H(r) = 2](r)/er, (29.10)
where J(r) is the total current within the radius 7.

1 It should be noticed that the two-dimensional problem with a constant magnetic field
is equivalent to the two-dimensional electrostatic problem of determining the electric field
due to extraneous charges of density pex(x, y) in a dielectric medium. The equation to be
solved in the latter problem is div (e grad ¢) = —4wpex, where ¢ is the field potential ;
this differs from (29.7) only in that A, j/c and p are replaced by ¢, pex and 1/e respectively.
The boundary conditions on 4 and ¢ are the same. A difference occurs, however, on passing
to E and B from ¢ and A respectively. The vectors E = — grad ¢ and B = curl A are
the same in magnitude but in perpendicular directions at any given point.
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The reduction of the vector equation (29.5) to a single scalar equation is
possible also if the current distribution is axially symmetrical and has in
cylindrical co-ordinates 7, ¢, z the form j, =j, =0, j;, =j(r,2). We
seek the vector potential in the form 4, = A4, =0, A;= A(r, z). The

components of the magnetic induction B = curl A are B, = —04/0z,
= (1/r)o(rA)/or, By = 0, and the ¢-component of equation (29.2) gives
3(13A)+3(1 0 ) 4, 20.11

—f_ —f——]r = ——\7, ). .
oz\p 02 or\ur 8r[ 4] c](r %) ( )

The equations for the magnetic field of the currents can be solved in a
general form in the important case where the magnetic properties of the
medium may be neglected, i.e. where we can put 4 = 1. The vector poten-
tial then satisfies in all space the equation AA = —4xj/c with no conditions
at the interfaces between different media (including the surface of the
conductor on which the current flows). The solution of this equation which
vanishes at infinity is+

1rj
A= —j—dV, (29.12)
¢J R

where R is the distance from the volume element dV to the point at which
A is to be calculated. In taking the curl of this equation, we must remember
that the integrand j/R is to be differentiated with respect to the co-ordinates
of this point, of which j is independent, so that

curl (j/R) = grad (1/R)xj = —R X j[R5,

where the radius vector R is from dV to the point under consideration.
Thus

jxR
=H= —f—~dV (29.13)

If the conductor on which the current flows is sufficiently thin (a thin
wire), and if we are interested only in the field in the surrounding space, the
thickness of the wire may be neglected. In what follows we shall often dis-
cuss such lnear currents. The integration over the volume of the conductor
is then replaced by an integration along its length: the formulae for linear
currents are obtained from those for volume currents by making the substi-
tution jdV - Jdl, where J is the total current in the conductor. For
example, from formulae (29.12) and (29.13) we have

dl
J O Ykl
r ¢ R3

The latter formula is Biot and Savart's law.

(29.14)

t See The Classical Theory of Fields, §5-8.
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This simple formula for the magnetic field of a linear current does not
depend on the assumption that 4 = 1. Since we neglect the thickness of the
conductor, no boundary conditions at its surface need be applied, and the
magnetic properties of the conducting material are of no importance (it may
even be ferromagnetic). The solution of equation (29.6) for the field in the
medium surrounding the conductor is therefore

wf rdl B_;L] dIxR
R’ T c¢) R

whatever the magnetic susceptibility of that medium. Thus the presence
of the medium simply changes the magnetic induction by a factor u. The
field H = B/u is unchanged.

The problem of determining the magnetic field of linear currents can also
be solved as a problem of potential theory. Since we neglect the volume of
conductors, we are in fact determining the field in a region containing no
currents except along certain line singularities. In the absence of currents,
a constant magnetic field has a scalar potential, which in a homogeneous
medium satisfies Laplace’s equation. There is, however, an important
difference between the magnetic field potential and the electrostatic poten-
tial: the latter is always a one-valued function, because curl E = 0 in all
space (including charged regions) and so the change in the potential in going
round any closed contour (i.e. the circulation of E round that contour) is
zero. The circulation of the magnetic field round a contour enclosing a
linear current is not zero, but 4xJ/c. Hence the potential changes by this
amount on each passage round a contour enclosing a linear current, i.e. it is
a many-valued function.

If the currents lie in a finite region of space (and u = 1 everywhere), the
vector potential of the magnetic field at a great distance from the conductors
is

(29.15)

A = J xR/RS, (29.16)
where
M = [rxjdV]2e (29.17)

is the total magnetic moment of the system.t
For a linear current, this becomes

M = Jfrx dlj2e,

and can be transformed into an integral over a surface bounded by the line
of the current. The product df = 4r x dl is equal in magnitude to the area

t See The Classical Theory of Fields, §5-9. In the derivation there given, we use explicitly
the idea of a current as the result of the motion of individual charged particles. Such a
derivation is, of course, quite general, but formula (29.16) can also be obtained by macro-
scopic arguments (see Problem 4).
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of the triangular surface element formed by the vectors r and dl. The
vector (df is independent of the particular surface (bounded by the current)
over which it is taken. Thus the magnetic moment of a closed linear current
is

M =] j dfc. (29.18)

In particular, for a plane closed linear current the magnetic moment is
simply JS/c, where S is the area of the plane enclosed by the current.

To conclude this section, we may briefly discuss the energy flux in a
conductor. The energy dissipated as Joule heat in the conductor is derived
from the energy of the electromagnetic field. In a steady state, the “equation
of continuity” which expresses the law of conservation of energy is

—divS =j-E, (29.19)
where S is the energy flux density, given in a conductor by
S = ¢cE xH/4m, (29.20)

which is formally the same as the expression for the Poynting vector for the
field in a vacuum. This is easily verified directly by calculating div S from
the equations curl E = 0 and (29.2), when we obtain (29.19).

Formula (29.20) also follows independently from the obvious condition
that the normal component of S must be continuous at the surface of a
conductor, if we use the continuity of E; and H; and the validity of (29.20)
in the vacuum outside the body.

PROBLEMS
ProBLEM 1. Determine the scalar potential of the magnetic field of a closed linear current.
SoLuTION. We transform the line integral into one over a surface bounded by the line,
obtaining

I dl fdf grad—

B=curlA = —-c-f(df-grad) grad—;?

(where we have used the fact that A(1/R) = 0). Since B = —grad ¢, we have for the
scalar potential J

= farama - - 52

The integral is, geometrically, the solid angle Q subtended by the closed contour at the point
considered. The above-mentioned many-valuedness of the potential is seen from the fact
that, as this point describes a closed path round the wire, the angle Q changes suddenly
from 27 to —2m.

ProeLEM 2. Find the magnetic field of a linear current flowing in a circle of radius a.

SoLuTION. We take the origin of cylindrical co-ordinates r, ¢, 2z at the centre of the circle,
with the angle ¢ measured from the plane which passes through the z-axis and the point at

t In Problems 1-4, p =1.
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which the field is calculated. The vector potential has only one component, Ay = Alr, 2),
and by formula (29.14) we have

Ay ="Z

[4

_gf a cos ¢ d¢
o ) Vet

r24-22—2ar cos ¢)

cos ¢ d
R

Putting § = ¥(¢—=), we find

Y /% a—pok-E),
ck™N r

where k% = 4ar/[(a+7r)2+2?], and K and E are complete elliptic integrals of the first and
second kinds:

4=

b 0 b
K= of —iiay E- ! V/(1—#? sin%) do.

The components of the induction are
By =0,
o4y 2z [_ R
_ oz cryl(at+r3+a7 L (a—n2+a22" )
_12 _J 2 [ a?—r2—22 l,',]
By = 1.6_;'(“4‘) T ¢ Via+nr+22l (a—n2+22 I’

Here we have used the easily verified formulae

%K __E K 9 _E-K

ok k(1—FE%) k' ok E

On the axis (r = 0) we have B, = 0, B; = 2ma2J/c(a?+22)3'2, as can also be found by a
straightforward calculation.

ProBLEM 3. Determine the magnetic field in a cylindrical hole in a cylindrical conductor
of infinite length carrying a current uniformly distributed over its cross-section (Fig. 17).

”

Y ¥

\ .

o (]2

F16. 17
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SoLuTioN. If there were no hole, the field in the cylinder would be given by H'z =
—2mjyle, H’y = 2mjx/c. The dimensions and axes are as shown in Fig. 17. If a current of
density —j were to flow in the inner cylinder, it would produce a field H"z = 2ajy’jc, H''y
= —2mjx’/c. 'The required field in the hole is obtained by superposing these two fields.
Since x—x’ = Q0’ = h, and y = y’, we have Hy = 0, Hy = 2njhjc = 2h][(b*—a?)c, i.e. a
uniform field in the y-direction.

ProBLEM 4. Derive from (29.12) the formula (29.16) for the vector potential of the field
far from the currents.

SoLurioN. We write R = Ro—r, where Ro and r are the radius vectors from the origin
(situated somewhere among the currents) to the point considered and to the volume element
dV respectively. Expanding the integrand in powers of r and using the fact that [jdV = 0,
we have A; 22 (Ri/cR8) [ xxjy dV. The suffix O to R is omitted. Integrating by parts the
identity [ xixx divj dV = 0 gives [ (jixx+jexi) dV = 0. Hence we can write

As = (Ri/2cR3) { (wrji—xix) AV,
which is (29.16).

ProBLEM 5. Determine the magnetic field produced by a linear current in a magnetically
anisotropic medium (A. S. VIGLIN).

SoLuTION. In the anisotropic medium surrounding the conductor we have
divB = p0Hy/oxs = O, 1)

where px is the magnetic permeability tensor of the medium. Instead of introducing the
vector potential by B = curl A, we use another vector C defined by

H; = euiprem 0C1] 2%m, 2)

where esx: is the antisymmetrical unit tensor. Then equation (1) is again satisfied identically.
We can also impose on the vector C thus defined the condition

divC = aCy/ox; = 0. 3)
Substituting (2) in curl H = 4nj/c, we obtain e 0Hi/dxx = —pipd?Ci/oxxdxy = 4mji/c
(using the condition (3) and the fact that eixieimn = 8im8kn—3iz3km). The equation thus
obtained for C is the same in form as that for the electric field potential resulting from
charges in an anisotropic medium (§13, Problem 2). The solution is
1 jav

¢ J v(lplpaRiRe)

where |u| is the determinant of the tensor p, and R the radius vector from the point con-
sidered to dV. For a linear current we have

C

T da
€=V § v aRR)

§30. Thermodynamic relations in a magnetic field

The thermodynamic relations for a magnetic substance in a magnetic
field are, as we shall see, very similar to the corresponding relations for a
dielectric in an electric field. Their derivation, however, is quite different
from that given in §10. This difference is ultimately due to the fact that a
magnetic field, unlike an electric field, does no work on charges moving in it
(since the force acting on a charge is perpendicular to its velocity). Hence,
to calculate the change in the energy of the medium when a magnetic field is
applied, we must examine the electric fields induced by the change in the
magnetic field and determine the work done by these fields on the currents
which produce the magnetic field.




§30 Thermodynamic relations in a magnetic field : 127

Thus the equation which relates electric and variable magnetic fields must
be used. This equation is
1B
1E = ————; 30.1
cur ¢ ot (30-1)
it follows immediately on averaging the microscopic equation (1.3).
During a time 8¢, the field E does work 8¢ [ jeE dV on the currents j.
This quantity with the opposite sign is the work 8R “done on the field” by
the external e.m.f. which maintains the currents. Substituting

j =ccurl H/4n,
we have

SR = —3t4f;fE.cur1HdV

- Stifdiv(E xH)dV—StifH-cmlEdV.
tr e

The first integral, on being transformed to an integral over an infinitely
distant surface, is seen to be zero. In the second integral we substitute
curl E from (30.1) and put 8B = 8z 0B/0t for the change in the magnetic
induction, obtaining finally

SR = j H.SBdV /4x. (30.2)

This formula appears entirely analogous to the expression (10.2) for the
work done in an infinitesimal change in the electric field. It must be pointed
out, however, that the physical analogy between the two formulae is actually
not complete, since H, unlike E, is not the mean value of the microscopic
field.

Having derived formula (30.2), we can write down all the thermodynamic
relations for a magnetic substance in a magnetic field by analogy with those
given in §10 for a dielectric in an electric field, simply replacing E and D
by H and B respectively. We shall give some of these formulae here for
purposes of reference. The differentials of the total free energy and the
total internal energy are

8F = — 8T+ [H-8BdV 4n,

(30.3)
8% = T65+ [H-3BdV/4n,
and those of the corresponding quantities per unit volume are
dF = —SdT+{dp+H-dB/4n,
tde f 30.4)

dU = TdS+{dp+H-dB/4n.
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We need also the thermodynamic potentials
U= U-H-B/4r, F = F—-H-B/4n, (30.5)
for which
dF = — SdT+{dp—B-dH/4n,
dU = TdS+{dp—B-dH/4x.

If the linear relation B = uH holds, we can write the expressions for all
these quantities in the form

U = Uy(S,p)+B%8mp,  F = Fy(T, p)+B?[8mp,

U = Uy(S,p)—pH?8x, F = Fy(T,p)—pH?/8x.

The work 8R (or, what is the same thing, the change 8F at constant
temperature) can be written in a different form, in terms of the current

density and the vector potential of the magnetic field. For this purpose we
put 8B = curl 8A and

(30.6)

(30.7)

1
OF)r = ;waurlSAdV

- —%"fdiv(H x8A)dV+%J8A-curlHdV.
The first integral is again zero, and the second gives
(8F)r = [j-5AdVe. (30.8)
A similar transformation gives
(8F)r = -—fA-deV/c. (30.9)

It is useful to note that in macroscopic electrodynamics the currents
(sources of the magnetic field) are mathematically analogues of the poten-
tials, not of the charges (the sources of the electric field). This is seen by
comparing formulae (30.8) and (30.9) with the corresponding results for an
electric field:

OF)r = [¢3pdV,  (F)r = - f 0S¢ dV (30.10)

(see (10.13), (10.14)). We observe that the charges and potentials appear in
these formulae in the opposite order to the currents and potentials in formu-
lae (30.8), (30.9).

On account of the complete formal correspondence between the thermo-
dynamic relations (expressed in terms of field and induction) for electric
and magnetic fields, the thermodynamic inequalities derived in §18 can also
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be applied to magnetic fields. In particular, we have seen that it follows
from these inequalities that ¢ > 0. In the electric case this result was of no
interest, because it was weaker than the inequality € > 1 which follows on
other grounds. In the magnetic case, however, the corresponding inequality
p > 0 is very important, as it is the only restriction on the values which can
be taken by the magnetic permeability.

§31. The total free energy of a magnetic substance

In §11 expressions have been derived for the total free energy & of a
dielectric in an electric field. One of the thermodynamic properties of this
quantity is that the change in it gives the work done by the electric field on
the body when the charges producing the field remain constant. In a mag-
netic field a similar part is played by the free energy &, since for given
currents producing the field the change in & is the work done on the body.

The following derivation is entirely analogous to that given in §11. The
“total” quantity & is defined as

£ = f (F+§;) av, | (3L.1)

where § is the magnetic field which would be produced by the given cur-
rents in the absence of the magnetisable medium. The plus sign appears in
the parenthesis (instead of the minus sign as in (11.1)) because the value of
& for a magnetic field in a vacuum is — [($%/87) dV (see (30.7)). The
integration in (31.1) is taken over all space, including the volume occupied
by the conductors in which flow the currents producing the field.t

Let us calculate the change in & (for a given temperature and no depar-
ture from thermodynamic equilibrium in the medium) corresponding to an
infinitesimal change in the field. Since 8F = —B-8H/[4w, we have

8F = — [(B-SH-9-89)dV/4n

= - [H-9)-89 dV/4-n—fB-(8H—8.§)dV/%—f(B—H)-S.ﬁdV/‘hr.
(31.2)

Introducing the vector potential o of the field §, we can write in the
first term

(H-9)-89 = (H—9)-curl 59
= div[3%-(H-$)]+ % - curl (H—9).
t In §11 we took the integration in (11.1) over all space except the volume occupied by
the charged conductors producing the field. This was possible because there is no electric

field in a conductor, charged or not. There is 2 magnetic field, however, inside the conduc-
tors which carry the currents, and they cannot be excluded in calculating the total free energy.
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By definition, the fields H and $§) are produced by the same currents j, the
distribution of which over the volume of the conductors is (see §29) inde-
pendent of the field which they produce, i.e. is independent of the presence
or absence of magnetic substances in the surrounding medium. Hence
curl H and curl § are both equal to 4sj/c, and so curl(H-$) =0.
The integral of div[3%-(H—$)] is transformed into an integral over an
infinitely distant surface, and so vanishes.

Similarly, we see that the second term on the right of (31.2) is zero; thus

8% = — [(B—H)-89 dV/4x

= - [M.spav. (31.3)

The expression which we have obtained for 8 is exactly similar to (11.3)
for the electrostatic problem. In particular, in a uniform magnetic field $
we have for d# an expression analogous to (11.5):

dF = —PdT-M-d$, (31.4)

where J is the total magnetic moment of the body.

Without repeating the subsequent calculations, we shall write down the
following formulae by analogy with those in §11. If the linear relation
B = uH holds, we have

F-FoV,T) = - [19-MdV. (31.5)
In particular, if the external field is homogeneous, then

F-FoV,T) = —4H-M. (31.6)

In the general case of an arbitrary relation between B and H, £ can be
calculated from the formula

7= (F+118';—%M-.9) v
= ((r-EB im.g)ar. (31.7)
= J(rg -9

In §11 we gave also the simpler formulae obtained when the dielectric
susceptibility is small. The analogous case for the magnetic problem is
especially important because, as mentioned above, the magnetic suscepti-
bility of the majority of bodies is indeed small. In this case

F-Fo = —Ix[92aV. (31.8)
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We can also derive results for the magnetic field analogous to those
obtained in §14. These concern the change in the thermodynamic quantities
resulting from an infinitesimal change in the magnetic permeability u, the
field sources being assumed unchanged. It is clear from the foregoing that
we must consider the change in &, and not that in & as in §14. We shall not
repeat the derivation, which is similar to that of (14.1), but merely give the
result:

8F = — [su H2AV/8m. (31.9)

In §14 we used this formula to deduce that the dielectric susceptibility of
any substance is positive. In the magnetic case we cannot draw this conclu-
sion, and the magnetic susceptibility may be of either sign. The reason for
this marked difference is that the Hamiltonian of a system of charges moving
in a magnetic field contains not only terms linear in the field (as in the
electric case) but also quadratic terms. Hence, in determining the change
in the free energy of the body in the magnetic field by means of perturbation
theory as in (14.2), we have a contribution in the first approximation as well
as the second. In such a case no general conclusion can be drawn concerning
the sign of the variation. It is positive for paramagnetic bodies and negative
for diamagnetic ones.

In §14 we also drew conclusions concerning the direction of motion of
bodies in an electric field. Similar conclusions follow from (31.9), but, since
u may be either greater or less than 1, there is no universal result. For
example, in an almost uniform field paramagnetic bodies (¢ > 1) move in
the direction of H increasing, and diamagnetic bodies (x# < 1) in the opposite
direction.

§32. The energy of a system of currents

Let us consider a system of conductors with currents flowing in them
and assume that neither the conductors nor the medium surrounding them
are ferromagnetic, so that B = uH everywhere. According to §30, the total
free energy of the system is given in terms of the magnetic field of the
currents by

# = [H-BdV/8n. (32.1)

Here we omit the quantity &, which is a constant (at a given temperature)
and is not related to the currents. The integration in (32.1) is taken over all
space, both inside and outside the conductors.

The same energy can also be expressed in terms of the currents by means
of the integral

F = [A-jav)zc; (32.2)
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cf. the derivation of (30.8) from (30.2). Here the integration extends only
over the conductors, because j = 0 outside them.

Since the field equations are linear, the magnetic field can be written as
the sum of the fields resulting from each current alone with no current in
the other conductors: H = ZH,. Then the total free energy (32.1) is

f = Zﬂaa'f‘ 2 gab, (32.3)
a a>b
where
F g = j H,-B,dV/8m, Fap = fHa-Bde/%r. (32.4)

We have put Fyp = Fpg, since HyBy = pHg-Hp = HyB,, where u is the
magnetic permeability at any point. The quantity %,, may be called the
free self-energy of the current in the ath conductor, and g the interaction
energy of the ath and bth conductors. It should be borne in mind, however,
that these names are strictly correct only if the magnetic properties of both
the conductors and the medium are neglected. Otherwise the field, and
therefore the energy, of each current depend on the position and magnetic
permeability of the other conductors.

The quantities (32 4) can also be expressed in terms of the currents j,
in each conductor, in accordance with formula (32.2):

For = [a-BadVal2e,  Fav = [ja-AvdValc = [jo-RadVilc.  (325)

The integral in &g, is here taken only over the volume of the ath conductor;
Fab can be written as either of the two expressions, in which the integration
is over the volume of the ath and bth conductor respectively.

When the distribution of the current density over the volume of the
conductor is given, F4q depends only on the total current J, passing through
a cross-section. Both the current density j and the field which it produces
will be proportional to J,. Hence the integral &,, is proportional to J,2,
and we write it

faa = Laaja2/2£2, (32.6)

where Lgq is called the self-inductance of the conductor. Similarly, the
interaction energy of two currents is proportional to the product JgJp:

Fap = Lab]a]b/b'z- (32.7)

The quantity Ly is called the mutual inductance of the conductors. Thus
the total free energy of a system of currents is

1 1 1
= 5 2 Laal+ 5 D LarJaJo = 55> > LarJafo.  (328)
2 a M~ ¢ a b
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The condition that this quadratic form should be positive definite places
certain restrictions on the values of the coeflicients. In particular Lyq > 0
for all @, and LgqLpp > Lgp2.

The calculation of the energy of currents in the general case of arbitrary
three-dimensional conductors requires a complete solution of the field
equations, and is a difficult problem. It becomes simpler if the magnetic
permeability of both the conductors and the surrounding medium can be
taken as unity. It should be noted that the energy of the currents is then no
longer dependent on the thermodynamic state (in particular, on the tem-
perature) of the bodies, and hence the free energy in the above formulae may
be referred to simply as the energy.

For u =1 the vector field potential due to the currents j is given by
formula (29.12). Hence the self-energy of the ath conductor is

1 iy ,
Fua= s f f 2 avav, (32.9)
where both integrations are taken over the volume of the conductor con-

sidered, and R is the distance between dV and dV”. Similarly, the mutual
energy of two conductors is

1 ja‘jb
Fu = f f 2 4vadv, (32.10)

where dV; and dVp are volume elements in the two conductors.

The mutual energy of two linear currents is particularly easy to calculate.
In formula (32.10) we change from volume currents to linear ones by replac-
ing jodV, and jpdVp by Jodl; and Jpdl, respectively, and we find that the
mutual inductance is Lgp = §§dl;-dly/R. In this approximation, there-
fore, Lay depends only on the shape, size and relative position of the two
currents, and not on the distribution of current over the cross-section of each
wire. It must be emphasised that this simple formula can be obtained for
linear currents without imposing the condition that 4 = 1. In the approxi-
mation where the thickness of the wires is neglected, their magnetic pro-
perties have no effect on the field which they produce, and therefore no
effect on their mutual energy. If the magnetic permeability x of the medium
surrounding the wires is different from unity, the vector potential is, by
(29.15), simply multiplied by x, and therefore so is the magnetic induction.
The mutual inductance is therefore multiplied by the same factor, so that

Lap = ,Lj;gﬁ dlz-dly/R. (32.11)

The self-inductance of linear conductors is much more difficult to calculate;
we shall discuss it in §33.
The total energy of a system of linear currents can be written in still
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another form. To do this, we return to the integral (32.2), which for linear
currents becomes

1
F = EZZ jafﬁA.dla, (32.12)

where A is the vector potential of the total field at the element dl,; of the ath
conductor. The main error in going from (32.2) to (32.12) arises from
neglecting the change in the field (including the field of the current con-
sidered) over the cross-section of the wire. Each of the contour integrals in
(32.12) can be transformed into a surface integral:

3€A.d1., =fcurlA-d.fa =fB-dt;,,

‘ie. it is the flux of the magnetic induction or magnetic flux through the
circuit of the ath current. We denote this flux by ®,. Then

1
F = ?Cg Ja®a. (32.13)

Similarly, the free energy & of a linear current J in an external magnetic
field, i.e. the energy without the self-energy of the field sources, can be
expressed in terms of the magnetic flux. Evidently

F = JO|c, (32.14)

where @ is the flux of the external field through the circuit of the current J.
If the external field is uniform, and g =1 in the external medium, then
® = §- [df. Introducing the magnetic moment of the current in accor-
dance with (29.18), we have & = A -$.

Knowing the energy of a system of currents as a function of their shape,
size and relative position, we can determine the forces on the conductors by
simply differentiating with respect to the appropriate co-ordinates. Here,
however, the question arises which characteristics of the currents should be
kept constant in the differentiation. It is most convenient to differentiate
at constant current. In this case the free energy is represented by &, and
so the generalised force Fy in the direction of a generalised co-ordinate g is
Fq = —(0%#/2g)g r. The suffixes show that the differentiation is effected
at constant current and constant temperature. Since we omit the term
independent of the currents in the free energy, & and & differ only in
sign, and so

here and henceforward the suffix T to the derivatives is omitted, for brevity.
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In particular, the forces exerted on a conductor by its own magnetic field
are given by the formula

1 oL
Fg=—J22~, (32.16)
22 oq

where L is the self-inductance of the conductor. The nature of these forces
can be seen as follows. For given current (and temperature), & tends to be
a minimum. Since & = —LJ?/2¢2, this means that the forces on the con-
ductor will tend to increase its self-inductance. The latter, having the
dimensions of length, must be proportional to the dimension of the conduc-
tor. Thus the effect of the magnetic field is to increase the size of the
conductor.
For a current in an external magnetic field we havet

F = -F = —M-$. (32.17)

In all the above formulae for the energy it is assumed that there is a
linear relation between the magnetic field and induction. In the general
case where this relation is arbitrary, analogous differential relations can be
set up. The change in the free energy resulting from an infinitesimal change
in the field (at constant temperature) is, by (30.8), 8% = [j-8A dV/c or,
for a system of linear currents,

1
SF = ;Z j,,§aA.dla.

Proceeding as in the derivation of (32.13) from (32.12), we have

1
8F = ;Ea: Jad®q. (32.18)

Similarly, we find from (30.9)

1
8F = -;Z Ly (32.19)

Thus we can say that, for a system of linear currents, & is the thermo-
dynamic potential with respect to the magnetic fluxes, and & with respect
to the currents, the two potentials being related by

1
F = gr-zg Ja®a. (32.20)

t The factor 4+ which appears in (31.6) is absent in (32.17) because the magnetic moment
of the current in the latter equation is independent of the field, whereas the magnetic moment
in (31.6) is itself due to the field.

10
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Whatever the magnetic properties of the substance, therefore, the thermo-
dynamic relations

Jale = 8F[0®q,  Dyfc = —0F[0]a (32.21)

hold. If these formulae are applied to the case where the field and induction
are linearly related, so that & is given by (32.8), we obtain

1
D, = ZZW"' (32.22)

Thus the inductances are the coefficients of proportionality between the
magnetic fluxes and the currents which produce the magnetic field. The
product LgyJp/c is the magnetic flux through the circuit of the current Jg
due to the current J (b # a), and LygJu/c is that due to the current J itself.

§33. The self-inductance of linear conductors

In calculating the self-inductance of a linear conductor its thickness
cannot be entirely neglected as it was in calculating the mutual inductance of
two conductors. If it were, we should obtain from (32.9) the self-inductance
L = §¢d1-dl'|R, where both integrals are taken along the same circuit,
and this integral is logarithmically divergent because of the contribution
from small R.

The exact value of the self-inductance of a conductor depends on the
distribution of current in it, which may vary with the manner of excitation
of the current, i.e. with the manner of application of the electromotive force.
For a linear conductor, however, the self-inductance does not, to a fairly
high accuracy, depend on the distribution of current over the cross-section.t

Let us write the self-inductance as L = L¢+L;, where L, and L; result
from the magnetic field energy outside and inside the conductor respec-
tively. For a linear conductor, the “external” part L, makes the main
contribution to the self-inductance. This is because most of the magnetic
energy of a closed linear circuit resides in the field at distances from the
wire large compared with its thickness. For the energy per unit length of
an infinite straight wire is

(uef87) JH?2mr dr = (ue[8m) (2] [er)>-2mr dr = (pe]?[e?) [dr/r,

where 7 is the distance from the axis of the wire and u, the magnetic perme-
ability of the external medium. This integral diverges logarithmically for
large r. For a closed linear circuit, of course, this divergence disappears,
because the integral is “cut off” at distances of the order of the dimension

t More precisely, it is independent of the distribution of current provided that the current
density varies appreciably only over distances comparable with the thickness a of the wire.
If, however, the distribution is such that the current density varies appreciably over distances
small compared with a (as happens, for particular reasons, in the skin effect and in super-
conductors), then the self-inductance does depend on the distribution.
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of the circuit. We obtain an approximate value for the energy on multi-
plying this integral by the total length [ of the wire, and taking / as the upper
limit and the radius @ of the wire as the lower limit. The result is
(ueJ?l/c?) log(l]a), and hence the self-inductance is

L = 2, log(l/a). (331)

This expression is said to be of logarithmic accuracy: its relative error is of
the order of 1/log(l//a), and the ratio //a is assumed to be so large that its
logarithm is large.t

A particular case of a linear conductor is a solenoid, which consists of a
wire wound in a helix, with the turns very close together. Neglecting the
thickness of the wire and the distance between the turns, we have simply a
conducting cylindrical surface with a “surface” conduction current on it.
The equation curl H = 47j/c within the conductor is here replaced by the
boundary condition.

n x(Hy—Hy) = 4ng/c, (33.2)

where g is the surface current density, H1 and Hj the fields on each side of
the surface, and n the unit normal vector into medium 2; cf. the derivation
of (27.14).

If the solenoid is of infinite length, the magnetic field which it produces
can be found very simply. The surface currents flow in circles, and their
density g = nJ, where ] is the current in the wire and 7 the number of turns
per unit length of the solenoid. The field outside the cylinder is zero; the
field inside is uniform and along the axis of the cylinder, and is H = 4an]]c.
For this field evidently satisfies the equations divH =0, curl H =0 in
all space outside the conducting surface, and also the boundary condition
(33.2) at that surface.

Accordingly, the field energy per unit length of the cylinder is

peH2mb2 (81 = 2m2n2b%u, J?/c2,

where b is the radius of the cylinder and pu, pertains to the material within
the solenoid. Neglecting the end effects, we can apply this formula also to
a solenoid whose length £ is finite, but large compared with 5. Then the
self-inductance is :

L = 4n2n2b2hy, = 2mu.nbl, (33.3)

where I = 2nbnh is the total length of the wire. The greater self-inductance
of a solenoid as compared with that of a straight wire of equal length (cf.
(33.1)) is, of course, due to the mutual induction between adjoining turns.

t The assertion made above that the self-inductance is independent of the current
distribution actually applies not only to the approximation (33.1) but also to the next
approximation, in which terms not containing the large logarithm are included (or, what
is the same thing, the argument of the logarithm includes a coefficient) ; see the Problems at
the end of this section.
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PROBLEMSt

ProBLEM 1. Determine the self-inductance of a closed circuit of thin wire of circular cross-
section.

SoLuTION. The magnetic field in the wire can be taken to be the same as that inside an
infinite straight cylinder: H = 2 Jr/ca?, where 7 is the distance from the axis of the wire and
a its radius. Hence we find the internal part of the self-inductance:

2
L= e f H2 AV = 3, 6))

where [ is the length of the wire.

To calculate L., we notice that the field outside a thin wire is independent of the distri-
bution of current over its cross-section. In particular, the energy &, of the external magnetic
field is unchanged if we assume that the current flows only on the surface of the wire. The
field inside the wire is then zero, and &, may be calculated as the total energy from formula
(32.2). On account of the assumed surface distribution of the current, the integral in this
formula becomes a line integral along the axis of the wire, and so the external part of the
self-inductance is 22

12
L= 5 fieat,
where the value of A in the integrand is taken at the surface of the wire. In obtaining this
formula we also use the fact that, in the approximation used here, the field is constant over
the perimeter of a cross-section.

Having reduced the problem to that of calculating A for » = a, we now make a different
assumption concerning the current distribution, namely that the whole current J flows
along the axis of the wire. The field on the surface of the wire is, in the approximation
considered, unchanged by this assumption (nor would it be changed for a straight wire of
circular cross-section). Then, by formula (29.14), we have

=7 § 5],

where R is the distance from the element dl of the axis to a given point on the surface of the
wire. We divide the integral into two parts, one for which R > A and the other for which
R < A, where A is a distance small compared with the dimension of the circuit but large
compared with the radius a of the wire.] In the integral where R > A, a may be neglected
and R taken simply as the distance between two points on the circuit. The vector integral
where R < A may be assumed to be along the tangent at the point considered. Denoting by
t the unit vector in that direction, we have

[R!A %l]r_a =t _f: T/(Td;iﬁ = 2t sinh~}(A/a)

=~ 2t log(2A/a).
This expression can be written as the integral
[ dum,

A>R>ia

where R is again the distance between points on the circuit. Adding the two integrals for
R > Aand R < A, we obtain

e [

R>ta

for which the arbitrary parameter A has disappeared, as it should.

t In Problems 1-6 we put pe = 1. L.
1 A similar procedure was used to calculate the capacity of a thin ring in §2, Problem 4.
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The final result is therefore
dl.dr
L= [T @
R>{a
The integration here extends over all pairs of points on the circuit whose distance apart
exceeds 3a.

ProBLEM 2. Determine the self-inductance of a thin wire ring (of radius b) of circular cross-
section (of radius a).

SoLuTtioN. The integrand in (2), Problem 1, depends only on the central angle ¢ subtended
by the chord R, and R = 2bsin ¢, while dl*dl’ = dId/’ cos ¢. Hence

_ . [cosé2mbbdg _
Ly,=2 ! W = 477b[ logtan i‘iﬁo 2 cos '}¢0].
0

The lower limit of integration is determined from 2b sin 3¢o = %2, whence o ~ a/2b.
Substituting this value and adding L¢ = wbu, we have to the required accuracy

L = 4nb[log (8b/a) —2+ }p].
In particular, for u; = 1 we obtain
L = 4=b[log (8b/a)—(7/4)].
ProsLEM 3. Determine the extension of a ring of wire (with p¢ = 1) under the action of
the magnetic field of a current flowing in it.

SoLutioN. The internal stresses parallel and perpendicular to the axis are, by (32.16),
given by

. JF oL soape = J2 L
T R A2mb)’ AL = 5% oa

Substituting L from Problem 2, we have

. [ I 8b 3] J?
== e—— ——— 0y = == ——,
' T a2l %% Tab + a?c?
Hence the required relative extension of the ring ist
Ab 1 J? 8% 3
T = O = ap{ien =5 +2m)

where E is Young’s modulus and ¢ Poisson’s ratio for the wire.

ProBLEM 4. Determine the self-inductance per unit length of a system of two parallel
straight wires (with g4 = 1) having circular cross-sections of radii a and b, with their axes
a distance k apart, and carrying equal currents J in opposite directions (Fig. 18).

FiG. 18

t See Theory of Elasticity, §5, Pergamon Press, London, 1959,
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SoLuTION. The vector potential of the magnetic field of each current is parallel to the
axes of the wires, and so the two vector potentials can be added algebraically. For the mag-
netic field of wire 1, with a uniformly distributed current <+ J, we have in cylindrical co-
ordinates

J

’2
A= —(C— "?) forr< a,
c a

4, = {(0_1 -2 1og£) forr> a,

where C is an arbitrary constant; 4; is continuous at the surface of the wire. The formulae
for wire 2 are obtained by substituting b for a and changing the sign of J. Integration over
the cross-section of wire 1 in formula (32.2) gives

s | (0= %) ~(c-1-21a )] a1

a 37
_L 712 h2+r1%2—2hricos ¢ e (1 h
= 22ma? ‘jfd[ {] _— p +log B }1’1 dé dr1 = 2 -5 +2 log Z)

The integration over the cross-section of wire 2 gives the same thing with a in place of .
The required self-inductance per unit length of the double wire is therefore

L = 142 log(h?/ab).

ProBLEM 5. Determine the self-inductance of a toroidal solenoid.
P4

ANEA AN

Fic. 19

SoLuTION. We regard the solenoid as a toroidal conducting surface carrying surface
currents of density g = NJ/2nr, where N is the total number of turns and J the current;
the co-ordinates and dimensions are as shown in Fig. 19. The magnetic field outside the
solenoid is zero, and inside the solenoid Hir = Hi; = 0, Hig = 2N]J/cr, where 7, z, ¢ are
cylindrical co-ordinates; for this solution satisfies the equations divH =0, curlH =0
and the boundary condition (33.2).t The energy of the magnetic field in the solenoid is

f(H2/8m) AV = (N2P2let)fa dolr,

where the integration is taken along the perimeter of the cross-section, and is easily effected
by putting z = asin 8, r = b+a cos 8. The self-inductance is found to be

L = 4nNZb—+/ (52 —a?)].

PROBLEM 6. Determine the end-effect correction of order I/h to the expression (33.3)
with g, = 1) for the self-inductance of a cylindrical solenoid.

t It is valid also for an annular solenoid of any cross-section.




§34 Forces in a magnetic field 141

SoLuTiON. The self-inductance is calculated as a double integral over the surface of the
solenoid:

L=Jl2ffg1—:idf1dfs,

where g is the surface current density (g = nJ). In cylindrical co-ordinates

MET cosgdderdzs
L=2nbznzoj'!6f i

23—21)2+4b? sin? 14]

A
—gupos [ [mD et didl
J vy
where ¢ is the angle between the diametral planes through dfi and dfs, and { = z2—=21.
Effecting the integration with respect to {, we have for 4> b

t 4
L = 8abn? f [h log

0

h ,
gy~ ‘}95] cos  dg,

and finally
L = 42%b%n?[h —8b/37].

ProBLEM 7. Determine the factor by which the self-inductance of a plane circuit changes
when it is placed on the surface of a half-space of magnetic permeability u,. The internal
part of the self-inductance is neglected.

SoLuTioN. Itis evident from symmetry that, in the absence of the half-space, the magnetic
field of the current is symmetrical about the plane of the circuit, and the lines of magnetic
force cross that plane normally. Let this field be Ho. We can satisfy the field equations and
the boundary conditions on the surface of the half-space by putting H = 2u,Ho/(u.+1) in
the vacuum and B = pH = 2p.Ho/(u.+1) in the medium: By and H; are then continuous
at the boundary, and the circulation of H along any line of force is equal to that of Ho. Hence
we easily see that, when the medium is present, the total energy of the field, and therefore the
self-inductance of the circuit, are multiplied by 2u./(pe+1).

§34. Forces in a magnetic field

To determine the forces on matter in a magnetic field hardly any further
calculations are necessary, on account of the complete analogy with electro-
statics. The analogy is due mainly to the fact that the expressions for the
thermodynamic quantities in a magnetic field differ from those for an electric
field only in that E and D are replaced by H and B respectively. In calcu-
lating the stress tensor in §15 we used the fact that the electric field satisfies
the equation curl E = 0, and is therefore a potential field. The magnetic
field satisfies the equation

curlH = 4qj/c, (34.1)

which reduces to curl H = 0 only in the absence of conduction currents.
In calculating the stress tensor, however, we must always put j = 0. Since
j involves the derivatives of the magnetic field, an allowance for the currents
in calculating the stresses would amount to adding to the stress tensor o
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the very small corrections due to the non-uniformity of the field; cf. the
second footnote to §15.

Thus all the formulae obtained in §§15 and 16 for the stress tensor can
be applied immediately for a magnetic field. For example, in a fluid medium
with B = uH we have

H? 0 H;H,
o = —polp, T)oi——— [M - P(—M) ] Sut (34.2)
8 op/r 4+

From this the volume forces are calculated by the formula f; = do/0xg. If
the medium is a conductor carrying a current, the calculation differs from
that in §15 in that the equation curl H = 0 is replaced by (34.1).

Differentiating (34.2) and using also the equation divB = div (uH) =0,
we find

1 9 H2
f = —gradpo+_—grad [Hzp(—'u) ]———gradp.—
87 op/r]l 8m

- 8i:_rgrad H2+ %(H . grad)H.

By a well-known formula of vector analysis,

H-.grad)H = }grad H2—H x curlH
g

= }grad H2+4xj xHjc.
Thus
1 0 H?
f= —gradpo+_—grad [Hzp(—‘u) ]————gradp+’—Lj xH. (34.3)
8 op/m 8 ¢

The last term does not appear in the corresponding formula (15.12). It
would, however, be incorrect to suppose that the presence of this term means
that a force can be isolated in f which is due to the conduction current.
The reason is that, by (34.1), the current j is inseparable from non-uniformity
of the field, and another term in (34.3) also involves the space derivatives
of the field. When the magnetic permeability of the medium is appreciably
different from unity, all the terms in (34.3) are in general of the same order
of magnitude.

If, however, as usually happens, u is close to 1, the last term in (34.3)
gives the main contribution to the force when a conduction current is present,
and the remaining terms form only a small correction. In calculating the
forces we can put 4 = 1, obtaining simply

f = jxHje. (34.4)

The term —grad po is of no interest henceforward, and we omit it. For
u = 1 the properties of the substance have no effect on the magnetic pheno-
mena, and the expression (34.4) for the force is equally valid for fluid and for
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solid conductors. The total force exerted by a magnetic field on a conduc-
tor carrying a current is given by the integral

F=[ xHdV/e. (34.5)

Formula (34.4) can, of course, be very easily obtained from the familiar
expression for the Lorentz force. The macroscopic force on a body at rest
in a magnetic field is just the averaged Lorentz force exerted on the charged
particles in the body by the microscopic field h: f = pvxh/c. For y =1
the field h is equal to the mean field H, and the mean value of pv is the
conduction current density.

When a conductor moves, the forces (34.4) do mechanical work on it. At
first sight it might appear that this contradicts the result that the Lorentz
forces do no work on moving charges. In reality, of course, there is no
contradiction, since the work done by the Lorentz forces in a moving con-
ductor includes not only the mechanical work but also the work done by the
electromotive forces induced in the conductor during its motion. These
two quantities of work are equal and opposite; see the second footnote
to $49.

In the expression (34.4) H is the true value of the magnetic field due both
to external sources and to the currents themselves on which the force (34.4)
acts. In calculating the total force from (34.5), however, we can take H
to be simply the external field § in which the conductor carrying a current
is placed. The field of the conductor itself cannot, by the law of conservation
of momentum, contribute to the total force acting on the conductor.

The calculation of the forces is particularly simple for a linear conductor.
Its magnetic properties are of no significance, and, if # = 1 in the surround-
ing medium, the total force on the conductor is given by the line integral

F = ]§ dl x$/c. (34.6)

This expression can be written as an integral over a surface bounded by the
current circuit. Using Stokes’ theorem, we replace dl by the operator
dfx grad, obtaining §dlx $ = [(dfxgrad)xH. Now

(df xgrad) x$ = — dfdiv$+grad (df-H)
= — dfdiv$+ df x curl § + (df-grad) H.

But div§ =0, and in the space outside the currents curl § =0 also.
Thus

F = J[(df-grad)9c. (34.7)

In particular, in an almost uniform external field §) can be taken outside
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the integral, together with the operator grad. With the magnetic moment
of the current given by (29.18), we then have the obvious result

F = (M -grad)$. (34.8)
Since  in this formula is constant, we can also write
F = grad(/#-9), (34.9)

in agreement with the expression (32.17) for the energy of the current. The
torque acting on a current in an almost uniform field is easily seen to be given
by the usual expression

K = S x$9. (34.10)

PROBLEM

Determine the force on a straight wire carrying a current J and parallel to an infinite
circular cylinder with magnetic permeability p, radius ¢ and axis at a distance b from the
wire.

SoLUTION. On account of the relation, mentioned in the second footnote to §29, between
two-dimensional problems of electrostatics and magnetostatics, the field of the current is
obtained from the result in §7, Problem 3, by changing the notation. The field in the space
round the cylinder is the same as that produced in a vacuum by the current J and currents
+J’ and —J’ through 4 and O’ (Fig. 11, §7) respectively, where J’ = (u—1)J/(n+1).
The field within the cylinder is the same as that due to a current J”’ = 2J/(n+1) through O.
‘The force per unit length of the conductor is

207 1 1
r =78t = “5-(54~ 50)
2J%a%(p—1)

b(b2—a?)(p+1)c?’

Similarly we find (see §7, Problem 4) that a linear conductor passing through a cylindrical
hole in a magnetic medium is attracted to the nearest surface of the hole by a force

F = 2]%(p—1)/(a* —b%)(p+1)c

§35. Gyromagnetic phenomena

The possibilities of magnetising (non-ferromagnetic) bodies without
applying an external magnetic field are severely limited by the requirement
of invariance with respect to a change in the sign of the time. The electric
polarisation of many bodies can be achieved without an external electric field
by, for example, deforming them if they are piezoelectrics. Piezomagnetism,
however, if it occurs at all, is a very rare phenomenon (see the end of §28),
and certainly cannot occur in bodies having no magnetic structure.

Magnetisation without an external magnetic field generally involves setting
the body in motion. A uniform translation, of course, is of no use, by
Galileo’s relativity principle. A uniform rotation, however, causes a mag-
netisation which is linearly dependent on the angular velocity & (the Barnett
effect); this relation between the vectors  and L is possible because both
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change sign when the sign of the time is reversed. Since both are axial
vectors, the relation can hold even in an isotropic body, where it reduces
to a simple proportionality between . and L.

There must also be an inverse effect: a freely suspended body, on being
magnetised, begins to rotate (the Einstein—de Haas effect). There is a simple
thermodynamic relation between the two effects; it can be derived as follows.

As we know,t the thermodynamic potential with respect to the angular
velocity (for given temperature and volume of the body) is the free energy
& of the body in a system of co-ordinates rotating with it. The angular
momentum L of the body is '

L = —oF"oQ. (35.1)

The gyromagnetic phenomena are described by adding to the free energy
a further term which is the first term, in an expansion in powers of £ and of
the magnetisation M at each point in the body, which contains both Q and
M. This term is linear in both, i.e. it is

Flayo = — [MaQiMidV = —NaQihr, (35.2)

where A is a constant tensor, in general unsymmetrical.

According to (35.1) and (35.2) the angular momentum acquired by the
body as a result of magnetisation is related to its total magnetic moment by
Lgyros = Mice#y. It is usual to replace Ay by the inverse tensor, defined
as gi = (2mc[e)A 1y, where e and m are the electron charge and mass. The
dimensionless quantities gy are called gyromagnetic coefficients. Then

# i= (e/ch)gngym,k. (353)

The expression (35.2) also shows that, as regards its magnetic effect, the
rotation of the body is equivalent to an external field §; = A or

i = (2me|e)g kil (35.4)

We thus have the possibility, in principle, of calculating the magnetisation
caused by the rotation. For example, if the magnetic susceptibility x of
the body is small, the magnetic moment which it acquires is independent of
its shape and is

My = xuHr = (2mc/e)xug L.

Formulae (35.3) and (35.4) represent respectively the Einstein—-de Haas and
Barnett effects. We see that both effects are determined by the same tensor

8-

t See Statistical Physics, §26, Pergamon Press, London, 1958.



CHAPTER V.
FERROMAGNETISM

§36. Ferromagnetics near the Curie point

THERE is a close analogy between the magnetic properties of ferromagnetics
and the electric properties of ferroelectrics. Both exhibit spontaneous
polarisation, magnetic or electric, in macroscopic volumes. In each case,
this polarisation vanishes at a temperature corresponding to a second-order
phase transition (the Curie point).

There are also, however, important differences between ferromagnetic
and ferroelectric phenomena, arising from the difference in the microscopic
interaction forces which bring about the spontaneous polarisation. In ferro-
electrics, the interaction between the molecules in the crystal lattice is essen-
tially anisotropic, and consequently the spontaneous polarisation vector is
fairly closely related to certain directions in the crystal. In ferromagnetics,
on the other hand, the spontaneous magnetisation is due mainly to the
exchange interaction of the atoms, which is quite independent of the direc-
tion of the total magnetic moment relative to the lattice.t It is true that,
together with the exchange interaction, there is also a direct magnetic inter-
action between the magnetic moments of the atoms. This interaction, how-
ever, is an effect of order v2/c2 (v being the electron velocities), since the
magnetic moments themselves contain a factor v/c. The effects of this order
include also the interaction of the magnetic moments of the atoms with the
electric field of the crystal lattice. All these interactions, which may be called
relativistic by virtue of the factor 1/c2 in them, are weak in comparison with
the exchange interaction, so that they can result only in a comparatively slight
dependence of the energy of the crystal on the direction of magnetisation.f

Consequently, the magnetisation of a ferromagnetic is a quantity which,
in the first approximation (i.e. on the basis of the exchange interaction), is
conserved. This fact endows with greater physical significance the thermo-
dynamic theory given below, in which the magnetisation M is regarded as

t The exchange interaction is a quantum effect resulting from the symmetry of the wave
functions of the system with respect to interchanges of the particles. The interchange
symmetry of the wave functions, and therefore the exchange interaction, depend only on
the total spin of the system, and not on the direction of the spin; see Quantum Mechanics,
§60, Pergamon Press, London, 1958. The importance of the exchange interaction in ferro-
alg%xsm)etics was first pointed out by YA. I. FRENKEL’, YA. G. DoRFMAN and W. HEISENBERG

1 The order of magnitude of the ratio of the relativistic and exchange interactions is
given by the ratio Usaniso/N®, where Uaniso is the magnetic anisotropy energy per unit volume
(see §37), N the number of atoms per unit volume, and ® the temperature of the Curie
point. This ratio is usually between 10~4 and 10-3.

146
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an independent variable, the actual value of which (as a function of tempera-
ture, field, etc.) is afterwards determined by the appropriate conditions of
thermal equilibrium.

We denote by @ the thermodynamic potential per unit volume of the
substance when H = 0, regarded as a function of the independent variable
M (and of the other thermodynamic variables). We shall neglect the relati-
vistic interactions, i.e. take into account only the exchange interaction. Then
®p may be a function of the magnitude of M, but not of its direction.

In order to find the thermodynamic quantities when H is not zero, we
start from the relation 0®/0H = —Bf4r = —(H+47M)/4r. Integrating
this for a given value of the independent variable M, and using the fact that
d = O = @y for H = 0, we obtain

& = ©y(M)—-M-H- H?/8. (36.1)
Hence the potential @ is
® = ®+H-B/4r = G+ H?[8n

= ®¢+(B—47M)2/8x. (36.2)
When the magnetic anisotropy of the ferromagnetic is neglected the direc-
tions of the vectors M and H are, of course, the same and so the vectors in

formulae (36.1) and (36.2) may be replaced by their magnitudes.
Near the Curie point, the magnetisation M is small. Using the general
theory of second-order phase transitions,t we expand ®o(/f) as a series in

powers of the small quantity M. The expansion of an isotropic function in
powers of the vector quantity M can contain only even powers:

& = oo+ }aM?2+ }bMi— MH— H?(8m, (36.3)

where ®gq, a, b are functions only of temperature (and pressure).

The Curie point T =© is given by the vanishing of the coefficient
a:a>0for T>0 and a <0 for T < @.f Near the Curie point, the
function a(T') can be expanded in powers of T—®, i.e. we can write

a = o(T—0), (36.4)

where « is a positive quantity independent of temperature. The coefficient
b is positive near the Curie point and may be replaced by its value at that
point.

For H = 0 the minimum thermodynamic potential above the Curie point,
where a > 0, is given by M = 0, i.e. there is no spontaneous polarisation.
Below the Curie point, the value of M is given by the condition

o0®/oM = [o(T—0)+bM2IM = 0.
@ is a minimum when the expression in brackets is zero, i.e. when
M = /[«(®—T)/b]. (36.5)
t See Statistical Physics, Chapter XIV, Pergamon Press, London, 1958.

1 'This relation of the phases occurs in all known ferromagnetics, although it is not thermo-
dynamically necessary.
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Thus, as we approach the Curie point, the spontaneous magnetisation
decreases as /(@ —T).

Like any second-order phase transition, the transition at the Curie point
(with H = 0) is accompanied by a discontinuity in the specific heat. Neglect-
ing higher powers of M, we have for the entropy

S = —o®[T = Spo—4M23a|0T = Soo— a2,

In the non-ferromagnetic phase M =0 and S = Spo, while in the ferro-
magnetic phase M is given by (36.5), so that

S = Soo+ «¥(T—0)/2b.
Hence the change in the specific heat C, = T'9S/0T is
ACy = a20/2b. (36.6)
Now let H # 0. The condition 3@/ oM =0 which determines the
magnetisation becomes
«(T—-O)M+bM3 = H. (36.7)
We define the magnetic susceptibility as
x = (6M/0H)g 0.
From (36.7)

o T-0)+36M2] =1
ST~ 0)+36M7] = 1.

Above the Curie point M = 0 when H = 0, so that
x = 1/(T-0), (36.8)

i.e. we have paramagnetism with susceptibility inversely proportional to
T—0© (the Curie-Weiss law). Below the Curie point M is given by formula
(36.5) when H = 0, and we obtain

x = 124(©—T). (36.9)

It should be pointed out that this quantity is not the susceptibility in the
ordinary sense of the word (i.e. the coefficient of proportionality between M
and H), since M # 0 even when H = 0.t

The susceptibility (36.9) can actually attain values of the order of unity
only in the immediate neighbourhood of the Curie point. Except in this
region, which is of little interest, we may suppose that the magnetisation M
changes only very slightly with the magnetic field and may be regarded as
a constant for any given temperature. In the following sections we shall
assume this to be true.

1 Formulae (36.8) and (36.9) are quantitatively correct for x & 1 only in crystals of the
cubic system. For uniaxial crystals the anisotropy energy (see §37) should be taken into
account, which in this case is proportional to M2, and for very small M may even exceed
the term }aM?in (36.3).
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This constitutes a further difference between ferromagnetics and ferro-
electrics: for the latter, &P|OF is in general not small even near the Curie
point. The reason again lies in the smallness of the magnetic moments of
the atoms in comparison with the electric dipole moments of the molecules.

§37. The magnetic anisotropy energy

As already mentioned, the anisotropy of the magnetic properties of ferro-
magnetics is due to the relativistic interactions between their atoms, and these
interactions are comparatively weak. In the macroscopic theory, the aniso-
tropy is described by the addition to the thermodynamic potential of the
magnetic anisotropy energy, which depends on the direction of magnetisation.

The calculation of the anisotropy energy from the microscopic theory would
require the use of quantum perturbation theory, the energy of the perturba-
tion being represented by the terms in the Hamiltonian of the crystal which
pertain to the relativistic interactions. The general form of the desired expres-
sions, however, can be deduced without such calculations, from simple argu-
ments concerning symmetry.

The Hamiltonian of the relativistic interactions contains terms of the first
and second powers in the electron spin vector operators; these are respec-
tively the spin-orbit and spin-spin interactions. When perturbation theory is
applied, therefore, the anisotropy energy is obtained as a power series in the
direction cosines of the magnetisation vector. Now the anisotropy energy
Usniso, like the potential @ itself, is invariant with respect to a change in
~ the sign of the time, while the magnetisation M changes sign under this
transformation. Hence it follows that the anisotropy energy must be an
even function of the direction cosines of the vector M, and so, in the first
non-zero approximation of perturbation theory, we shall obtain an expression
of the form

Usniso = $BucMiM, (37.1)

where Bix is a dimensionless symmetrical tensor of rank two, whose compo-
nents are functions of temperature. Near the Curie point, the expression
(37.1) may also be regarded as the first term in an expansion of the aniso-
tropy energy in powers of the vector M, which in this range of temperature
is a small quantity (but we must emphasise that this interpretation of formula
(37.1) is not valid for other ranges of temperature). Hence it follows that, as
T - @, the quantities By tend to finite non-zero values.

In uniaxial and biaxial crystals, a symmetrical tensor of rank two has
respectively two and three independent components. Here, however, it
must also be borne in mind that there is one quadratic combination, namely
M2+ M2+ M2 = M2, which is independent of the direction of M and so
cannot appear in the anisotropy energy. Hence the expression (37.1) for
uniaxial and biaxial crystals contains only one and two independent coeffi-
cients respectively.
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For example, in uniaxial crystals the anisotropy energy can be written
Usniso = %ﬁ(sz'i'Myz) = %ﬁM2 sin20, (372)

where 0 is the angle between M and the z-axis, taken to be along the princi-
pal axis of symmetry of the crystal. If the constant 8 is positive, the aniso-
tropy energy is least when the magnetisation is in the 2-direction, and the
z-axis is said to be the direction of easy magnetisation. If, however, B < 0,
the direction of easy magnetisation lies in the xy-plane, in which case it is
natural to write the anisotropy energy as

Usniso = %IB!M}, (37'3)

which is equivalent to (37.2) but is such that Uaniso = 0 again corresponds to
the direction of easy magnetisation.t The expression (37.3) is isotropic in
the xy-plane. Hence the direction of easy magnetisation is here determined
by terms of higher order (see Problem 1).

Let us examine the relation between the magnetisation of a uniaxial ferro-
magnetic and the magnetic field in it, assuming for definiteness that 8 > 0.}
It should be recalled that we suppose the magnitude of M to be independent
of H, so that only rotations of M are considered. Itis evident from symmetry
that the vector M lies in a plane through the z-axis and the direction of H
(if terms of higher order, anisotropic in the xy-plane, are neglected in the
anisotropy energy). We take this as the xz-plane. The thermodynamic poten-
tial, including the anisotropy energy, is||

& = Oo(M)+3BM,2—M.-H— H2/8x
= Oo(M)+3BM2sin20 — M(H,sin 0+ H,cos 0)— H%/8z.  (37.4)

The dependence of M on H is given by the equilibrium condition 6®/26 = 0,
whence

BMsinfcosf = Hycos—H,sind. (37.5)

This is an algebraic equation of the fourth degree for { = sin 6:
(BM¢—H)P(1-£2) = H 22,

in which the coefficients of odd powers of £ are not zero. This equation has
either two or four real roots (all less than unity). Since all such roots corres-
pond to extrema of ®(6), it is clear that, in the first case, this function has
one minimum and one maximum and, in the second case, two minima and
two maxima. In other words, the number of possible directions of the

t An example of a uniaxial ferromagnetic is hexagonal cobalt, for which > 0 below
~200°C and B < 0 above that temperature. At room temperature, f = 4-2.

1 This case will always be taken when uniaxial crystals are discussed.

|| In the following discussion we shall use the expression (37.2) for the anisotropy energy.
It should be pointed out, however, that the expansion of which (37.2) is the first term is
usually not rapidly convergent in practice. For a satisfactory quantitative description of
the phenomena, therefore, the next (fourth-order) term should be included ; for a hexagonal
crystal this term is proportional to sin4f.
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magnetisation M for a given field H is one and two respectively. In the second
case, one direction (corresponding to the lower minimum of ®) is thermo-
dynamically completely stable, while the other (corresponding to the higher
minimum) is thermodynamically metastable.

Either of the two cases can occur, depending on the values of Hyand H..
When these two parameters vary continuously, one case passes into the
other at the point where one maximum and one minimum coalesce. The
curve of ®(6) then has a point of inflection instead of an extremum, i.e. both
8®/6 and 92®/062.are zero. Writing equation (37.5) in the form

H, H,
2t~ pM
sinf cosf
and differentiating with respect to 6, we have Hyfsin%0 = — H,/cos%.
Eliminating 6 from these two equations gives
H23+ H23 = (BM)23. (37.6)

In the H H-plane equation (37.6) represents a closed curve of the kind
shown in Fig. 20. It divides the plane into two parts, in one of which meta-
stable states can exist, while in the other they cannot. It is evident without
further investigation that the region where metastable states do not exist is
that outside the curve, because for H — co only one direction of M can be
stable, namely that of the field H.

H:

M

M

F1c. 20

The existence of metastable states means that what is called hysteresis
can occur; this is an irreversible change of state in a ferromagnetic body
when the external magnetic field is varied. The curve shown in Fig. 20 is
therefore the “absolute limit” of hysteresis; this phenomenon cannot occur
for fields outside the curve.t

+ The whole of the discussion in this chapter concerns only thermodynamic equilibrium
states in ferromagnetics and therefore reversible processes in them. In particular, we entirely
ignore the mechanism of hysteresis phenomena; these may arise from defects in the crystal,
internal stresses, a polycrystalline state, and so on.

II
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States in which the field H is perpendicular to the direction of easy mag-
netisation (H, = H, H, = 0) require special consideration. The thermo-
dynamic potential is

H?
D = (1)0—8—+%,8M2 sin2 0 — HM sin 6. (37.7)
T

If H > BM, ® has only one minimum, at § = %=, i.e. the magnetisation is
parallel to the field. If, however, H < BM, then ® has a minimum when

M, = Msin0 = HJ, (37.8)

to which there correspond two possible positions of the vector M (at angles
6 and 7 —6), symmetrical about the x-axis. Thus in this case there are two
equilibrium states, which have the same value of ® and are therefore equally
stable.

This result is very important, since it means that two “phases” can exist
in contact in which the field H is the same but the magnetisation M (and
therefore the induction B) is different. Thus a new possibility appears for
reducing the total thermodynamic potential of the body: its volume may be
divided into separate regions, in each of which the magnetisation has one
of its two possible directions. These regions are called regions of spontaneous
magnetisation or domains. The actual determination of the thermodynamic
equilibrium structure of a ferromagnetic requires a consideration of the
shape and size of the body as a whole. We shall return to this problem
in §39.

Let us consider a portion of the body which is small compared with the
total volume but large compared with the domains. The field H; can be
regarded as constant in this portion; we denote by M and B the values of M
and B averaged over its volume. As well as Hj, the transverse component
M, = Hy[B of the magnetisation is constant. The longitudinal component
M, however, has opposite signs in different domains, so that its mean value
certainly cannot exceed |M,|. Since H, =0 everywhere, the mean induc-
tion is therefore

- 4 - Hj?

B, = Hx(1+——), B, < %J(Mz— ) (37.9)
B P

These formulae give the range of values of the mean induction correspond-

ing to the domain structure of a uniaxial ferromagnetic.

Let us now consider ferromagnetic crystals of the cubic system. Their
properties are markedly different from those of uniaxial and biaxial crystals.
The reason is that the only quadratic combination which is invariant with
respect to the cubic symmetry transformations and which can be formed
from the components of the vector M is the sum M2+ M2+ M2, which is
independent of the direction of M. Hence the first non-vanishing term in
the expansion of the anisotropy energy for a cubic crystal is the fourth-order
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term, not the second-order one. For this reason, the magnetic anisotropy
effects in cubic crystals are in general less strong than in uniaxial and biaxial
crystals.

Cubic symmetry admits the following two quartic invariants formed from
the components of the vector M: My2M,2+M2M2+ M,2M,* and
HMA+MA+M;%). These invariants, however, are not independent,
because their sum is the quantity 3(Mz2+ M2+ M?)?, which is independent
of the direction of M. Hence the anisotropy energy of a cubic ferromagnetic
includes (in the approximation consideredt) only one constant, and may be
written

Uaniso = ﬁ(Ma;zMyz + M_fpzj‘lz2 + Mszzz), (37. 10)
or, equivalently,
Usniso = —3% (Mx4+My4+Mz4). (37.11)

If B > 0(as, for example, in iron), the anisotropy energy has equal minimum
values for three positions of the vector M, namely parallel to the edges of the
cube (the #, y and 2 axes or, in crystallographic notation, [100], [010], [001]).
Thus, in this case, the crystal has three equivalent axes of easy magnetisa-
tion.

If, on the other hand, 8 < 0 (as, for example, in nickel), then the aniso-
tropy energy has minima when M;? = My? = M2 = iM?2, i.e. when the
vector M is parallel to one of the four spatial diagonals of the cube [111],
[111], etc. These are then the directions of easy magnetisation.

It should be noticed that, strictly speaking, a ferromagnetic cubic crystal,
when spontaneously magnetised along one of the directions of easy mag-
netisation, ceases to possess cubic symmetry, and so there is a displacement
of the atoms, i.e. a distortion of the crystal lattice. Such a crystal, when
magnetised parallel to an edge of the cube, becomes slightly tetragonal,
while one magnetised parallel to a spatial diagonal becomes rhombohedral.
In this respect cubic crystals differ from uniaxial crystals with the direction
of easy magnetisation along the principal axis of symmetry, where a mag-
netisation in this direction evidently does not change the symmetry of the
crystal.

The relation between M and H for a cubic crystal can in principle be
‘investigated in the same way as was done above for a uniaxial crystal. How-
ever, we shall not pause to discuss this, because the equations are more
complex, and explicit analytical formulae cannot be obtained.

PROBLEMS

ProsLEM 1. Find the terms of the next order (after the second) in the expansion of Usnise
for a uniaxial crystal, which give rise to anisotropy in the xy-plane.

+ The next approximation involves terms of the sixth order. In calculating the number
of independent sextic invariants, we must exclude both M8, which is independent of the
direction of M, and expressions which differ from the quartic invariants by a factor Mz,
This leaves only one invariant, which may be taken as Mz2My*M 2.



154 Ferromagnetism §37

SoLuTION. The problem reduces to finding the independent combinations of lowest (even)
order, formed from the components of the vector M, which are invariant with respect to
the symmetry transformations of the crystal concerned and which contain Mz and My
otherwise than in the form M2+ M,2. For tetragonal symmetry there is one such combina-
tion, which may be taken as M2M,2%; the combination §(Mz*+My%) gives together with
M2M,2 the sum 3(Mz2+ My2)2, and is therefore not independent.

For hexagonal symmetry, the anisotropy in the xy-plane appears only in the sixth-order
terms; the invariant combination of this order may be taken as

1 10
(Mo iMy)o —(Ma—iM)5] = 2MaMy( M~ =MAMy2+ M%),

Rhombohedral symmetry admits this sixth-order term and also one independent quartic
combination, for example
M (M +iMy)3+(Mz—iMy)3] = MeM(M?—3M,?).
The determination of the direction of easy magnetisation in the xy-plane requires a considera-
tion of both these terms, since M; is small.

ProBLEM 2. A uniaxial ferromagnetic crystal is in the shape of a spheroid, the axis of
easy magnetisation being the axis of revolution, and is placed in an external magnetic field §.
Determine the range of values of § for which the body has a domain structure.

SoLutioN. According to the general properties of an ellipsoid in a uniform external field
(§8), the induction B and field H (= H) averaged over the domain structure are related to § by

nBo+(1—mH: = H2, 31 —mBet+3(14+mHz = $a,

where 7 is the demagnetisation coefficient in the direction of the axis of revolution (taken
as the z-axis). Putting H, = 0 and using formulae (37.9), we obtain

Dz He ,\/ ( Hy?
PO == < —-==).
H, 1+27(1—n)/B’ B w A B2 )
Elimination of Hz gives the required inequality
2 2
H- n s <
@m)?  [B+2n(1—n)]?

for the range in which there is a domain structure.

M2

ProBLEM 3. Determine the magnetisation averaged over the crystallites (which have
uniaxial symmetry) for a polycrystalline body in a strong magnetic field (H > 4=M).

SoLuTION. In a particular crystallite, let 8 and ¢ be the angles between the direction of easy
magnetisation and, respectively, M and H. It is evident that, in a strong field, M and H
will be in almost the same direction, i.e. the angle 9 = 60— is small. Putting in (37.4)
M-H = MH cos (6—¢) and equating to zero the derivative 9§/00, we have § o sin &
= —(BM/H)sin 8 cos 8. The average magnetisation is clearly parallel to H, and is

_ —_— —_— pEME ————
BT = M Gos & = M(1=39%) = M(1= - 5in® cos®).

The bar denotes averaging over the crystallites. Assuming that all directions of the axis of
easy magnetisation of the crystallites are equally probable, we have

p2M2
T 15H? )

Thus the mean magnetisation approaches saturation in the manner M—M ~ 1/H?,

M=M(1

ProBLEM 4. The same as Problem 3, but for the case where the crystallites have cubic
symmetry.
SoLutIiON. The conditions for a minimum of the expression
—3B(Mz*+ My + M) — (HMz+ HyMy+ HoM.),
with the subsidiary condition M;?+ M2+ M % = constant, are 28M,%+ Hz = AMz, 28M,3+
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+H, = A\My, 28M.2+H,; = AV, where A is an undetermined Lagrangian multiplier. For
large H, we therefore have

1 1
M = XHz"" §23Hx3+ ..y €tC.3

adding the squares of the three equations, we obtain M? = H?/A% i.e. A = H|M. The angle
% between M and H is found from
(MXH)

M?2H?
4p2M8
H10
where the summation is over cyclic permutations of the suffixes x, y, 2. Averaging this
expression over the orientations of the crystallites is equivalent to averaging over directions of

the vector H. The latter averaging is effected by integrating over the angles which specify
the direction of H, and the result ist

92 o2 5in?d =

E HRH P H 2 —H 22,

7 = M(1—19%) = M(l SEEM )

T 105H2

§38. Magnetostriction of ferromagnetics

A change in the magnetisation of a ferromagnetic in a magnetic field
causes a deformation in it; this phenomenon is called magnetostriction, and
may be due to either exchange interactions or relativistic interactions in the
body. Since the exchange energy depends only on the magnitude of the
magnetisation, its value can change only when this magnitude changes in
the magnetic field. Although the latter change is, in general, very small, the
exchange energy is large compared with the anisotropy energy. Hence the
magnetostriction effects from each type of interaction may be of comparable
magnitude.

This happens, for instance, in uniaxial crystals. Marked deformations
resulting from a change in the direction of M occur in fields H ~ BM; the
change in the magnitude M is considerable when H ~ 4wM. These two
values of H are almost the same, and so it is in general necessary to take
account of both effects in discussing the magnetostriction of uniaxial ferro-
magnetics. We shall not pause here to derive the formulae, which are fairly
complex.

In cubic crystals the situation is different, because the anisotropy energy
is of the fourth order and therefore relatively small. A considerable mag-
netostriction, due to the change in the direction of M, occurs even in com-
paratively weak fields, where the change in the magnitude M may be entirely
neglected. Let us consider these effects.

+ For a cubic crystal there is also a range of fields in which MH is large compared with
the anisotropy energy but small compared with 47M2. The formula derived here is then
invalid, because in deriving it we have neglected the fields in the body resulting from the
differing directions of magnetisation in different crystallites. A more exact investigation for
this case gives the same 1/H? law but with a different coefficient. We shall not discuss this
problem in more detail, because the results, for some reason not yet understood, disagree
with those of experiment.
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The change in the relativistic interaction energy in the deformed body is
described by the inclusion in the thermodynamic potential & of magneto-
elastic terms depending on the components of the elasticity stress tensor ok
and the direction of the vector M (N. S. AxuLov, 1928). The first such terms
which do not vanish are linear in o, and quadratic in the direction cosines
of M because of the symmetry with respect to a change in the sign of the
time. In general, therefore, the magnetoelastic energy is given by an expres-
sion of the form

Un-e1 = —AipimoueMiMm, | (38.1)

where A is a tensor of rank four, symmetrical with respect to the pairs of
suffixes 7,k and Im (but not with respect to interchange of the two pairs).
Near the Curie point, where the expansion in powers of the direction cosines
of the vector M is equivalent to one in powers of its components, the quanti-
ties Agxum tend to constants.

In calculating the number of independent components of the tensor A
it must be borne in mind that the terms in (38.1) which involve the compo-
nents of M in the form M2+ M2+ M2 are independent of the direction of
M, and so may be omitted from the magnetoelastic energy.t Thus we find
that, in a cubic crystal, the magnetoelastic energy contains two independent
coeflicients; we shall write it as

Un-e1 = —XM(0zsM2+ UyyMyZﬂ' 02 M%) —
—‘ZAz(O'xnyMy'{' szMxMz"’UszyMz). (38.2)

The strain tensor is obtained by differentiating @ with respect to the
various components gg: Uy = — 3@/ doix, where @ includes also the ordinary
elastic energy (with reversed sign; see the first footnote to §17). For a
cubic crystal, the latter energy involves three independent elastic coefficients,
and is of the form

Uea= tki(0z2®+ 0y + 022%) + ka(0z20yy + 022022+ OyyOzz)+
+k3(0’xy2+ O'z22+ O'yzz). (38.3)
The strain tensor is}

Ugy = klo’xz + k2(0yy + Uzz) + A1]‘451:2’

38.4
Ugy = k30'xy + A2MxMy, ( )

and similarly for the other components.

These formulae give all the magnetostriction effects in the range of fields
considered. In particular, if there are no internal stresses the change in the
deformation resulting from a change in the direction of magnetisation is

t There is consequently some arbitrariness in the choice of the Awim, which simply
reflects the arbitrariness involved in choosing the direction of M for which (applied mech-
anical forces being absent) we regard the crystal as undeformed.

1 In differentiating & the second footnote to §17 should be recalled.
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given by uzy = MMo?, uzy = XeMyM,, etc. It should be recalled that the
magnitude of the deformation itself is to some extent arbitrary, because the
direction of M for which the deformation is supposed zero is arbitrarily
chosen.

Let us now consider magnetostriction in fields so strong (H > 4= that
the anisotropy energy is unimportant and there is no domain structure, so
that the directions of M and H may be assumed to coincide.

Since the anisotropy energy is neglected, the particular symmetry of the
crystal is of no importance, and the formulae given below are valid for any
ferromagnetic.

Let the body be placed in a uniform external magnetic field §. Its total
thermodynamic potential go ist

o =-—MH=—-MV$, (38.5)

where # = MV is the total magnetic moment of a body uniformly mag-
netised in the direction of the field; we omit the term gbo which is unrelated
to the magnetic field. The strain tensor averaged over the volume of the
body is #y = —(1/V)dgh/0ow, whence

_HoMv)
k= V Oow

Thus the deformation is determined by the dependence of the magnetisation
on the internal stresses.

For cubic symmetry, any symmetrical tensor of rank two characterising
the properties of the crystal reduces to a scalar multiple of 8. This is true,
in particular, of the tensor d(MV)/doy, so that the magnetostriction deforma-
tion amounts in this case to a uniform compression or extension.

If we are interested only in the change 8V in the total volume of the body,
we can obtain it by simply differentiating g with respect to the pressure:

SV = dgblop = —HO(MV)[op, (38.7)

where p is to be regarded as a uniform pressure applied to the surface of the
body.

: (38.6)

PROBLEM
Determine the change in volume in magnetostriction of a ferromagnetic ellipsoid in an
external field § ~ 4nM parallel to one of its axes. The ferromagnetic is assumed to be a
cubic crystal.]
SOLUTION. When the anisotropy energy is neglected, the range for which the domain
structure exists is given by B < 4n=M when H = 0. The bar denotes averaging over the

+ Here the definition of gb is that given in §12, which is applicable except when the
deformation of the body is appreciably inhomogeneous.

1 In a uniaxial ferromagnetic with § ~ 47 the anisotropy energy would have to be
taken into account, but this is not necessary in a cubic crystal.
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volume of the body; cf. §37. In anellipsoid nB+(1—n)H = $; putting H = 0, we find that
the domain structure exists when §) < 4mM. Since nB = 4nnM = $, the mean magnetisa-
tion is M = $/4mn. Hence the thermodynamic potential is

9
o= —V [ 49 = —5V/sm. (&)
o

If 9 > 4mnM, the ellipsoid is magnetised entirely in the direction of the field, and M= M.
Then

& = — MHV + 2uM2Vn. 2)

The expressions (1) and (2) are the same for § = 47 Mn.
The required change in volume is obtained by differentiating gb with respect to pressure:

2 oV
W= -2 < 4mnM,
8mwn 2p for
aMvV) A(Mz2V)
SV = — ) .
124 $ P +2mn % for § > 4mnlM.

For $ > 4nnM we obtain (38.7).

§39. The domain structure of ferromagnetics

As already mentioned in §37, there is a wide range of states in which a
ferromagnetic must have what is called a domain structure, i.e. it must consist
of various regions in which the directions of magnetisation are different.t
This is true, in particular, of a ferromagnetic body which is not in an external
magnetic field.

Some conclusions concerning the shape of the surfaces separating the
domains may be obtained directly from the boundary conditions on the
magnetic field. Since the field H is the same in adjoining domains, the
condition of continuity of the normal induction B, reduces to the con-
tinuity of M. In uniaxial crystals, the sign of M, is different in different
domains, but M, and M, are the same. Under these conditions the con-
tinuity of M, means that the surface of separation must be parallel to the
z-axis, i.e. to the direction of easy magnetisation.

Let us first examine the properties of the bounding surfaces as such,
leaving aside the actual shape of the domains. These “surfaces” are in reality
fairly narrow transition layers in which the direction of the magnetisation
varies continuously between its directions in the two adjoining domains.
The “width” of such a layer and the manner in which M varies within it are
given by the conditions of thermodynamic equilibrium. The additional
energy due to the non-uniformity of the magnetisation must be taken into
account. The largest contribution to this ‘“non-uniformity energy’ is given
by the exchange interaction. Macroscopically, this energy can be expressed

t The concept of domains was first put forward by P, WEiss (1907). The thermodynamic
theory of domains was given by L. D. Lanpau and E. M. LirsaIitz (1935).
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in terms of the space derivatives of M, which can be done in a general form
if the gradient of the direction of M is supposed relatively small, i.e. if the
change in the direction of the magnetic moments occurs over distances
large compared with the distances between the atoms. In the present case,
this condition is evidently fulfilled, because a considerable difference in the
directions of the magnetic moments of adjoining atoms would lead to a very
large increase in the exchange energy, and is therefore thermodynamically
unfavourable.

We denote the “non-uniformity energy’”’ by Unon-u. The greatest terms in
its expansion in powers of the various derivatives of the components of M
are those quadratic in the first derivatives; there can be no linear terms, on
account of the symmetry with respect to a change in the sign of the time.
Next, because it originates from exchange forces, Unon-u cannot depend on
the absolute direction of M at a given point in the crystal. The most general
expression satisfying these conditions is

Unon-u = %Mkﬁw_l i]ﬁ, (39.1)

ox; Oxg
where o is a symmetrical tensor. This quadratic form (in the derivatives)
must, furthermore, be positive definite. In a uniaxial crystal, the tensor oy
has two independent components, and the non-uniformity energy is of the

form
oM\2 /0M\?2 oM\ 2
Unon-u= %061[(——) + (———-) ]+%0!2(———) , (39.2)
ox oy oz

«1 and «g being positive. In a cubic crystal we have a1 = oo

The following remark should be made concerning (39.1). A thermo-
dynamic meaning attaches not to Unon-u itself, but only to its integral over
the volume of the body. It is therefore not necessary to include in Unon-u
the terms containing products of the components of M and their second
derivatives with respect to the co-ordinates, even though such terms are
formally of the same order of magnitude as those in (39.1). The reason is
that, on being integrated over the volume, they become products of first
derivatives, i.e. they are included in (39.1).1

As an example, let us consider the boundary between domains in a uniaxial
crystal, assuming that the vector M is parallel or antiparallel to the direction
of easy magnetisation (the z-axis). This is true, for example, in the absence
of an external magnetic field.

The structure of the transition layer is determined by the condition that
its total free energy should be a minimum.} Here the exchange energy

t The symmetry of the crystal may admit terms containing products of the first deriva-
tives oM/ dxs and the components M;. Such terms, on integration over the volume, would
give expressions depending only on the properties of the surface of the body.

1 Here it is more correct to speak of the total free energy, and not of the total thermo-
dynamic potential, because the deformation in the layer may be by no means homogeneous.
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tends to increase the thickness of the layer (i.e. to make the direction of M
vary less rapidly). The anisotropy energy has the opposite effect, because
any deviation of M from the direction of easy magnetisation increases this
energy.

We take the x-axis perpendicular to the plane of the layer; the direction of
M depends only on x. The rotation of the vector M across the layer must
take place in the yz-plane, i.e. M; = 0 everywhere. This is seen as follows.
The non-uniformity and anisotropy energies are independent of the plane
in which the rotation of the magnetisation takes place. The presence of a
non-zero component My would necessarily result in a magnetic field which
was thermodynamically unfavourable, because of the additional magnetic
energy. For M, = 0 in the domains; if M, # 0 in the transition layer, then
divM = 0M,[ox # 0; since divB =divH+47divM =0, this implies
that div H # 0 and therefore that H # 0.

Let 0 be the angle between M and the z-axis. Then the components of
M are My =0, My = Msin0, M, = Mcosf. The sum of the non-
uniformity and anisotropy energies is given by the integral

[Bha(My'2+ M,72) +38M,2) dx= M2 [(21672 + Bsin®6) dx, (39.3)

where the prime denotes differentiation with respect to x. The remaining
terms in the free energy are independent of the structure of the layer, and
so can be omitted here. To determine the function §(x) which makes this
integral a minimum, we write down the corresponding Euler’s equation
«10”' —Bsin fcos § =0, of which the first integral is 62—(B[a;) sin2f
= constant. Assuming the thickness of the transition layer small compared
with that of the domains themselves, we can write the boundary conditions

on this equation as
0 =0forx = —co, .0='n-forx=+oo, (30.4)
0 =0forx= +o0 (ie ford = 0orm).

These state that adjoining domains are magnetised in opposite directions.
Then the constant is zero and, integrating the equation 62 = (B/«1) sin2 6,
we obtain

cosf = —tanh [xy/(B/x1)], (39.5)

which gives the manner of variation of the direction of magnetisation in the
transition layer. The “thickness” of this layer is § ~ 4/(a1/B).
Substituting (39.5) in (39.3), we have

o

A2 dx
f cosh2[x+/(B/or)]’

—0
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or, effecting the integration,
2M2+/(x18). (39.6)

If we regard the boundary between domains as a geometrical surface, then
(39.6) is the “surface tension” which must be ascribed to this surface in
order to take account of the energy needed to create the boundary.

The shape and size of the domains in thermodynamic equilibrium are
given by the condition that the total thermodynamic potential should be a
minimum. They depend considerably on the actual shape and size of the
body. In the simplest case, that of a ferromagnetic in the form of a flat plate,
the domains may in principle form either parallel layers, or “filaments”
across the body. In what follows we shall, for definiteness, speak of layers.t

The formation of an entire new boundary between domains results in an
increase in the total “surface tension” energy. This energy consequently
tends to reduce the number of domains, i.e. to increase their thickness. The
excess energy near the outer surface of the body has the opposite effect. In
the body the magnetic field H = 0, and the anisotropy energy is also zero,
because the vector M is in a direction of easy magnetisation. Near the
surface, however, this is not so.

In the limiting case where the coefficient 8 in the anisotropy energy is
large, the layers must emerge at the surface with no change in the direction
of M (Fig. 21a, where for definiteness we suppose that the surface is per-
pendicular to the direction of easy magnetisation). Near the surface there
is a magnetic field which penetrates into the surrounding space, and into
the body, to distances of the order of the layer thickness a.

(o) ’ l 1

Fic. 21

In the opposite case of small B, a more favourable disposition is that where
there is no magnetic field, and M deviates from the direction of easy mag-
netisation. For H =0 we must have everywhere divB =4xdivM =0,
and M,, must be continuous at all domain boundaries and at the free surface.

+ The layered structure of domains seems to be the more usual.
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This is achieved by the setting up of “domains of closure” of triangular
cross-section (Fig. 21b), in which the magnetisation is parallel to the surface
of the body. The total volume of these regions, and therefore the-aniso-
tropy energy in them, are proportional to the layer thickness a.

Thus in all cases the emergence of the domains at the surface of the body
results in an excess energy which is the greater, the greater the thickness of
the domains. This effect therefore tends to reduce the domain thickness.

The actual thickness of the domains is determined by the equilibrium of
the two oppositely acting effects. Let us suppose, for example, that the
domains (in a plate) have the form of plane layers of constant thickness.
The number of domains is proportional to 1/a, while the surface-tension
energy at the surfaces separating them is proportional to their total area,
i.e. to L[a, where L is the total dimension of the body in the direction of the
domains, i.e. the thickness of the plate. The energy of the emergence of the
domains at the surface of the plate is proportional to . The sum of these
two energies has, as a function of 4, a minimum when & has a value propor-
tional to 4/L.

Thus the thickness of the domains increases with the dimension of the
body, but the quantitative law @ ~ 4/L of this increase is based on the
assumption that the domains are of constant thickness, and clearly cannot
be valid for all values of L. The reason is that the thickness of the domains
at the surface of the body cannot exceed some limiting value a; which
depends on the properties of the ferromagnetic substance but not on the
shape and size of the body. The value of a; is determined by the point at
which, as a increases, the “splitting” of the domain near the surface to a
depth ~ a becomes thermodynamically favourable. Such a point must
necessarily be reached, since the energy of the emergence of one domain
increases as a2, whereas the excess surface-tension energy resulting from the
splitting of the domain increases only as a.

Thus we conclude that, as the size of the body, and therefore the domain
thickness, increase, a progressive ‘“‘branching” of the domains occurs as
they approach the surface of the body (E. M. LirsHITZ, 1948). We shall
not pause to investigate further the various possibilities, which have not yet
been clearly ascertained. t

As the dimensions of the body decrease, the formation of any domains at
all ultimately becomes thermodynamically unfavourable, so that sufficiently
small ferromagnetic particles are uniformly magnetised single domains. The
criterion giving their dimension L is obtained by comparing the magnetic
energy of a uniformly magnetised particle with the non-uniformity energy
which would result if there were considerable non-uniformity in the distri-
bution of the magnetisation over its volume. The former energy is of the

1 See S. V. Vonsovskil and YA. S. SHUR, Ferromagnetism (Ferromagnetizm), Moscow,
1948; C. KiTTEL, Reviews of Modern Physics 21, 541, 1949; E. M. Lirsuitz, Zhurnal éksperi-
mental’nof i teoreticheskof fiziki 15, 97, 1945.
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order M2V, and the latter of the order of aM2V/L2. The condition for a single
domain to be formed is therefore

2 <a (39.7)

The thermodynamic potential of a uniformly magnetised particle in the
absence of an external field is found by putting § = 0 in the formula

. H-B
o = f[®+——%£>-M] v
8

(cf. 31.7)) and substituting for ® the sum of the expression (36.1) and the
anisotropy energy Uaniso:

g6 = VUanso—$M- [HdV. (39.8)

The unimportant constant gbo is omitted. Since M and H are linearly
related, the second term is quadratic in the components of M:

&g = VUa.niso+%VaikMiMk, (39‘9)

where the symmetrical tensor aj; depends only on the shape of the particle.
If the particle is ellipsoidal, for example, H is constant in it, and (when
$ = 0) is related to M by

Hi-i-nik(Bk——Hk) = H;+4mnyMy = 0

(cf. (8.10)). In this case, therefore, the components ag are given in terms
of those of the demagnetisation coefficient tensor by ai = 4nnix.

The direction of magnetisation of the particle in an external magnetic
field §) is given by the condition that g5, which now includes a term — V$H-M,
should be 2 minimum. For a cubic crystal we can put simply

g = %VaikMiMk— VH-M, (3910)

neglecting the anisotropy energy. In uniaxial (and in biaxial) ferromagnetics,
however, the anisotropy energy is a quantity of the same order as the remain-
ing terms. Writing this energy in the form (37.1), we have

g?) = lV(aik'*‘Bik)MiMk— V&-M. (3911)

In this form the problem is mathematically identical with the one in §37
concerning the dependence of the local magnetisation M on the local field
H, the only difference being that H is replaced by $, and Bi by au or
aix+ Bik- ‘

PROBLEMS

ProBLEM 1. Determine the “surface-tension’’ coefficient at a boundary between domains
in a cubic crystal, if the surface of separation makes an angle x with the plane (100) (the
yz-plane) and the domains are magnetised in the direction [001] of easy magnetisation (the
z-axis).

SoLutioN. As well as the crystallographic co-ordinates x, y, 2 we use co-ordinates x’,
+v’, 2’; the 2 and 2’ axes coincide, and the yz and y’2’ planes are at an angle x. The necessity
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of having no considerable magnetic field tends (as in a uniaxial crystal) to keep the vector
M in the y’z’-plane in the transition layer. ‘The presence of magnetic anisotropy in the xy’-
plane, however, causes M to depart slightly from the y’z’-plane. Since the anisotropy energy
in a cubic crystal is small, the component My’ is also small and can be neglected with suffi-
cient accuracy. Then My’ = 0, My’ = M sin 0, M;* = M cos 8, where 8 is the angle between
M and the z-axis, or My = M sin 0sin x, My = M sin 0 cos x, M; = M cos 0.

For the sum of the non-uniformity and anisotropy energies in the transition layer we find

f{ ( ) +BMH4(sin%0 cos20-+3} sin%d sm22x)} dx’, 1

Minimising this integral with the same boundary conditions (39.4) gives

2 cotd
sin 2x

sinh &'/ (28M?2/0) = — 2

Substituting in (1) and effecting the integration, we obtain the required surface tension:

sin22y

2
-1 . 3
VG —sin2g " on 2x|} ®)

Moy apt+

Formula (3) is valid for any angle x. Equation (2) for the structure of the transition layer

becomes invalid, however, when x =~ 0 or 4m. In this case a finite width of the transition
layer is obtained only when the magnetostriction in it is taken into account.

ProBLEM 2. Determine the energy of the magnetic field near the surface of a ferromagnetic
at which plane-parallel domains perpendicular to the surface emerge without change in the
direction of magnetisation (Fig. 21a).

SoLutioN. The problem of determining the magnetic field near such a surface is equiva-
lent to the electrostatic problem of the field due to a plane divided into strips charged alter-
nately positively and negatively with surface charge density ¢ = +-M.

Let the surface of the body be the plane =z = 0, and let the x-axis be perpendicular to the
plane of the domains. The “surface charge density’’ o(x) is a periodic function with period
2a (a being the width of the domains), and its value in a typical period is ¢ = —M for
—a<x<0,0=-+M for 0 < x < a. Its expansion in Fourier series is

o(x) = Z ¢a sin Q'—t%l)—ﬂﬁ, cn = 4M|(2n+-1)m.

n=0

The field potential satisfies Laplace’s equation

we seek ¢ as a series

¢(x; z) E ba sin .(_2_'.'-}-_1)_1"_’:- =F(21|+l)1rz/a

n=0

where the two signs in the exponent relate to the half-spaces 2 > 0 and z < 0. The coeffi-
cients b, are given by the boundary condition

—[ 2] 82] =0+ +[ 0] 02] 0~ = 4ma,
whence by = 2acn/(2n-+1).
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The required field energy can be calculated as the integral % [ o¢ df over the “charged
surface’”’. The energy per unit area is

11 ¢ 18
5’2—;_” [U\l’]z-o dx = ZZ cnbn
“a n=0
- 8aM2§: 1
Tt A2t

The value of the sum is 1:052, and so the energy is 0-852 aM>.

' §40. The antiferromagnetic Curie point

The passage of a body from an antiferromagnetic to a paramagnetic state
usually takes place by a second-order phase transition, as in ferromagnetics.
Since there is no spontaneous magnetisation in either the antiferromagnetic
or the paramagnetic state, the change in the macroscopic magnetic properties
of the substance as it passes through the antiferromagnetic Curie point affects
only its magnetic susceptibility. In accordance with the general properties
of second-order transitions, the components of the tensor uix are continuous
at the transition point, but their first derivatives with respect to the tempera-
ture are discontinuous.

The general theory of second-order phase transitions must be used for a
quantitative investigation of antiferromagnetic transitions. The parameters
in terms of which the thermodynamic potential must be expanded near the
transition point are here some linear combinations (depending on the par-
ticular magnetic symmetry of the lattice) of the mean magnetic moments
mi, my, ... at the various points of the elementary cell. As the transition
point is approached, all these parameters tend, as usual, to zero as /(0 —T).

The thermodynamic potential of an antiferromagnetic may involve terms
of various types, resulting both from the exchange interaction of the magnetic
moments and from their relativistic interaction; cf. the beginning of §36.
The former type contain combinations of the moments mj, my, ... depend-
ing only on their relative orientation, and not on their orientation with
respect to the crystal lattice. The relativistic terms, however, depend on the
directions of the moments in the crystal, i.e. they lead to magnetic anisotropy
of the crystal.

As in ferromagnetics, the strong exchange interaction is the principal
effect which causes an ordered arrangement of magnetic moments in an anti-
ferromagnetic. 'The relativistic interactions cause the crystallographic
anisotropy of its magnetic properties.

There are certain types of magnetic symmetry which admit ferro-
magnetism, yet have exchange interactions which do not alone result in ferro-
magnetism. In such cases the spontaneous magnetisation is due only to the
relativistic interactions, and is therefore very small. Such a body is anti-
ferromagnetic, but the disposition of the magnetic moments deviates some-
what from that of a pure antiferromagnetic, in such a way that the magnetic
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moments in a certain direction do not completely balance (I. E. DzvaLo-
sHINsKkIl, 19571). The ratio of the ‘ferromagnetic moment™ to the value
which it would have for a pure ferromagnetic is of the same order as the ratio
of the relativistic and exchange energy densities (~ 10-3 to 10-5).

In sufficiently strong magnetic fields, the antiferromagnetic structure of
the crystal must be thermodynamically unstable, and the orientation of all
moments in the direction of the field becomes energetically favourable. This
change in orientation usually involves a change (reduction) in the elementary
cell of the magnetic structure of the lattice, and, like any change in the sym-
metry properties, can occur only at a definite phase-transition point, which
in most cases is a second-order-transition point. The “critical field” Her
which destroys the antiferromagnetism is a function of temperature which
vanishes for T' = @, © being the transition point in the absence of the field.
Thus the region of existence of the antiferromagnetic phase in the TH-plane
is bounded by a certain curve.

1251‘; Zlhgusr;zal éksperimental’not i teoreticheskof fiziki 32, 1547, 1957; Soviet Physics JETP 5,



CHAPTER VI
SUPERCONDUCTIVITY

§41. The magnetic properties of superconductors

AT TEMPERATURES close to absolute zero many metals enter a peculiar state
whose most striking property, discovered by KAMERLINGH ONNES in 1911,
is what is called superconductivity, i.e. the complete absence of electric
resistance to a constant current. Superconductivity first occurs at a definite
temperature for each metal, called the superconductivity transition point.

This absence of electric resistance, however, is not the most fundamental
property of a superconductor. The transition involves profound changes
in the magnetic properties of the metal and, as we shall see, the change in
its electric properties is a necessary consequence.

The magnetic properties of a superconducting metal can be described as
follows. The magnetic field does not penetrate into the superconductor;
since the mean magnetic field in the medium is, by definition, the magnetic
induction B, we can say that throughout a superconductor

B=0 (41.1)

(W. MeissNer and R. OCHSENFELD, 1933). This property holds whatever
the conditions under which the transition to the superconducting state
occurs. For example, if the metal is cooled in a magnetic field, then at the
transition point the lines of magnetic force cease to enter the body.t

However, it should be mentioned that the equation B = 0 is not valid in
a thin surface layer. It is found by experiment that the magnetic field
penetrates into a superconductor to a depth large compared with the distances
between the atoms, and usually of the order of 10-5 cm, but depending on
the metal concerned and on the temperature. For the same reason, the
equation B = 0 does not hold at all in thin films of metal or colloidal par-
ticles whose thickness or dimension is of the order of the ‘“penetration
depth”.

In what follows, we shall consider only thick superconductors, and neglect
the penetration of the magnetic field into a thin surface layer.

t It should be mentioned that only “pure’’ superconductors, i.e. metallic elements and
chemical compounds containing them in certain proportions, exhibit the above properties.
We shall discuss only substances of these kinds. In superconducting alloys, the Meissner
effect is not complete, and the magnetic field may penetrate into the superconductor, although
there is still no electric resistance. ’

The proof below that the vanishing of B implies zero resistance must therefore be taken
as ]s)howing that this equation is a sufficient, but not necessary, condition for the resistance
to be zero.

12 167
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As we know, the normal component of the induction must be continuous
at any boundary between two media; this condition follows from the equation
divB = 0, which is universally valid. Since B = 0 in a superconductor, the
normal component of the external field must be zero on the surface, i.e. the
field outside a superconductor must be everywhere tangential to its surface,
the lines of magnetic force having the surface as their envelope.

Using this result, we can easily find the forces acting on a superconductor
in a magnetic field. As in §5 for an ordinary conductor in an electric field,
we calculate the force per unit surface area as ong, where oy = (HiHr—
—3H?28;)[4m is the Maxwell stress tensor for a magnetic field in a vacuum.
Since in the present case n-H, = 0, where H, is the field just outside the
body, we find

F, = — H2n/8r, | (41.2).

i.e. the surface is subject to a compression, of magnitude equal to the field
energy density. ,
According to equation (27.4)

curl B = 4mpvc, (41.3)

and from the equation B = 0 it follows that the mean current density is also
zero everywhere inside the superconductor. That is, no macroscopic volume
currents can flow in a superconductor. It should be emphasised that in a
superconductor the conduction current cannot meaningfully be isolated
from pv as it can in an ordinary conductor. For the same reason the mag-
netisation M, and therefore H, have no physical significance here.

Thus any electric current which flows in a superconductor must be a
surface current. The surface current density g is given, according to (27.14),
by the discontinuity in the tangential component of the induction at the
boundary of the body. Since B = 0 inside the superconductor, and B=H
outside it, we have

g = cn xH,/4m. (41.4)

The presence of surface currents is not peculiar to superconductors. Similar
currents can occur in any magnetised body, and their density is
g=cnx(H,—B)/47. Since the tangential component of H = B/u is con-
tinuous on the surface of a normal (not superconducting) body, we have
. nxH, = nxB/u, and so the expression for g can be written
¢ pxBF (41.5)
—n X B—. .
g= . "

A fundamental difference between superconductors and other bodies,
however, appears when we consider the total current through a cross-section
of the body. In a non-superconductor the surface currents always balance,
and the total current is zero. This is seen from the condition (41.5) which re-
lates the current density g to the magnetic induction inside the body, and so to
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the current g at every point on the surface. In superconductors, however,
the condition (41.5) has no meaning. For the transition from the ordinary
state (with magnetic permeability u) to the superconducting state corres-
ponds formally to the limit B — 0 and u > 0. The right-hand side of (41.5)
then becomes indeterminate, and there is no condition which restricts the
possible values of the current.

Thus we have the important result that the currents flowing on the surface
of a superconductor may amount to a non-zero total current. Of course,
this can occur only in a multiply-connected body (a ring, for example), or in
a simply-connected superconductor forming part of a closed circuit which
includes also a source of the electromotive force needed to maintain the
currents in the parts of the circuit which are not superconducting.

It is very important to note that a steady flow of current on a super-

conductor is possible even if no electric field is present. This means that no -

dissipation of energy occurs, whose replacement would involve the doing of
work by an external field. This property of a superconductor may also be
described by saying that it has no electric resistance, a result which is
thus a necessary consequence of its magnetic properties.

§42. The superconductivity current

Let us consider in more detail some properties of superconductors which
depend on their shape. '

If a superconductor is a simply-connected body, then no steady distribu-
tion of surface currents on it can exist in the absence of an external magnetic
field. This can be seen as follows. The surface currents would produce in
the surrounding space a constant magnetic field vanishing at infinity. Like
any constant magnetic field in a vacuum, this field would have a potential ¢,
and by the boundary conditions on the superconductor the normal deriva-
tive d¢/on would vanish at the surface. We know from potential theory,
however, that if d¢/0n = 0 on the surface of a simply-connected body and at
infinity, then ¢ is a constant in all space outside the body. Thus a mag-
netic field of this kind cannot exist, and therefore neither can the assumed
surface currents. '

An external magnetic field, on the other hand, causes currents to flow on
the surface of a simply-connected superconductor, and these currents can be
observed through the appearance of a magnetic moment of the whole body.
This “magnetisation” is easily calculated for an ellipsoidal superconductor.t

Let § be the external field, parallel to one of the principal axes of the
ellipsoid. The relation (1—7)H+#B = $ holds for the magnetic field H
inside a non-superconducting ellipsoid, 7 being the demagnetisation coeffi-
cient for the axis in question (see (8.7)). In a superconductor there is no

t+ In the present section we always assume that the magnetic field does not exceed the
value at which superconductivity ceases (see §43).
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“field” H, as we have already shown, and so the magnetisation M = (B —H)/4=
also lacks its usual significance. Nevertheless, it is here convenient to
introduce H and M as formal auxiliary quantities in the calculation of the
total magnetic moment S = MV (V being the volume of the ellipsoid),
which retains its usual meaning. Putting B =0 in the superconducting
ellipsoid, we find '

H = $/(1-n), (42.1)

and
M= —VH/4Ar = —VH[4n(1—n). (42.2)

In particular, for a long cylinder in a longitudinal field z = 0, so that H = §
and M = —V$[4n.t These values of M are the same as would be found if
the body had a diamagnetic volume susceptibility of —1/4.

The magnetic field H, just outside the ellipsoid is everywhere tangential
to it, and so its magnitude can be determined at once from the condition
that the tangential component of H is continuous. Within the ellipsoid
H = $/(1—n); taking the tangential component, we have

(1—n)H, = $sin6, (42.3)

where 6 is the angle between the direction of the external field $ and the
normal to the surface at the point considered. The greatest value of H,
occurs on the equator of the ellipsoid, and is $/(1—n).

It may be pointed out once more that there is no fundamental difference
between the currents which cause the “magnetisation” of a superconductor
and those which produce the total current in it: their physical nature is the
same. This important fact makes possible, in particular, an immediate
determination of the gyromagnetic coefficients for any superconductor.
The momentum density of the electrons which form the ‘“magnetising”
currents differs from the current density only by a factor m/e, e and m being
the charge and mass of the electron. From the definition of the gyro-
magnetic coefficients (see (35.3)) it follows at once that for a superconductor
gix = Sik.

Let us now consider multiply-connected superconductors. Their proper-
ties are very different from those of simply-connected ones, mainly because
it is no longer true that a steady distribution of surface currents is impossible
in the absence of an external magnetic field. Moreover, the surface currents
need not balance out, and may result in a non-zero total superconductivity
current on the body, even if no external e.m.f. is applied.

Let us consider a doubly-connected body (i.e. a ring), with no external
magnetic field. We shall show that the state of such a body is entirely deter-
mined if the total current J on it is given. The problem of determining the
field of the ring can again be solved as a problem of potential theory, but the

1 These relations for a cylinder follow immediately from the continuity condition on H,
and are therefore valid for a cylinder of any cross-section, circular or otherwise.
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potential ¢ is now a many-valued function, which changes by 4x]/c when we
go round any closed path interlinked with the ring (cf. §29). In order to
state the problem in mathematically precise terms, we must draw some open
surface which spans the ring. Then the problem is to solve Laplace’s
equation with the boundary conditions d¢/dn =0 on the surface of the
ring, ¢ = O at infinity, and ¢o—¢1 = 4n]J/c on the chosen surface, where ¢1
and ¢ are the values of the potential on the two sides of that surface. Such
a problem is known from potential theory to have a unique solution, which
does not depend on the form of the chosen surface. From the field near the
surface of the ring, we can in turn uniquely determine the surface current
distribution.

The self-inductance of a superconducting ring is entirely determinate
together with the current distribution. Here there is a marked difference
from ordinary conductors, where the current distribution, and therefore the
precise value of the self-inductance, depend on the manner of excitation of
the current (§33).1

In §32 we introduced the concept of the magnetic flux @ through a linear
conductor circuit, and showed that ® = LJ/c, where L is the self-inductance
of the conducting circuit. For a superconducting ring, the magnetic flux is
meaningful for any thickness, not necessarily small, of the ring. For, since
the magnetic field is tangential, the magnetic flux through any part of the
surface of the ring is zero; the magnetic flux through every surface spanning
the ring is therefore the same. Moreover, the formula

o=1fc (42.4)

remains valid, the self-inductance L being again defined in terms of the total
energy of the magnetic field of the current. The total energy of the magnetic
field of the superconductor is given by the integral | (H?/8=)dV, taken over
all space outside the body. Again spanning the ring by a surface C, we can
use the field potential and write '

[H2dV /87 = ~ [H.grad$dV/8n
L divHL dV[87— § Hu df8r.

The first term is zero, because div H = 0. The surface integral is taken
over an infinitely remote surface, the surface of the ring, and the two sides

t The self-inductance of a superconducting ring of radius b, made of wire whose cross-
section is a circle of small radius a, is the same as the external part of the inductance of a
non-superconducting ring, namely L = 4zb[log (8b/a) — 2]; see §33, Problem 2. The
exact solution of the problem of a current in a superconducting circular ring was first given
by V. A. Fox, Physikalische Zeitschrift der Sowjetunion 1, 215, 1932.
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of the surface C. The first two of these give zero, so that

[E2dV[87 = § Hu(ga— 1) dff8m
C
= (JI2¢)$ Hudf = J®/2c,
C

where @ is the magnetic flux through the surface C. Comparing this with
the definition of the self—lnductance we have J®[2c = L]?/2¢2, which gives
(42.4).

If the ring is in an external magnetic field, the total magnetic flux ® is
composed of the flux LJ/c and the flux @, of the external field. A very impor-
tant property of a superconducting ring is that, even if the external field and
the current vary, the magnetic flux through the ring remains constant:

- LJlc+ @, = @y, a constant. (42.5)

This follows immediately from the integral form of Maxwell’s equation in
the space outside the body:

10
-—§H.df= —ff;E-dl.
c ﬁtc

" If the integration on the left-hand side is taken over a surface C which spans
the ring, the contour of integration on the right-hand side is a line on the
surface of the ring. On the surface of a superconductor, the tangential
component of E is zero (since E =0 inside a superconductor and E; is
continuous on the surface). Hence the left-hand side is zero, and therefore
do/dt =0.

The relation (42.5) gives the variation of the current in the ring when the
external field changes. For example, if the ring is made superconducting in
an external field of flux @y, which is then removed, a steady current
J = c¢®o/L flows in the ring.

The constancy of the magnetic flux through a superconducting ring holds
not only when the external field changes but also when the shape of the
ring or its position in space is altered.t An intuitive statement of this result
is that the lines of force can never intersect the surface of the superconductor
and so cannot escape from the aperture of the ring.

The above results can be immediately generalised to the case of multiply-
connected superconducting bodies, including sets of rings. The state of an
n-ply connected system in the absence of an external field is completely

1 Thxs statement follows at once from the relation between the induced e.m.f. and the
change in the magnetic flux through the circuit when it is moved (§49). :
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determined by the n—1 total currents J,. The relation (42.5) becomes the
system of equations '

2 LapJo+ Pea = Po,a- (42.6)
b .

These equations hold, not only for any external field, but also for any change
in shape or relative position. '

PROBLEM
Determine the magnetic moment of a superconducting disc in an external magnetic field
perpendicular to its plane.t

SorutioN. The problem of a superconductor in a constant magnetic field is identical
with the electrostatic problem of a dielectric of permeability ¢ = 0. Regarding the disc as
the limit of a spheroid as ¢ - 0 (cf. §4, Problem 4), and using (8.9), we find with appropriate
change of notation (the field § being along the z-axis) # = —2a3§ /3.

§43. The critical field

A cylindrical superconductor in a longitudinal magnetic field has an addi-
tional magnetic energy —3$+ M = H2V/87. “For a non-superconducting
cylinder, on the other hand, the total energy would be almost unchanged
when the external field was applied (we shall neglect the slight diamagnetism
or paramagnetism of a non-superconducting metal, i.e. take p = 1). Thus it
is clear that, in sufficiently strong magnetic fields, the superconducting state
must be thermodynamically less favourable than the normal state, and so
the superconductivity must be destroyed.

The value of the longitudinal magnetic field at which the superconductivity
of a cylindrical body is destroyed depends on the metal concerned and on the
temperature (and pressure). This value is called the critical field Her, and is
one of the most important characteristics of a superconductor.}

When the critical field is reached, the superconductivity is destroyed
throughout the cylinder, because of the uniformity of the field over the
surface. In bodies of other shapes, however, the destruction of superconduc-
tivity is a more complex process, in which the volume occupied by matter
in the normal state gradually extends as § increases over some range (§44).

Thus, at any temperature below the transition point, the metal can exist
in either the superconducting or the normal state, denoted by the suffixes s
and 7 respectively. We denote by ZFso(V,T) and Fn(V,T) the total free
energies of the superconducting and normal body in the absence of an external

+ We consider this problem principally with a view to using the result elsewhere (see .
§75, Problem 2). For a superconducting disc the magnetic fields must in reality be very
weak, since its superconductivity is very easily destroyed (see §43).

1 There is a sharp transition between the superconducting and normal states only in
“pure’’ superconductors (see the footnote to §41), which are the only ones considered here.
In alloys, the destruction of superconductivity and the penetration of the magnetic field
occur gradually over a fairly wide range of fields, so that there is no critical field in the sense
here defined.
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magnetic field; these quantities depend on the substance concerned and on
the volume, but not on the shape, of the body. The free energy in the normal
state does not change when the external field is applied, and so we omit the
suffix 0 in F,0. In the superconducting state, however, the magnetic field
considerably affects the free energy.

For a superconducting cylinder, with given V and 7, the free energy in
a longitudinal external field § is

Fy = Fo(V, T)+$2V /8. (43.1)

From this we can derive all the other thermodynamic quantities. Differen-
tiating (43.1) with respect to the volume, we find the pressure on the body:

p = po(V, T)— $?/8m, (43.2)

where po (V, T)is the pressure (for given ¥ and T') in the absence of the field.
The equation (43.2) gives the relation between p, V and T, i.e. it is the equa-
tion of state for a superconducting cylinder in an external magnetic field.
We see that the volume V(p, T) in the presence of the magnetic field is the
same as the volume with no magnetic field but a pressure p+ $2/8x. This
result accords, of course, with formula (41.2) for the force on the surface of a
superconductor in a magnetic field.

The thermodynamic potentialt of the superconducting cylinder is
gps= Fs+pV = F(V, T)+poV, the volume V being expressed in terms
of p and T by (43.2). Hence we can write

5’32
2o5(p, T) = goso (p+é;, T), (43.3)

where goso(p, T) is the thermodynamic potential in the absence of the field.
Differentiating this equation with respect to T and to p, we obtain analogous
relations for the entropy and the volume:

Pop, T) = yso(p+§—:, T), (43.4)
Vip, T) = Vso(p+§; T). ‘ (43.5)

We can now write down the condition which determines the critical field.
The transition of the cylinder from the superconducting to the normal state
occurs when goy, becomes less than gos (for given p and T). At the transition
point we have gos = gon, 1.€.

H,

2
250 (P"'—&T—, T) = gon(p, T). (43.6)

This is an exact thermodynamic relation.f The change in the thermodynamic
t Here defined as in §12.

1 We give here calculations more accurate than is usually necessary, so as to exhibit more
clearly the interrelation between the various thermodynamic quantities.
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potential in the magnetic field is usually a small correction to goso(p, T)-

We can then expand the left-hand side of equation (43.6) in series, taking the
first two terms: ,

WSO(P, T) +

Her?
8

T

VsO(Ps T)= gon(P, T), (43.7)

where Vio(p, T) = dgnso(p, T)/0p is the volume of the superconducting
cylinder in the absence of the field. Thus, in this approximation, we can say
that the thermodynamic potential per unit volume is greater by He?[87 in
the normal state than its value in the superconducting state.

We denote by Ter = Ter(p) the transition temperature in the absence of
the magnetic field. Experiment shows that the transition concerned is a
second-order phase transition. Hence, in particular, He(T) must tend
continuously to zero at T = Ter. We know from the general theory of
second-order phase transitionst that the change in the thermodynamic
potential near the transition point is proportional to the square of T'—Ter.
We can therefore deduce from (43.7) that the critical field in this temperature
range varies as the temperature difference T'— Ter:

Her = constant X (Ter—T). (43.8)

Differentiating both sides of equation (43.6) with respect to temperature
(for given pressure), remembering that Her is a function of T, and using
(43.4), (43.5), we have

Fn— Vel (H°’2) 43.9)
e\ 8 ) (3.
where all the quantities &, Fs, Vs are for the point of transition between
the two states of the body (i.e. for H = Her). Multiplying by T, we obtain
the heat of the transition:

VsHee T (0H,
Q= T(Fn—F) = — 5 cr( cr)
po

43.10
4 oT (43.10)

When the transition occurs at T' = Ter (i.e. in the absence of the magnetic
field), the quantity Q vanishes with Her, in accordance with the fact that
we have a second-order phase transition. A transition at T < Ter (in a
magnetic field) involves absorption or evolution of heat, i.e. it is a first-order
phase transition. Experiment shows that Her increases monotonically with
decreasing temperature throughout the range from Ter to zero. Hence the
derivative dHer/9T is always negative, and we see from (43.10) that QO > 0,
i.e. heat is absorbed in the (isothermal) transition from the superconducting
to the normal state.

+ See Statistical Physics, §135, Pergamon Press, London, 1958.
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As T -0, the entropy of the whole body must vanish, by Nernst’s
theorem. Hence it follows from (43.9) that 0Her/0T =0 for T =0, i.e.
the curve of Her(T') intersects the Her-axis at right angles.

We may differentiate the difference &, — %5 (43.9) again with respect to -

temperature, and again use equations (43.4), (43.5). Since also (85/op)r
= —(0V[9T)p, the result is

3.?7, 3y3 . 32 (Hcrz) Zan 3 (Hcr2)
or oT = ‘oT2\ 8« oT 0T\ 8=
Vel & (Ho?\12
- [——( b )] . (43.11)
op LoT\ 8= .

Multiplying both sides of this equation by 7, we obtain the difference of the
specific heats (at constant pressure) of the two phases. The terms involving
the thermal-expansion coefficient and the compressibility are usually very
small in comparison with the remaining terms; neglecting them, we have

¢ — VT 82Hcr+ VT chr)z
UM 4 T aTe 4-77-(3T :

(43.12)

This formula could also be obtained by direct differentiation of the approxi-
mate relation (43.7). In this approximation the difference between ¥V, and
Vso, and between €5 and %5, may be neglected.

For T = Ter, the first term in (43.12) is zero, and we obtain the following
formula, which relates the change in specific heat in the second-order phase
transition (in the absence of an external magnetic field) to the temperature
dependence of Her:

gs_%n =

VT (0Her\ 2
8( "‘) (43.13)

47 \ OT

(A. J. Rurcers, 1933). Hence we see, in particular, that in this case
€s > €. As the temperature falls, i.e. when the superconductivity is
destroyed by the magnetic field, the difference €s— %, changes sign, because
the difference & —Fs is zero for T = 0 and for T' = Ter, and must have
a maximum in between. .

We can similarly discuss effects related to the change in volume in the
transition. To do so, we differentiate equation (43.6) with respect to pressure
(for given temperature), Her being a function of p. This gives

V=V, 9 ( + Hcr2)
L sap b 87
o VsHer 0H,
Va=Ve= — 2% | (43.14)

4 Op
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which determines the change in volume at the transition point.t For
T = Ter this difference is zero, like the entropy difference. The transition
at temperatures T < Ter, however, is accompanied by a change in volume,
which may be of either sign, depending on the sign of the derivative
(8Hex/9p)r. For T = Ter there is no change in volume, but the compres-
sibility is discontinuous; the discontinuity is easily found by differentiating
equation (43.14). It may be noted that, if we substitute in (43.14)

(E)Hc,) (8Hc,) (BT)

op /r oT /p\0p/m,,

(obtained by differentiating the equation Her(p, T) = constant), we obtain
the Clapeyron-Clausius equation. :

(%)H N “7‘-(?,?—_7;) (43.15)

where the derivative (3p/0T)u,, defines the change in pressure needed to
keep the applied external field critical when the temperature changes.

The physical significance of the critical field Her is much wider than would
appear from its definition in terms of the behaviour of a superconducting
cylinder. The equation H = Her is a condition of equilibrium which must
be fulfilled at every point of a surface separating normal and superconduct-
ing phases in the same body. This is evident from the following simple
arguments. If a cylinder is in a longitudinal magnetic field Her, then both
the boundary conditions on the magnetic field and the conditions of thermo-
dynamic stability are satisfied for all states in which an interior cylindrical
part is in the superconducting state and the rest of the body is in the normal
state, and the field at the boundary between these parts is Her. Thus the
surface of separation, on which H = Her, is in “neutral equilibrium” with
respect to its location. This is a characteristic property of phase equilibrium.

In a variable: magnetic field, the boundary between the superconducting
and normal phases changes its position. The kinetics of this process is very
complex, and its discussion requires a simultaneous solution of the equations
of electrodynamics and of thermal conduction, taking into account the heat
evolved in the phase transition. We shall not pause to carry out this investi-
gation,1 but merely give the boundary condition which must be satisfied at
the moving boundary between the normal and superconducting phases.

To derive this condition we take a co-ordinate system K’ moving with the
velocity v of the boundary between the phases. By the formulae for trans-
formation of fields, the electric field E’ in the system K is related to the fields
E and B in a fixed system K by E' = E+vxB/c; see (49.1). Since the

t This difference must of course be distinguished from the change in volume (magneto-
striction) of the superconductor when the field changes from zero to H,. This can be foun
from (43.5): Va(p, T) — Veolp, T) = (H:2/87)(Ve[3p)r.

1 It has been completed by I. M. Lirsurrz, Zhurnal éksperimental’noi i teoreticheskoi
fiziki 20, 834, 1950; Doklady Akademii Nauk SSSR 90, 363, 1953.
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boundary is at rest in the system K’, the usual condition of continuity of the
tangential component of E’ holds, i.e. nXE’ = nxE—9B/c must be con-
tinuous, where n is a unit vector normal to the surface, in the direction of
the velocity v. In the superconducting phase E = B = 0, and in the normal
phase B = Her at the boundary. We therefore find that a tangential electric
field appears on the moving boundary, its direction being perpendicular to
that of the magnetic field and its magnitude being

E = vHele. (43.16)

§44. The intermediate state

If a superconducting body of any shape is in an external magnetic field
which is gradually increased, a stage is finally reached where the field at
some point on the surface of the body becomes equal to the critical field
Her, but § itself is still less than Her. For example, on the surface of an
ellipsoid placed in a field § parallel to one of its axes, the greatest value of
the field occurs on the equator (see (42.3)), and is equal to Her when
9= Her(1—n).

When §) increases further, the body cannot remain entirely in the super-
conducting state. Nor can it pass entirely into the normal state, because
then the field would become §) everywhere. Hence the superconductivity
must be lost only in part.

\

{a) b)
’ Fic. 22

At first sight one might imagine that this process occurs as follows. As $
increases, the superconductivity is lost in a gradually increasing part of the
body, while a gradually decreasing part remains superconducting, and the
whole body becomes normal when § = Her. It is easy to see, however,
that such states of the body are thermodynamically unstable. On the surface
separating the superconducting and normal phases the magnetic field is, as
we know, tangential to the surface, and its magnitude is Her. That is, the
lines of force are on the surface. If the boundary is convex to the normal
phase, the equipotential surfaces of the field, being at right angles to the lines
of force, will diverge into the normal region, as shown by dashed lines in
Fig. 22a. The field decreases, however, in the direction in which the equi-
potential surfaces diverge, so that we should have H < Her in the shaded
region, contrary to the supposition that this region is in the normal state.
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If, on the other hand, the boundary of the superconducting phase is concave,
then the lines of force on that boundary must have a bend on the free surface
of the superconducting region, to which the field is tangential (at the point
O, in Fig. 22b). At a bend in a line of force, however, the field becomes
infinite, which again contradicts the boundary conditions at the surface of the
superconductor.

The above arguments represent essentially another form of the situation
which leads to the domain structure of ferroelectrics and ferromagnetics.
Here also the conditions of thermodynamic stability have the result that, if
the magnetic field reaches the value Her at even one point on the surface,
the body is divided into numerous parallel alternating thin layers of normal
and superconducting matter (L. LANDAU, 1937). This state of the supercon-
ductor is called the intermediate state. As $ increases, the total volume of the
normal layers increases, and when §§ = Her the body becomes entirely normal.

It should be emphasised that a body of arbitrary shape need not be entirely
in the intermediate state. There may also be regions in the purely super-
conducting and purely normal states; these must be separated by the region
which is in the intermediate state. A simpler case is the ellipsoid already con-
sidered. In a field parallel to the axis the intermediate state occurs in the range

Hy(1—n) < $ < Her, (44.1)
and the whole volume of the ellipsoid is in this state.t

The shape and size of the normal and superconducting layers in the inter-
mediate state are determined by the conditions of thermodynamic equili-
brium of the body as a whole, in the same manner as the shape of the domains
in a ferromagnetic (§39). As there, the thickness of the layers is determined
by two oppositely acting factors. The “‘surface tension” at the boundaries of
the normal and superconducting phases tends to reduce the number of
layers, i.e. to increase their thickness. The “energy of emergence” of the
layers at the free surface of the body has the opposite tendency. The layer
thickness increases with the size of the body, and consequently (for the same
reasons as in ferromagnetic domains) they must eventually branch near the
surface.} :

The intermediate state can also be described in an averaged manner if the
thickness of the regions under consideration is large compared with the layer
thickness (R. E. PE1erLS, and F. LONDON, 1936). In this description it is

 For a sphere (for example), n = %, and the intermediate state exists in the range
$Her < 9 < Her. For a cylinder in a transverse field, n = 4, and the corresponding range
is $He < $ < Her. For a cylinder in a longitudinal field, n = 0; there is no intermediate
state, and the superconductivity is totally destroyed at § = Her. Finally, for a flat plate in
a transverse field # = 1, and it is in the intermediate state for any field $ < Her.

1 The thickness of unbranched layers is calculated in Problem 2. A discussion of a model
with multiple branching has been given by L. LANDAU, Zhurnal éksperimental’nof i teoreti-
cheskot fiziki 13, 377, 1943 ; Journal of Physics 7, 99, 1943.

The interrelation between the two models is considered by E. M. Lirsgitz and Yvu. V.
SHARVIN, Doklady Akademii Nauk SSSR 79, 783, 1951.

In certain conditions, when the external field is near zero or Her, 2 “filamentary’’ structure

may be thermodynamically more favourable than the layered structure; see E. R. ANDREW,
Proceedings of the Royal Society A194, 98, 1948.
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assumed that there is inside the body a magnetic induction B which varies
from zero in the purely superconducting state to Her in the purely normal
state. If we ascribe a non-zero induction to the matter in the intermediate
state, we must also ascribe to it a definite magnetic * field ” H. To deter-
mine the relation between these quantities, we must consider the true
structure of the intermediate state. :

The magnetic field in a normal layer at its boundary with a superconduct-
ing layer is Her, and by virtue of the assumed smallnéss of the layer thick-
ness we can suppose that the field has this value everywhere in the normal
layers. In the superconducting layers B = 0. Hence, averaging the magnetic
field over a volume large compared with the layer thickness, we find that
the mean induction B = x,Hecr, where x, is the fraction of the volume that
is in the normal state. Next, we determine the thermodynamic potential per
unit volume of the body, taking as zero the value for the purely superconduct-
ing state. In the absence of a magnetic field, unit volume of the normal
phase has an excess thermodynamic potential Her?/87.1 When a magnetic
field is present, a further Her?/87 is added as magnetic energy, giving alto-
gether Her?[4ar. The mean thermodynamic potential per unit volume in the
intermediate state is therefore

(I) = ancr2/4'7T = Hch/47T. (44'.2)

The relation between B and H is obtained from the general thermo-

dynamic relation H = 479®/0B. In the present case we find that H is
parallel to B and its magnitude is

H = Hcr. (4‘4.3)

i.e. it is independent of the induction.

B c

o y: 5
Fic. 23

If the relation between B and H is shown graphically (Fig. 23), then the
segment OA of the axis of abscissae corresponds to the superconducting
state, and the line BC (B = H) to the normal state. The vertical line
AB (B = Her) corresponds to the intermediate state.

Let n be a unit vector in the direction of the lines of force of the averaged
magnetic field. Putting I = Hern and substituting in the equation

t+ Here we neglect all magnetostriction effects. Instead of the change in the thermo-
dynamic potential we could therefore speak of the (equal) change in the free energy.
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curl I = 0 (which holds in the absence of a volume current), we find that
curln = 0. Since n2 = 1, we have

gradn? = 2(n-grad)n+2n xcurln = 0,

and therefore (n-grad)n = 0. This means that the direction of the vector n
is constant. Thus the lines of force of the mean field are straight lines.

Let us apply these results to an ellipsoid in the intermediate state. For a
uniform field inside the ellipsoid, the relation (1 —n)HA+nB = $ holds,
whatever the relation between B and H. Putting H = Her, we have ‘

g2 17"y, (44.4)
n n
Thus the mean induction in the ellipsoid varies linearly with the external
field, from zero when § = (1 —n)Her to Her when § = Her.

We may also write down an expression for the total thermodynamic
potential gb of an ellipsoid in the intermediate state. To do so, we start from
the general formula

o [l

(cf. (31.7)), which is also valid whatever the relation between B and H.
Substituting @, H and B from (44.2)-(44.4), we obtain

o1 - S—Z[Hch—};(Hcr—ss)z], (44.5)

V being the volume of the ellipsoid; gby is taken to be zero in the purely
superconducting state of the ellipsoid, in the absence of a magnetic field.
For a superconducting ellipsoid in an external field $ we have gos = —3M-9
= V$2/8x(1 —n), in accordance with (31.6) and (42.2). These two equations
give the same result for § = Her(1—n), as they should.

Finally, it should be emphasised that the “averaged” description of the
intermediate state given here is in reality not very accurate, because of the
comparatively large thickness of the layers. For the same reason, this descrip-
tion fails to reproduce certain phenomena related to the properties of the
layer structure. These include the fact that the transition from the super~
conducting to the intermediate state actually occurs only when § slightly
exceeds (1 —n)Her. The reason for this “delay” is as follows. The passage
into the intermediate state occurs when that state becomes thermodynami-
cally stable, i.e. when gb; < ghs. The layered structure, however, has not
only the “volume” energy (44.5) allotted to it in the “averaged” description
but also additional energy resulting from the existence of the boundaries
between the layers and their change in shape near the surface of the body. This
results in some displacement of the transition point towards stronger fields.}

t See the references in the second footnote to this section.
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PROBLEMS
ProBLEM 1. Determine the specific heat of an ellipsoid in the intermediate state.

SoLutioN. The entropy and thence the specific heat, are found by differentiating the
thermodynamic potential (44.5) with respect to temperature. Neglecting the terms contain-
ing the thermal-expansion coefficient, we obtain

VT
Cs—%s = Z;t[(i —n)(Her' 2+ HeHer'') — $He'],

the prime denoting differentiation with respect to T; &, is the specific heat of the body in
the superconducting state, whose slight dependence on § we here neglect. Hence it follows
that, as §) varies (at constant temperature), the specific heat changes discontinuously at the
point § = (1 —n)H,r from %5 to

VT(1—
YIA=t) g v

€,
ot 4mn

and thereafter varies linearly with §, reaching the value
VT VT vrT
?:" _(Hcrlz'l‘HcrHer")"' ——‘flcr'2 = Cnt+ ——I{cr’2
4 47n 47n

for § = Her, whence it falls discontinuously to %.

ProBLEM 2. Determine the shape and size of the normal and superconducting layers in a
flat plate in the intermediate state in an external magnetic field $ perpendicular to the plate;
the layers are assumed unbranched (L. LaNpau, 1937).

SoLuTION. The normal and superconducting regions are layers parallel to the field, except
near the surface of the plate. The lines of magnetic force (shown dashed in Fig. 24) pass only
through the normal layers, and the boundaries of the superconducting layers are also lines of
force, since By = 0 there. Since also H = Hy; on the boundary between the normal and
superconducting phases, the conditions at the boundaries of a superconducting layer are

on BC Hz = 0, (1)
on B4 and CD HR2+H,? = H? .

the co-ordinate axes being taken as shown in Fig. 24. Far from the plate, the field H must be
the same as the external field $, i.e.

for x — — =%, Hy=0. 1))

We use the scalar and vector potentials: Hy = —8¢/ox = 04/dy, H, = —0¢/0y = —0A/ox,
and the complex potential w = ¢—id (cf. §3, (3)).

On a line of force 4 = constant. We put A = 0 on the line of force which reaches O
and then branches into OCD and OBA, forming the boundary of one superconducting layer.
‘The difference between the values of 4 at the boundaries of two successive superconducting
layers is equal to the magnetic flux across the segment @ = as-+as, namely $a. Hence the
value of 4 at the boundary of any superconducting layer is an integral multiple of $Ha. Using

also the “complex field” 7 = Hy—iHy = —dw/dz, 2 = x--iy, we can write the conditions
(1) as :
on BC ren =0, a
on B4dand CD  |9| = He,. )
We introduce a new variable
{ = exp(—27w/Ha)—1 4)

and regard 7 as a function of {. [ is real on all boundary lines of force and on their continua-
tions beyond the plate: { = exp(—2#¢/Ha) —1.

Since ¢ is determined apart from a constant, its value at any one point can be chosen
arbitrarily. Let ¢ = Oat O. Then { = 0 there also. On the limiting line of force considered,
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far from the plate, { = —1 (since for x — .— 0 we have ¢ > —Hx — + ©). The value of
Z at B or C, where the line of force enters the plate, is {o, say. On CD and B4, { varies from
Lo to . Then the conditions (1) and (3) can be written

for { = —1 7=29, 5
for0< < o ren =0, (6)
for o< ¢ |7l = Her-

The function 5({) must, furthermore, be everywhere finite.

—

&_—___

Fic. 24

The conditions (6) are satisfied by the function

- - (9] »

For real negative { the two roots are real, and are taken with the signs shown. For 0 < (<o
both are imaginary, and we take

a2 - 2 1)

with the minus and plus signs on OC and OB respectively. For { > &

1= el (=7l 3]

with the minus and plus signs on CD and BA respectively. The value of {o is found from the
condition (5), and is ” .
=361 @
where b = $/Her.
13
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The shape of the layer, i.e. the shape of the limiting line of force, is obtained by integrating
the relation dz = —dw/7 over real {:

J‘ dw ah f dg

g=—=|—=—| —

7 2mJ g({+1)

Substituting 7({), taking real and imaginary parts, and choosing appropriately the constants
of integration, we obtain the following parametric equations of the line CD:

x“_fA/( )§+1

= :[cosh‘l/\/g—o —+/(Lo+1) cosh~1 {b+1)

L+t ©)

fo d{ _
y=vY-2 { 22— Y= 2 a1 V),

where Y = }a, is the value of y for x - ©; see Fig. 24.

The period a of the layered structure is related to the thicknesses as and an of the super-
conducting and normal layers by a = as+-as, a§) = apHer. The latter equation follows from
the continuity of the magnetic flux, which passes entirely through normal layers. Hence
as = a(1—h), an = ah.

The period a is determined by the condition that the total thermodynamic potential of the
plate is a minimum. The existence of “surface tension’’ at the boundaries between the normal
and superconducting phases gives a term go1 = 2/A * H.;2/87a in the thermodynamic poten-
tial per unit area of the surface of the plate. Here /is the thickness of the plate, and the surface-
tension coefficient is written as A - H¢,?/87, where A has the dimensions of length. In calculat-
ing this part of the energy we can, of course, neglect the curvature of the layers near the
surface of the plate.

The “‘energy of emergence’’ of the layers at the surface of the plate can be written as the
sum of two parts. First, the increase in the volume of the normal layers as compared with the
volume they would occupy if they were everywhere plane-parallel gives an additional energy

40 Her
oo = - [ (Y—3) v,
ao 8

where the factor 4 takes into account the presence of four angles (such as B and C in Fig. 24)
on the two sides of each of the 1/a superconducting layers.

Second, the emergence of the layers at the surface of the plate changes the energy of the
system in the external field, i.e. the energy —3. * 9. The magnetic moment of the plate is
due to currents on the surfaces of the superconducting layers. When the tangential component
of the induction changes discontinuously from H to zero, the surface current density is
g = +cH/4n. Hence the magnetic moment per unit length in the 2-direction and per boun-
dary surface of the superconducting layer is

H
- [ 4—y ds, ds = 4/(dx2-+dy?).
oétp T

If the layer did not emerge at the surface, there would be no segment OC, and on CD we
should have y = Y. Hence the excess magnetic moment for each of the four angles is

- f —yds+f—de
oCch
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Accordingly, the excess energy is

e I
o

4 47
ocD
= 2 Ha [ (Y axtyar+ [ Hyap).
27a
CcD ocC

The coordinates x and v, expressed in terms of {, are proportional to a. Hence all the
integrals in goa-+ o3 are proportional to a?, and this part of the thermodynamic potential is
therefore proportional to a. The sum 901+ 892+ 90 is therefore of the form?

2
Her [I—A +af(h)].
47 La
The condition that this is a minimum gives a = +/[IA[f(h)).

It should be noted that, in normal layers near the surface of the plate, the magnetic field
may be considerably less than Hor, i.e. there is a situation corresponding to that shown in
Fig. 22a. In this case the unfavourable thermodynamic state is made possible by the surface-
tension energy, which prevents further reduction in the layer thickness.

o =

t The integrals in gos and g3 cannot be expressed in terms of elementary functions.
The function f(h) has been tabulated by E. M. LirsHITZ and YU. V. SHARVIN, loc. cit.



CHAPTER VII
" QUASI-STATIC ELECTROMAGNETIC FIELD

§45. Eddy currents

So FaR we have discussed only constant electric and magnetic fields, and have
used Maxwell’s equation

1E 148 45.1
curlE = ——— .
c ot ( )

only as a step in deriving the expression for the energy of a magnetic field
(§30).

The nature of the variable electromagnetic fields in matter depends greatly
on the kind of matter concerned and on the order of magnitude of the fre-
quency of the field. In the present section we shall consider the phenomena
which occur in extended conductors placed in a variable external magnetic
field. We shall assume that the rate of change of the field is not too large,
and therefore satisfies various conditions which will be derived below.
Electromagnetic fields and currents which satisfy these conditions are said
to be quasi-static.

We shall first of all suppose that the wavelength A ~ ¢/w which corresponds
(in the vacuum or dielectric surrounding the conductor) to the field frequency
w is large compared with the dimension / of the body: w < ¢/l. Then the
magnetic field distribution outside the conductor at any instant can be
described by the equations of a static field:

divB=0, curlH=0, (45.2)

all effects due to the finite velocity of propagation of electromagnetic dis-
turbances being neglected. Of course, this neglect is permissible only at
distances from the body which are small compared with A; these are the only
distances which need be considered in determining the field inside the body.

The complete system of field equations inside the conductor consists of
(45.1) together witht

divB = 0, (45.3)
curlH = 4noEJc. (45.4)

t In an anisotropic body, oE on the right-hand side of (45.4) must be replaced by the
vector oEk.

186
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The second of these equations has been derived, strictly speaking, only for
constant currents and magnetic fields. It is therefore necessary to specify
conditions under which this equation can reliably be used for variable fields.
In equation (45.4) the current has been written in terms of the electric field
in accordance with the relation j = oE with constant ¢, which holds for a
steady state. This relation remains valid if the period of the field is large
compared with the characteristic times of microscopic conduction. That is,
the field frequency must be small compared with the reciprocal mean free
time of the electrons in the conductor. For typical metals at room tempera-
ture, the limiting frequencies given by this condition lie in the infra-red
region of the spectrum.t

There is another condition which restricts the applicability of the equations
in this case. Being macroscopic equations, they presuppose that the electron
mean free path is small compared with the distances over which the field
changes appreciably. We shall return to this condition later.

In equations (45.1) and (45.4), E is the induced electric field resulting from
the variation of the magnetic field. When H is known, the field E can be
immediately determined by equation (45.4). The equation for H is obtained
by eliminating E from (45.1) and (45.4):

4w 0B curlH
—— = —curl———. (45.5)
2 ot a
In a homogeneous medium of constant conductivity o and constant mag-
netic permeability u, the factor 1/o can be taken in front of the curl operator,
and by (45.3) we have divB = p divH = 0. Hence curl curlH = —AH,
and we obtain the equation

AH_%;LUBH 45.6
oo ot (45.6)

With the equation div H = 0 this suffices to determine the magnetic field.
It may be noted that equation (45.6) is a heat-conduction equation, the
thermometric conductivity y being represented by ¢?/4muo.

The boundary conditions on the magnetic field at the surface of a con-
ductor are evident from the form of the equations, and are as before

By = Bp2, Hp = Hp. (45.7)

t For poor conductors (e.g. semiconductors), equation (45.4) is valid only if a further
condition, which may be more stringent, is satisfied. For such bodies it may be possible to
define both a conductivity and a dielectric constant. Then a term_ — (¢/c) JE[0t is added
to the right-hand side of (45.4), and the condition for this term to be small in comparison
with 4noE/c is o/w> e. In good conductors (e.g. metals), on the other hand, o/w> 1
throughout the frequency range in which the conductivity can be regarded as constant (see
also the sixth footnote to this section).
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The expression on the right-hand side of equation (45.4), being bounded,
does not affect the second of (45.7). For 4 =1 we can put simply*t

H; = H,. (45.8)

The continuity of H; implies that of (curl H), and therefore, by (45.4),
that of (oE),. Outside the conductor, ¢ =0, and we therefore conclude
that on the surface E,; = 0, where the suffix 7 denotes the field inside the
conductor. Since E, is zero, so is j, = oEy. Thus the system of equations
under consideration necessarily implies the vanishing of the normal com-
ponent of the current density on the surface of the conductor. In other
words, in this approximation a variable magnetic field cannot cause the
appearance of free charges on the surface of the conductor.

The boundary condition (45.8) is insufficient for a complete formulation
of the problem if the conductor is composite and its parts have different con-
ductivities. At the interfaces between the parts we must use both the
continuity of H and that of E;; the latter implies the condition

(curlH)y/o1 = (curlH);z/o2 - (45.9)

on the magnetic field.

Having established the basic equations, let us now examine the nature of
the variable fields which they describe. Suppose that a conductor is placed
in an external magnetic field which is suddenly removed. The field in and
around the conductor does not vanish immediately; the manner of its decay
with time is given by equation (45.6). To solve a problem of this kind, we
use the following procedure. We seek solutions of equation (45.6) which
have the form H = Hp(x, y, 2)e~?m!, where yy, is a constant. The equation
for the function Hy(x, y, 2) is then

(c®/An0) AHm = — ymHim. (45.10)

For a conductor of given shape, this equation has non-zero solutions (satisfy-
ing the necessary boundary conditions) only for certain ypm, the eigenvalues
of (45.10), all of which are real and positive.} The corresponding functions

t For ordinary diamagnetic and paramagnetic bodies, p is very nearly 1, and the inclusion
of u in the following formulae would be a pointless refinement. Values of p differing consid-
erably from 1 occur in ferromagnetic metals, whose magnetic properties (in sufficiently weak
fields) can be described in terms of a large constant permeability. For quite moderate frequen-
cies, however, such substances exhibit a dispersion of u (i.e. a dependence of . on the frequency
w), together with a decrease of p almost to 1. We shall therefore put ¢ = 1 in the present
chapter.

1 This is easily seen as follows. So as to avoid having to take account of the boundary
conditions at the surface of the body, we start from equation (45.5) and suppose ¢ to vanish
continuously outside the body. Multiplying both sides of the equation

— 4rymHp/c2 = — curl [(1/0) curl Hy]

by Hx* and integrating over all space, we have
4 1H 1
Svm [ [Hala¥ = [Har-curt =" qy = [~ jeurl Hal2 av,
C g (2

whence it is evident that the ym are real and positive.
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Hi(x, y, %) form a complete set of orthogonal vector functions. Let the field
distribution at the initial instant be Hy(x, y, ). On expanding this in terms
of the functions Hy,:

H()(x)y) 2’) = E CmHm(x,y» z))

we obtain the solution of the problem:
H(x,y,2,t) = 2 cme "nHu(x,y, 2) (45.11)

gives the manner of decay of the field with time.

The rate of decay is determined principally by the term in the sum for
which yy, is least; let this be 1. The “decay time” of the field may be defined
as 7 = 1/y;. The order of magnitude of 7 is evident from equation (45.10).
Since AH ~ HJI2, where [ is the dimension of the conductor, we have

T ~ 4mol?/c2. (45.12)

Another type of problem concerns the behaviour of a conductor in an
external magnetic field which varies with frequency w. The magnetic field
penetrates into the conductor and induces in it a variable electric field,
which in turn causes currents to appear; these are called eddy currents.t
A general idea of the way in which the field penetrates into the conductor
can be obtained from the analogy already mentioned between equation
(45.6) and the equation of thermal conduction. It is known from the theory
of thermal conduction that a quantity which satisfies such an equation is
«propagated” through a distance ~ 4/(x?) in time 2. We can therefore
immediately conclude that the magnetic field penetrates into the conductor
to a distance 8, given in order of magnitude by 8 ~ 4/(c?/ow). The same is
true, of course, of the induced electric field and currents.

In a variable field of frequency w, all quantities depend on the time through
a factor e—#!. Equation (45.6) then becomes

AH = —4micoH/c2. (45.13)

Let us consider two limiting cases. If the penetration depth § is large com-
pared with the dimension of the body (low frequencies), we can put the right-
hand side of (45.13) equal to zero as a first approximation. Then the magnetic
field distribution at any instant will be the same as it would be in a steady
state with the same external field. Let this solution be Hit; it is independent
of the frequency (or rather involves the frequency only in the time factor
e~4vt). The induced electric field appears only in the next approximation,
being absent in the steady state. This corresponds to the fact that curl Hst

=0, and so the value of Est obtained from (45.4) is zero. To calculate E,

t In Russian “Foucault currents’.
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therefore, we must use equation (45.1), according to which
curlE = iwHg/c. (45.14)

This equation, together with divE = 0 (which follows from (45.4) when o
is constant in the body), entirely determines the electric field distribution.
It is seen to be proportional to the frequency w.

The opposite limiting case is that where 8 < / (high frequencies). The
condition for the macroscopic field equations to be applicable, mentioned at
the beginning of this section, requires that 8 should still be large compared
with the mean free path of the conduction electrons. t

When 8 < [ the magnetic field penetrates only into a thin surface layer of
the conductor. In calculating the field outside the conductor we can neglect
the thickness of this layer, i.e. assume that the magnetic field does not
penetrate into the conductor at all. In this sense a conductor in a high-
frequency magnetic field behaves like a superconductor in a constant field,
and the field outside it must be calculated by solving the corresponding
steady-state problem for a superconductor of the same shape.

The true field distribution in the surface layer of the conductor can be
investigated in a general manner by regarding small regions of the surface
as plane. It is necessary to solve equation (45.13) for a conducting medium
bounded by a plane surface, outside which the field has a given value
Hoe—t“t, say. This vector is obtained as shown above, by solving the prob-
lem for a semi-infinite medium, and is parallel to the surface of the conductor.
The boundary condition (45.8) shows that the magnetic field in the conductor
is also Hge—%“* at the surface.

We take the surface of the conductor as the xy-plane, the conducting
medium being in 2 > 0. Since the conditions of the problem are inde-
pendent of x and y, the required field H depends only on the 2 co-ordinate
(and on the time). We therefore have divH = 0H,[0z =0, and since
H, = 0 at the boundary it must be zero everywhere. By (45.13), the equation
for H is 02H/022+k2H = 0, where k = y/(4miow/c?) = (1+i)y/(2mow)]c.
The solution of this equation which vanishes far from the surface is etk
Using the boundary condition at @ = 0, we obtain

H = Hoe#/%¢tz/0-iut (45.15)
where the penetration depth 6 is
8= ¢/o/(2mow) and k = (1+7)/6. (45.16)

The electric field is now determined by means of equation (45.4). If n is
a unit vector in the z-direction, we have
E = 1/(w/8mo)(1—i)H x n. (45.17)
Thus E ~ HS[A.
t This condition is, in fact, the first to be violated in metals as the frequency increases.

The condition @ < 1/, where 7 is the mean free time, may, however, be the more stringent
for semiconductors of low conductivity.
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If the field Hoe—#* is “linearly polarised”, then Hy can be made real by a
suitable choice of the origin of time. We then take the direction of Hp as
the y-axis. Taking the real part in (45.16) and (45.17), we have

2
H = Hy = Hye P cos (g— wt),

1 (45.18)
: z
E = Ex = HOV(w/%o)e—Z/a COS(—S'— wl— ZW).
The eddy current density j = oE has the same distribution as E.
The presence of eddy currents implies a dissipation of.the field energy,
which appears as Joule heat. The time average energy Q dissipated in the
conductor per unit timeis Q = [j-EdV = [ cE2dV. It can also be calculated
as the mean field energy entering the conductor per unit time:

Q = §8-df = (c/4m¢EXH-df, (45.19)

the integral being taken over the surface of the conductor.t

We have already seen that, in the limiting case 8 > I, the amplitude of the
magnetic field inside the conductor is independent of the frequency, while
that of the electric field is proportional to w. The energy dissipation Q at
low frequencies is therefore proportional to w?. When & < /, on the other
hand, the magnetic and electric fields on the surface of the conductor are
given by formulae (45.15) and (45.17) with 2 = 0. The Poynting vector is
normal to the surface, and its mean value is S = (¢/16m)1/(w/2mo)|Ho|?,
the variation of Hy over the surface being given by the solution of the prob-
lem of the static field outside a superconductor of the same shape (cf. above).
The energy dissipation is

c w
0= A/_Z;I:§IHOI2df_ (45.20)

Thus at high frequencies it is proportional to /.

The energy dissipation can also be expressed in terms of the total mag-
netic moment . acquired by the conductor in the magnetic field. In a
periodic field, the magnetic moment is likewise a periodic function of time,
with the same frequency. According to formula (31.4), the rate of variation
of the free energy is given by —J-d$/dt, where § is a uniform external

t If any two quantities a(z) and b(f) are written in ccmplex form (proportional to e~iwt),
the real parts must of course be taken before calculating their product. If, however, we are
interested only in the time average value of the product, it may be calculated as 1 re ab*.

The terms containing e*2iwt give zero on averaging, and so 1(a+a*)(b+b*) = {(ab*+a*b).
In particular, S can be calculated as the real part of the “complex Poynting vector’’:

§= re[i-{rExH*]. (45.19)
47
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field in which the conductor is placed. This expression does not imme-
diately give the required energy dissipation, because the energy of the body
changes not only on account of dissipation but also by the periodic move-
ment of energy between the body and the surrounding field. If we average
over time, however, the latter contribution vanishes, and the mean dissipa-
tion of energy per unit time is

Q = —J-dp)dr. (45.21)

If A and $ are written in complex form, then d$/dt = —iw$, and Q can
be calculated as

Q = —} re(iwMl -H*) = }o im(M -H*). (45.22)

The origin of the factor } is explained in the last footnote.
The components of the magnetic moment 4 are linear functions of the
external field:

My = VoirDr, ' (45.23)

where the dimensionless coefficients ai(w) depend on the shape of the body
and on its orientation in the external field, but not on its volume V. In this
formula we assume that J# and § are written in complex form, so that the
aqx are also in general complex. The tensor Vay may be called the magnetic
polarisability tensor for the body as a whole. This tensor is symmetrical:t

ik = Ok (45.24)
We can therefore write

M -H* = VourDi*Hr= $Veur(Hi*Hr+ HiHr*)
= Votik re(Sjisf)k*).

If also we write the complex quantities o as og’ +7oix”’, the energy dissipa-
tion (45.22) becomes

0 = Vo' re(HiHr*). (45.25)

Thus the energy dissipation is determined by the imaginary part of the
magnetic polarisability. We have already seen that O is proportional to «?
for low frequencies, and to 4/w for high frequencies. We can therefore
conclude that the quantities oz’ in these two limiting cases are proportional
to w and to 1/4/w respectively. Since they decrease both as w — 0 and
w — o0, they must have a maximum in between.

The magnetic moment of a conductor in a variable magnetic field is due
mainly to the conduction currents set up in the body; it is not zero even if
4 =1, when the moment in a constant field vanishes. The latter can be
obtained from #(w) by taking the limit as w — 0. Hence it follows that
the real part o’ of the polarisability tends to a constant limit as w — 0

t See Statistical Physics, §124, Pergamon Press, Loondon, 1958.
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(the limit being zero for 4 = 1), corresponding to magnetisation in a constant
field. In the limit w —> 0o, when the magnetic field does not penetrate into
the body, «’ tends to a different constant limit, corresponding to the steady
magnetisation of a superconductor of the same shape.

PROBLEMS

ProBLEM 1. Determine the magnetic polarisability of an isotropic conducting sphere of
radius a in a uniform periodic external field.

SoLuTioN. The field H; inside the sphere satisfies the equations AH;+4%H; =0,
divH; = 0, where k = (1+4)/8. We write this field in the form H; = curl A, where A
satisfies the equation AA+k?A = 0; since H is an axial vector, A is a polar vector. By
symmetry, the only constant vector on which the required solution can depend is the ex-
ternal field §. We denote by f the spherically symmetrical solution, finite for » = 0, of the
scalar equation Af+k# = 0, namely f = (1/r) sin kr. Then the polar vector A, which
satisfies the vector equation AA--k%A = 0 and depends linearly on the constant axial
vector §, can be written as A = § curl (f$), where 3 is a constant. Thus we have

H; = B curl curl (f $)
= oL +rer)9—6(L- +45 )(a-9im,

where n is a unit vector in the direction of r; the second derivative f * has been eliminated
by means of the equation Af-+k%* = 0.

The field H, outside the sphere satisfies the equations curl H, = 0, divH, = 0. We
put H, = —grad ¢ +$; ¢ satisfies the equation A¢ = 0 and vanishes at infinity. Since ¢
depends linearly on the constant vector §, we have ¢ = —Va $-grad (1/r), where
V = 4na®/3. Thus

H, = Ve grad [(§-grad)(1/)]+9
= S B3@-H—H1+9.

It is evident that Va$) is the magnetic moment of the sphere, so that Va is its magnetic
polarisability (by symmetry, the tensor s reduces to a scalar adix).

On the surface of the sphere (r = a), all the components of H must be continuous. Equat-
ing separately the components parallel and perpendicular to n, we obtain two equations to
determine « and 3. The polarisability per unit volume is found to be

S e 3 3 3
b bk 871[1 a2k2+akc°tak]’

o = — _3_[ _ §_§ sinh (2a/8) —sin (2a/8)]
87 2 a cosh (2a/8) —cos (2a/8) ’

v 932 [ _a sinh (2a/8)+sin (2a/3) ]
167ma2 3 cosh (2a/8)—cos (2a/3)

In the limit of low frequencies (8> a),

, 1 (a)" A atolw?
1057\8/ 105 o
v 1 (a 2__a20w
T s) = 106
For high frequencies (8 < a),
3 38 3 k]
“ = —glt=2] = &~ sev)
8 2a 8w 2a+/(2mow)
9 3 9¢

,’—‘————-——.——————

167ra 16ma+/(2mow)
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The limiting value Vo’ = —4a® corresponds to the magnetic moment of a superconducting
sphere; the corresponding value of «” could be found from formula (45.20), using the
expression (42.3) for the field at the surface of a superconducting sphere.

ProBLEM 2. The same as Problem 1, but for a conducting cylinder (of radius @) in a
uniform periodic magnetic field perpendicular to its axis.

SorutioN. This problem is the ‘“two-dimensional analogue’’ of Problem 1. In what
follows all vector operations are two-dimensional operations in a plane perpendicular to the
axis of the cylinder, and r is the radius vector in that plane. The field inside the cylinder
is of the form

H; = B curl curl (f H)
= (L +2r)9—4(L- +4% )ca-5im,

where f = Jo(kr) is the symmetrical solution of the two-dimensional equation Af-+k2%f = 0
which is finite for r = 0. The field outside the cylinder is

H, = —2V« grad [($-grad) log 7]+ H
2V
120 9)n—9)+ 9,

r

where V' = ma?. The magnetic moment per unit length of the cylinder is Vo (see §3,
Problem 2). From the condition H; = H, for » = a, as in Problem 1, we obtain

1wl

using the relation Jo'(kr) = —kJi(kr).
For 8> a, expanding the Bessel functions in powers of ka, we have

. 1 (11)4 _ ‘l'l'a40'2w2
T T %8 T T e
. 1 (a)2 alow
o = —|—~ =
87\8 4c2

For 8 < a, we use the asymptotic expressions for the Bessel functions, obtaining

o = _l(l_f) - _l(l.__‘_)
27 a 27 ay/(2mow)]’
, 138 c
* T 2ma " 2mav/(2mow)

ProBLEM 3. The same as Problem 2, but for a magnetic field parallel to the axis of the
cylinder.

SoLutioN. The magnetic field is everywhere parallel to the axis of the cylinder. Outside
the cylinder we have H, = §), and inside it H; = f §), where f is the symmetrical solu-
tion of the two-dimensional equation Af+4k% = 0 which is 1 for » = a and finite for
r = 0: H; = $ Jo(kr)[Jo(ka). The eddy currents in the cylinder are azimuthal (i.e. the only
non-zero component is j4), and are given in terms of the field H, = H by 4njlc = —aH]or.
The magnetic moment generated per unit length of the cylinder by the conduction currents
is M = ma2a$ = (1/2¢)fjr AV = —1[(2H/dr)r? dr; it is parallel to the axis. Evaluating
the integral, we have

1 [ 1 2 jl(ka)]
0= ~—}1=— .

4m ka Jo(ka)
Thus the longitudinal polarisability of the cylinder is half the transverse polarisability de-
rived in Problem 2.

ProBLEM 4. Determine the least decay coefficient for the magnetic field in a conducting
sphere.
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SoLuTION. The solutions of equations (45.10) for a sphere include functions of various
symmetries. ‘The most symmetrical solution is that which is defined by an arbitrary constant
scalar. This solution is inapplicable, however, for the following reason: it would be spheri-
cally symmetrical (H = H(r)) and would have to be H = constant/r in order to satisfy the
equation divH = (1/r)d(rH)/ér = 0, which is valid both outside and inside the sphere;
but this function is not finite at the centre of the sphere.

The least value of y corresponds to one of the solutions defined by an arbitrary constant
vector. The form of these solutions is evidently the same as has been found in Problem 1,
the only difference being that the constant term in the field H, must be omitted so as to
have H = 0 at infinity. The quantity % is now real (=+/(4way/c?)), and the vector His
the arbitrary constant vector. From the boundary condition H; = H, at »r = a we obtain
two equations, and on eliminating « and 8 we find sin ka = 0. The smallest non-zero root
of this equation is ka = m, and so the smallest value of y is wc?[4ea.

§46. The skin effect

Let us consider the distribution of current density over the cross-section
of a conductor in which a non-zero and variable total current is flowing.
From the results of §45 we should expect that, as the frequency increases,
the current will tend to be concentrated near the surface of the conductor.
This phenomenon is called the skin effect.

The exact solution of the problem of the skin effect depends, in general,
not only on the shape of the conductor but also on the manner of excitation
of the current in it, i.e. the nature of the variable external magnetic field
which induces the current. An important particular case, however, is that
where the current flows in a wire of thickness small compared with its
length; here the current distribution is independent of the manner of
excitation.

In calculating the current distribution over the cross-section of a thin
wire, the latter may be regarded as straight. The electric field is parallel to
the axis of the wire, and the magnetic field vector H is in a plane perpendicu-
lar to the axis.

Let us consider a wire of circular cross-section. This is a particularly
simple case, because the form of the field outside the wire is immediately
obvious. By symmetry, E = constant over the surface of the wire (though
the value of the constant varies with time). With this boundary condition,
the only solution of the equations divE =0, curl E = 0 outside the wire
is E = constant. Similarly, the magnetic field outside the wire must be the
same as it would be outside a wire carrying a constant current equal to the
instantaneous value of the variable current.

Inside the wire, the electric field satisfies the equation AE = (4m0/c?)JE/[0t,
which is the same as equation (45.6) for Hj; it is obtained by eliminating H
from (45.1) and (45.4), just as (45.6) was obtained by eliminating E. In
cylindrical co-ordinates, with the z-axis along the axis of the wire, the only
non-zero component of E is E,, which depends only on r. For a periodic
field of frequency w we have

10

ror

V@) 1+i
s 8’

(46.1)

oF
(r—) tRE=0, k=
or
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where 8 is the penetration depth (45.16). The solution of this equation
which remains finite at 7 = 0 is

E = E; = constant x Jo(kr)e-iv, (46.2)
where Jp is the Bessel function. The current density j = oF is similarly

distributed.

The magnetic field H; = H is found from the electric field by equation
(45.1): ' '

iwHylc = (curl E); = — 0F,or. (46.3)
Since Jo'(#) = — Ji(u), we obtain
H = Hy = — constant x ix/(4moiw) i (kr)e-et, (46.4)

the constant being the same as in (46.2); it is easily determined from the
condition that H = 2//ca on the surface of the wire, a being the radius of the
wire and 7 the total current in it.

In the limiting case of low frequencies (a/8 < 1) we can take the first few
terms of the expansions of the Bessel functions at every point in the cross-
section:

1 1
E, = constant x [l -~ 51'(r/8)2 - Ig(r/ 8)4] e—iot,
(46.5)

2no
H¢ = constant x
¢

1 1 o
r[l—zz(r/S)z—ZS-(r/S)‘l]e tot,

The amplitude of E, and therefore that of the current density, increase as
14 (/20)* with increasing distance 7 from the axis.

In the opposite limiting case of high frequencies (a/8 > 1) we can use
the asymptotic formula

Jolun/(2i)] ~ u-telt-vu, (46.6)
which is valid for large values of the argument, over most of the cross-
section. Retaining only the rapidly varying exponential factor, we have

E, = constant x e-@-r/Sgia-nii-iu

(46.7)

2ne
H,; = constant x (1+1) A/ e~(a—nidgila—n)3—iwt,
w

These formulae are, of course, the same as (45.15)—(45.17), which are valid
near the surface of a conductor of any shape when the skin effect is strong.

In the general case of a wire whose cross-section is not circular, the exact
calculation of the skin effect is considerably more involved, since the fields
inside and outside the wire must be determined simultaneously. Only in the
limiting case of strong skin effect is the problem again simplified, because
the field outside the wire may then be determined as the static field outside
a superconductor of the same shape (§45).
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§#47. The complex resistance

If the frequency of the variable current is low, the instantaneous current
J(®) in a linear circuit is determined by the instantaneous e.m.f. &:

&) = RJ(2), (47.1)

where R is the resistance of the wire to a constant current.

There is no reason, however, to expect a direct relation between the
values of & and J at the same instant for all frequencies. We can say only
that the value of J(£) must be a linear function of the values of &(¢) at all

previous instants. This relation may be symbolically written as | = zZ1¢
or, conversely,

& =72, (47.2)

where Z is some linear operator.t If the functions &(t) and J(£) are expanded
as Fourier integrals, then for each “monochromatic” component (depending

on time through a factor e—#), the effect of the linear operator Z is simply
multiplication by a quantity Z which depends on the frequency:

& = Z(w)]. (47.3)

The function Z(w) is in general complex. It is called the complex resistance
or impedance of the conductor.

It is evident from a comparison of (47.3) and (47.1) that the ordinary
resistance R is the zero-order term in an expansion of the function Z(w)
in powers of w. To find the next term, we must take account both of R and
of the self-inductance L of the conductor.}

Let us consider a linear circuit containing a variable e.m.f. &(¢). By the
definition of &, the work done per unit time by the electric field on the
charges moving in the wire is &J. This work goes partly into Joule heat and
partly to change the energy of the magnetic field of the current. By the
definition of R and L, the Joule heat evolved in the wire per unit time is
RJ?, and the magnetic energy of the current is LJ2/2c2. The law of conserva-
tion of energy therefore gives the equation

d L2 1_dJ
&] = R +——— = R2+—LJ=
J ]+dt 2c2 J+c2 ]dt’
or
1 d
&= R]+—L—]. (47.4)
c% dt

+ We shall not pause here to discuss the general properties of this operator, since they
ared entirely analogous to those of the operator ¢, which will be examined in detail in §§58
and 62.

1 Here, and in what follows, R and L denote the values for constant current.
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In order to use the quadratic expressions &J and J2 we must write
& and ] as real functions. Having derived the linear equation (47.4), how-
ever, we can take complex monochromatic components: & = &oe %,
J = Joett. Then equation (47.4) gives the algebraic relation

& = (R—iwL) 7,
\ c2
whence

Z = R—LowL. (47.5)
62

Taking the real part in J = &/Z, we have

— éao
T V(R4 w?L2[cY)

which determines the amplitude of the current and the phase difference
between the current and the e.m.f.

The real part of the expression (47.5) is the resistance R, which deter-
mines the energy dissipation in the circuit. It is easy to see that, whatever
the function Z(w), a similar relation holds between re Z and the energy
dissipation for a given current. On averaging with respect to time the power
&] required to maintain the periodic current in the circuit, we obtain the
part of this power which continually makes good the dissipative losses. The
energy dissipation in the circuit per unit time is therefore O = } re (& J¥),
where & and J are expressed in complex form; see the penultimate footnote
to §#45. Substituting & = ZJ and denoting the real and imaginary parts of
Z by Z' and Z" respectively:T

J@® cos(wt—¢), tand = wL/c2R,  (47.6)

Z = 7Z'+iZ", (47.7)
we obtain Q = }Z’|J[2 or, in terms of the real function J(z),
0 = Z'(w)J%, (47.8)

which gives the required relation.
It may be noted that, since Q is necessarily positive, Z” is also positive:

Z > 0. C 47.9)

We may calculate Z(w) for a wire of circular cross-section for any fre-
quency,} i.e. without neglecting the skin effect. To do so, we again use the
law of conservation of energy, but in a different form. We divide the power
&] (where & and ] are real) into two parts, one being the change in the
magnetic field energy outside the wire, and the other the total energy con-
sumed inside the wire (both in changing the field and in evolution of

1 Sometimes called the resistance and reactance (in Rggsian: active and reactive resistances).
1 That is, any which satisfies the quasi-steady condition.
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heat). The second part can be calculated as the total energy flux entering
the conductor through its surface per unit time. Thus we have

e d/LjJ? cEH2 ! L, dJ \ EHal

dt
where L, is the external part of the self-inductance of the wire, E and H
the electric and magnetic fields at its surface, @ its radius, and / its length.
The field H is related to the current J by H = 2J/ca. Hence, dividing the
above equation by J, we have

1_dJ

& = —L—+EL
c ‘de *
This is a linear equation, and hence we can use complex quantities. Then
iwLe
& =7Z]=— 2‘]+El,
c

whence

P iwL El z'wL N 2El

e e+]_ 2 caH

For general frequencies, E and H are given by (46.2) and (46.4), and we
have

(47.10)

iw Jo(ka)
Z = ——L,+3iRka——, 47.11
c2 etz ajl(ka) ( )

where R = lra?s. When the skin effect is weak, we use the expansions
(46.5); taking terms as far as (2/3)* and separating the real part, we find

z R[l ! “)4 R[l ! (’"’“"'2 )2] 47.11
- +48(8 ]_ ol ) ¢
In the opposite case of a strong skin effect we use the expressions (46.7),
obtaining

Z' = Ra[28 = (ljca)y/(w[2mo),

P wl, ZSL wly le
B 62[ et a l] B (,‘2[ e+af\/(27raw)]'
It is seen from (47.11a) that we can put Z’' = R if (mowa?[c?)? < 12. We
also have Z"|Z' = wL[c®R = (mowa?/c?) 2 log (}fa), where L is given by
(33.1). Comparing this with the inequality just given, we see that the range
of frequencies in which the expression (47.5) can be used to take the self-
inductance into account depends on the ratio [/ and is fairly narrow.
In practice, however, the most important case is that in which the self-
inductance of the circuit is due mainly to coils in it, whose self-inductance
is large compared with that of an uncoiled wire (see §33). In such circuits

14

(47.12)
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formula (47.5) (i.e. equation (47.4) with constant R and L) can be used
over a fairly wide range of frequencies.

Let us consider a circuit in a variable external magnetic field H,, which
may be generated in any manner. We denote by E, the electric field which
would be induced by the variable field H, in the absence of conductors. Both
H, and E, vary only very slightly over the thickness of a thin wire (unlike
the field of the currents in the wire). We can therefore discuss the circula-
tion of E, round the current circuit without specifying the exact position of
the contour of integration in the wire. This circulation is just the e.m.f. &
induced in the circuit by the variable external magnetic field. By the integral
form of Maxwell’s equation we have

10 1do,
¢ fﬁEedl caJH” df = ¢ dt
where @, is the flux of the external field through the circuit. Substituting
this expression in equation (47.4), we obtain

1.dJ  1do,

Rj+—L=- = —— .
S+ 2 dt c dt

Taking the self-inductance term to the right-hand side, we have

1d®d, Ld ] 1do
R]= ————x—— -
c dt c2dt c dt
where @ = ®,+ L][c is the total magnetic flux from the external magnetic
field and the field of the current. In this form the equation gives Ohm’s
law for the whole circuit, i.e. the equality of RJ to the total e.m.f. in the
circuit.
The formulation of equation (47.14) as expressing Ohm’s law makes pos-
sible a generalisation of it to the case where the shape of the circuit also

varies with time. The self-inductance L is then a function of time, and
(47.14) becomes

(47.13)

(47.14)

ldtl)

(47.15)
c2 dt

In deriving this from the law of conservation of energy we should have to
take into account also the work done in deforming the conductor.

If there are several circuits in proximity, carrying currents [, then for
each of them @, in equation (47.14) is the sum of the magnetic fluxes due to
all the other circuits (and to the external field, if any). The magnetic flux
through the ath circuit due to the current Jp is LgpJs/c, where Lgp is the
mutual inductance of the two circuits. We therefore have the following
set of equations for the variable currents in the circuits:

Ra]a+ ZLab—= &a. (47.16)
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The sum over b includes the self-inductance term (b = a), and &, is the
e.m.f. produced in the ath circuit by sources external to the system of
currents considered.

For periodic currents of a single frequency, the system of differential
equations (47.16) becomes a set of algebraic equations:

>Zarfo = Ea (47.17)

where the quantities
tw
Zab = aa,bRa—zLab (47.18)

form the impedance matrix. Like (47.5), the expressions (47.18) represent
the first terms in an expansion of the functions Z;p(w) in powers of the
frequency.

It should be noted that, in this approximation, the circuits have no mutual
effect on the real parts of their impedances. Such an effect arises because
the magnetic field of the variable current in one conductor generates eddy
currents, and therefore an additional dissipation of energy, in the other
conductor. For linear conductors this effect is negligible, but it may become
important if extended conductors are located near them.

Finally, let us consider how the equations of variable currents in linear
circuits obtained in this section are related to the general equations of a
variable magnetic field in arbitrary conductors. We shall take the simple
example of the current set up in a circuit when a constant e.m.f. & is
removed at time ¢ = 0. From equation (47.4) we havet

— &R for t < 0,
J = GolR for t < (47.19)

J = (Eo/R)e~¢"RiL for ¢ > 0.

We see that, after the removal of the e.m.f., the current decays exponentially
with time, the decrement being

y = c2R/L. (47.20)

If the problem is exactly formulated, this y is the smallest of the v, obtained
by solving the exact equation (45.10) for the conductor in question. Among
the yp, for a linear conductor there is one, the smallest, which is less than
the others by a factor of the order of log (//a), and this is (47.20).

t Strictly speaking, these formulae are invalid for very small ¢, when the high-frequency
terms in the Fourier expansions of the functions are important and so equation (47.4) cannot
be used. During this short interval of time, however, the current J cannot change signifi-
cantly, and so formula (47.19) gives the current at subsequent times with sufficient accuracy.
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§48. Capacity in a quasi-steady current circuit

A variable current, unlike a constant one, can flow in an open circuit as
well as in a closed one. Let us consider a linear circuit whose ends are con-
nected to the plates of a condenser, which are at a small distance apart.
When a variable current flows in the circuit, the condenser plates will be
periodically charged and discharged, thereby acting as sources and sinks of
current in the open circuit.

Since the distance between the condenser plates is small, the magnetic
energy of the current can again be taken as LJ2/2¢2, where L is the self-
inductance of the closed circuit which would be obtained by joining the
condenser plates by a short piece of wire. In applying the law of conserva-
tion of energy, however, we must take into account not only the magnetic
energy but also that of the electric field in the condenser. The latter energy
is €2/2C, where C is the capacity of the condenser and + e(¢) the charges on
its plates. Proceeding as in the derivation of equation (47.4), we obtaint

8] = RJ2+ d L]2+ d e R+ IL]d‘]+ e de
B dt 2¢2° dt2C 2 Vdt Cde
The current [ is equal to the rate of decrease and increase of the charges on
the two plates: | = de/dt. Dividing both sides of the equation by J and
expressing J in terms of e, we have
1_d2 de e
—L—+R—+— = 6. 48.
@ e a - (#8.4)
This is the required equation for a variable current in a circuit with a capacity.

If & is a periodic function of time having frequency w, then equation
(48.1) reduces to an algebraic relation between & and the charge e, or between
& and the current / = — iwe. We have, in fact, /Z = &, where the impedance
Z is defined by

JwL 1
Z- R—z(———). (48.2)
2 wC
Taking real parts in the relation J = &/Z, we obtain

o) = &ocos(wt—d¢)

Jle (-2
2 wC
wL 1)1
tang = (———)—,
2 wC/R

which give the current in a circuit to which an external e.m.f. & = & cos wt

is applied.

b

(48.3)

t In the present section we neglect the skin effect.
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If & = 0, the current in the circuit consists of “free” electric oscillations.
The (complex) frequency of these oscillations is given by Z =0, whence

Re? c2 Rc2\2

W= —i [——(——) ] (48.4)
2L LC \2L

We may have either periodic oscillations damped with decrement Rc2[2L

or an aperiodically damped discharge, depending on the sign of the radicand.

In the limit as R -0 we have undamped oscillations whose frequency is

given by Thomson’s formula: o = c[+/(LC).

Equation (48.1) can be immediately generalised to a system of several
inductively coupled circuits containing condensers. The current J, in the
ath circuit is related to the charges + e, on the corresponding condenser by
Ja = deg/dt, and equation (48.1) is replaced by the set of equations

1 d2ep de, ea
—L,p—— R—+— = . 48.5
zb:cZ @ TG TG ¢ (48.5)

For periodic (monochromatic) currents, these equations give the algebraic
equations

2Zav)o = Ea (48.6)

the matrix elements Zgp being given by the formulae

S\ i
Zab=8ab<Ra+ ! )—ﬁLa,,. (48.7)
wCa

The eigenfrequencies of the current system are given by the condition of
compatibility of equations (48.6) when &, = 0, i.e. by the condition for the
determinant |Zgp| to vanish:

| Zas| = 0. (48.8)

If the resistances R are not zero, all the ‘“frequencies” have a non-zero ima-
ginary part, and the electric oscillations are therefore damped.

Tt should be noticed that equations (48.5) are formally identical with the
mechanical equations of motion of a system with several degrees of freedom
which executes small damped oscillations. The generalised co-ordinates
are represented by the charges ¢;, and the generalised velocities by the
currents J, = deg/dt. The “Lagrangian” of the system is

1 Y €q”
& = —Labeaeb—zzca +§e,, Ea. (48.9)

2
ab 2 a
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The kinetic and potential energies of the mechanical system are represented
by the magnetic and electric energies of the current system, and the quanti-
ties &, correspond to the externally applied forces which cause the forced
oscillations of the system. The quantities R, appear in the dissipative
Sfunction

R = T }Reé?. (48.10)

Equations (48.5) are the analogues of Lagrange’s equations
d & o R

— = == 48.11
dt 0¢, Oe, 0éy, ( )
PROBLEMS
ProBLEM 1. Determine the eigenfrequencies of electric oscillations in two inductively

coupled circuits containing self-inductances L1 and L2 and capacities C1 and Cz, neglecting
the resistances Ry and Ra.

SoLurioN. The required frequencies are determined from the condition
]Zab] = ZnuZsw—2122 = 0,
where

w 1 w 1 ‘w
Zhy = —-'(——L __), T — —'(—L - ), Zig = — 2 I1.
11 i\l oCs 22 1 ke 12 il

Calculation gives

L1C1+ LeCaF v/ [(L1C1— L2C2)2 +4C1C2L12%]

2 — 2
WL = ¢ 20101l —L1?)

Both frequencies are purely real, owing to the fact that Ry and Rz have been neglected. As
Li2— 0, w1 and wgtend to ¢/4/(L1C1) and ¢/+/(L2C2). These are the frequencies for the two
circuits separately.

ProBLEM 2. The same as Problem 1, but for a circuit consisting of a resistance R, a
capacity C and an inductance L connected in parallel.

SoLutioN. The impedances of the three branches are Z1 =R, Za=i/C,
Z3 = —iwL/c?, and the currents in them are such that Ji+Jo+Js = 0, Z11 = Z2 2 = Z3]Js.
Hence we have 1/Z1+1/Z2+1/Z3 = 0, whence

i ,\/ [ c? 1 ]
w=—t [lox— .
2RC LC  4R2C?

ProBLEM 3. Discuss the propagation of electric oscillations in a circuit consisting of an
infinite succession of identical meshes containing impedances

w 1 w
Zi= —-'(—L ——), Zo= —'(—L - )
1 1021 wC1 2 1022 wCa
as shown in Fig. 25. Find the range of frequencies which can be propagated in the circuit
without damping. }

+ The condition for the quasi-steady theory to be applicable to such a periodic circuit is
that the dimension of one mesh should be small compared with the ‘“wavelength” ¢/w.
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SoLutrioN. The current in mesh « is denoted by ix, as shown in Fig. 25. Kirchhoff’s
second law gives for this mesh Ziiu+ Z2(2ix —~ix_1—ias1) = 0. This is a linear difference
equation in the integral variable «, with constant coefficients. We seek the solution in the
form i{x = constant X ¢%, obtaining for the parameter ¢ the equation

qz-(2+ %)q+1 -0 )

Let —4< Z1/Z2< 0, correspondmg to values of w? lying between ¢?/LiC1 and
%4/ C'2+1/Cl)/(4L2+L1) Then equation (1) has two complex conjugate roots with moduli
g] = 1. This means that the current does not decrease from one mesh to the next, i.e. the
electric oscillations are propagated in the circuit without being damped. Putting ¢ = ¥,
where [ is the length of one mesh and k is the “wave number”’ of the oscillations propagated
in the circuit, we can calculate the velocity of propagation u from the general result

u = dw/dk.

Fic. 25

If, however, w is outside the range mentioned, equation (1) has two real roots g1 and gz,
say; since qigz = 1, one root (g1, say) is less than 1 in absolute magnitude, while g2 is greater.
It is easy to see that the propagation of undamped oscillations in the circuit is then impos-
sible. To elucidate the reason for this, let us consider a circuit of large but finite length.
An initial oscillatory impulse is given to one end of the circuit, the other end being closed in
some manner. This closure corresponds mathematically to a certain boundary condition,
by means of which we can determine the ratio of the coefficients ¢1 and c2 in the general
solution c1g1~*k~®)+ coge~*x~%), where ax is the “co-ordinate’’ of the end of the circuit. This
ratio is of the order of unity. As ax—a increases, the second term in the solution rapidly
becomes very small compared with the first term, because |g2| > 1. Thus the solution is
ix = c1q1~@*x~®) everywhere except for a small part near the end of the circuit, and |ix| de-
creases towards the end of the circuit.

It should be emphasised that this damping does not involve dissipative absorption, because
there is no resistance in the circuit; it can be imagined as being the result of reflection of
the oscillatory impulse from each successive mesh of the circuit.

§49. Motion of a conductor in a magnetic field

Hitherto we have tacitly assumed that a conductor in an electromagnetic
field is at rest in the frame of reference K in which E, H, etc. are defined.
In particular, the relation j = oE between the current and the field is generally
valid only for conductors at rest.

To determine the corresponding relation in a moving conductor, we
change from the frame K to another frame K’ in which the conductor, or
some part of it, is at rest at the instant considered. In this frame we have
j = oE’, where E’ is the electric field in K’. The well-known formula for
the transformation of fieldst gives E’ in terms of the fields in K:

E' = E+vxB/, (49.1)
t See The Classical Theory of Fields, §3-10, Addison-Wesley Press, Cambridge (Mass.)

1951 ; Pergamon Press, London, 1959. The mlcroscoplc values of the electric and magnetic
ﬁelds are replaced by their averaged values @ = E, h = B.
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where v is the velocity of K’ relative to K, i.e. in this case the velocity of the
conductor, which we of course suppose small compared with the velocity of
light. Thus we find

j = o(E+vxB/o). 49.2)

This gives the relation between the current and the ficld in 1noving con-
ductors. The following remark should be made concerning its derivation.
In going from one frame of reference to the other we have transformed the
field but left the current j unaltered. The correct transformation of the
current density gives only terms of a higher order of smallness if v < c.
In formula (49.2) the second term, which appears as a result of the field
transformation, is in general not small compared with the first term, despite
the factor v/c. For example, if the electric field is due to electromagnetic induc-
tion from a variable magnetic field, its order of magnitude contains a factor
1/c as compared with the magnetic field.

The energy dissipation in a conductor when a given current flows in it
cannot, of course, depend on the motion of the conductor. The rate of
evolution of Joule heat per unit volume in a moving conductor is therefore
given in terms of the current density by the same expression j2/o as for a
conductor at rest. The expression j-E, however, is replaced byt j2[o
=j-(E+vxB/c).

Thus, in a moving conductor, the sum E+vxB/c acts as an “effective’
electric field producing the conduction current. Hence the e.m.f. acting
in a closed linear circuit C is given by the integral

(X1

& = §(E+vxBlo)-dL. (49.3)
C

This expression can be transformed as follows. According to Maxwell’s
equation, curl E = —(1/c)dB/0t, and so

1¢
§E-dl = [curlE-df = —-—fz.df
¢ ot
(o} S S

or, denoting by @ the magnetic flux through the surface S, which spans the

circuit C,
1700
E.dl = ——(—) .
c\ 0t /v=¢

t It is seen from this formula that the additional heat evolved in time 8¢ in a conductor
moving in a magnetic field is

5[j-vXBdV/c = — [u-j x BdV/e,

where u = v3t is the displacement in time 8¢. This expression is equal and opposite to the
work done on the conductor in time 8¢ by the volume forces f= j x B/c. This explains the
apparent contradiction mentioned in §34.
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The time derivative with the suffix v = 0 denotes the rate of change of the
magnetic flux due to the time variation of the magnetic field, the position of
the contour C remaining unchanged.

In the second term in (49.3), we put v = du/d¢, where du is an infinitesimal
displacement of the circuit element d/. Then

fvxB.dl = fduxB-dljdr = —§B-dfid,
C S

where df = duxdl is an element of area on the ‘“‘side” surface s between
two infinitely close positions C and C’ of the current circuit, which it occupies
at times ¢ and #+d¢ (Fig. 26). Since the total magnetic flux through any
closed surface is zero, the flux through s must evidently equal the difference
of the fluxes through surfaces spanning C and C’. Thus

§v xB.dl = — (3®/3t)B=constant,
c

where the time derivative denotes the rate of change of the magnetic flux due
to the motion of the conductor in a constant field.

(4

Fic. 26

Adding the two terms, we have finally
= —(1/c)d®/dt, (49.4)

where the time derivative now denotes the total rate of change of the magnetic
flux through the moving circuit. Thus the expression (49.4), which is
Faraday's law, is valid whatever the reason for the change in the magnetic
flux, whether variation of the field itself (already discussed in 47, formual
(47.13)) or motion of the conductor. '

In a constant magnetic field, the change in the flux is due entirely to the
motion of the circuit. If the circuit moves in such a way that every point
of it moves along a line of force, then the flux through the circuit does not
vary. This is an obvious result of the fact that the magnetic flux through
any closed surface is zero, and the flux through the “‘side” surface described
by the moving circuit is in this case identically zero (since B, =0 on this
surface). Thus we can say that, to induce an e.m.f., the conductor must
certainly move so as to cross lines of magnetic force.
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The electromagnetic field in a moving conductor is given by the equations
curlE = —(1/c)oB/ot,
curlH = 4nj/c = (4mwo/c)(E+ vx BJc),
divB = 0.

Expressing E in terms of H by means of the second equation and substituting
in the first, we obtain

< (cuﬂ H) (49.5)

B
—— —curl(vxB) = ——curl
ot 4 o
In a homogeneous conductor with constant conductivity ¢ and constant
magnetic permeability u, we have

oH 2
——curl(vxH) = d
ot ou

These equations generalise those obtained in §45.

It should be pointed out, however, that, if there is only one conductor
moving as a whole (without change of shape) in an external magnetic field,
then the solution of the problem is considerably simplified if we use a
system of co-ordinates fixed in the conductor. In this system the conductor
is at rest, and the external field varies with time in a given manner, so that we
return to the eddy-current problems discussed in §45. This possibility does
not depend on Galileo’s (or on Einstein’s) relativity principle, since the new
system of co-ordinates is in general not inertial. The equivalence of the
problems results from the above-mentioned fact that the electromagnetic
induction is independent of the cause of the change in the magnetic flux.
This equivalence can also be demonstrated mathematically. To do so, we
expand the expression curl (vxB), using the facts that divB = 0 and (for
motion of the body as a whole) div v = 0 (i.e. the body is ‘“‘incompressible”’).
Then the left-hand side of equation (49.5) becomes

B0t +(v-grad)B— (B-grad)v. (49.7)

This sum is just the time derivative of B with respect to axes fixed in a
rotating body. For the sum of the first two terms is the ‘“‘substantial”’ time
derivative dB/d¢, which gives the rate of change of B at a point moving with
velocity v. The third term takes into account the change in the direction
of B relative to the body; it is zero for pure translation (v = constant) and
equals —QxB for rotation (v = xr, where Q is the angular velocity).
To conclude this section, let us consider the phenomenon of unipolar
induction, which occurs when a magnetised conductor rotates. If a stationary
wire is connected to the rotating magnet by means of two sliding contacts 4
and B (Fig. 27) then a current flows in the wire. It is not difficult to calculate
the e.m.f. which produces the current; the simplest procedure is to use a
system of co-ordinates rotating with the magnet. If Q is the angular velocity

AH, divH = 0. (49.6)
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of rotation of the magnet, then in the new system the wire rotates with angular
velocity —S, while the magnet is at rest. Thus we have a conductor moving
in a given constant magnetic field B due to a fixed magnet. We neglect the
distortion of the field by the wire itself. According to formula (49.3), the
e.m.f. between the ends of the wire is

1 1
&=- fvxn-dl - ——f B x(r x)-dl, (49.8)
CACB CACB

taken along the wire. This is the required solution.
2

Fic. 27

PROBLEMS

ProsLEM 1. Determine the magnetic moment of a conducting sphere (with p = 1) rotating
uniformly in a uniform constant magnetic field, and the torque on the sphere.

SOLUTION. Let the external field have components 9z, 0, $. in a fixed system of co-
ordinates with the z-axis in the direction of the angular velocity vector Q. In a co-ordinate
system ¢, u, ¥ which rotates with the sphere, the field components are He = Ha cos 02,
Hy = —Hzsin Qt, He, or, in complex form, He = Hze ¥, H, = —iDHze 1R, H.,.

Thus variable fields of frequency © act along the £ and 7 axes, and the magnetic moment
which they induce is

Mg =V re (aHe) = VHa(«' cos Qt+a’ sin ),

My = V re (aHn) = VHa(—a’ sin Qt+a” cos Qt),
where Va is the complex magnetic polarisability of the sphere, which has been determined
in §45, Problem 1. Along the z-axis, on the other hand, the magnetic field is constant, and
therefore causes no magnetic moment (if p = 1). The components of the magnetic moment
in the fixed system of co-ordinates are # = Vo', My = Vo’ $Hz, # .= 0. Thus in this
problem «’ and o’ give the components of the magnetic moment of the sphere respectively

parallel and perpendicular to the plane of the vectors £ and $.
The torque on the sphere is K = .4 X $. Its components relative to the fixed axes are

Kz = Vo'’ H29z, Ky = Vo' H:9Hs K; = —Va"Ha2

ProBLEM 2. Determine the e.m.f. due to unipolar induction between the pole and the
equator (Fig. 27) of a uniformly magnetised sphere rotating uniformly about the direction
of magnetisation.

SoLuTION. When the sphere rotates about its direction of magnetisation, it generates a
constant field, and, since no currents flow within the sphere, we find from (49.5) that
curl (vxB) = 0. Hence the integral of vxB along the closed contour OACBO (Fig. 27)
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is zero, and so the integration along ACB in formula (49.8) may be replaced by one along
the path 4OB, which lies inside the sphere. The integral along the segment AO of the axis
of rotation is zero, since & and r are parallel; the integral along the radius OB gives, since
B and S2 are parallel within the sphere,

a
1
£—- f BoQrdr = BoQa?[2c,
0

where a is the radius of the sphere and B the magnetic induction in it. In a uniformly
magnetised sphere (in the absence of an external field) the induction is related to the mag-
netisation by Bo+2H = 0 (cf. (8.1)) and Bo—H = 4nM, whence Bo = 87M/3. In terms
of the total magnetic moment of the sphere we have finally & = Q.#/ca.

ProBLEM 3. Determine the total charge which flows along a closed linear circuit when the
magnetic flux through the circuit changes for any reason from one constant value (®1) to
another (®z).

SoLuTtioN. The required total charge is the integral

0

[7a,

—00

where J(¢) is the induction current in the circuit. Mathematically, this integral is the Fourier
component of the function J(z) that has the frequency w = 0. It is therefore related to the
corresponding component of the e.m.f. by

fwadt = Z(0) fwjdt;

see (47.3). Putting Z(0) = R, where R is the resistance of the circuit to a constant current
and & = —(1/c) d ®/d¢t, we have

fjdt - c%((h— ).

§50. Excitation of currents by acceleration

In discussing the motion of a conductor in §49 we have neglected possible
effects of the acceleration, if any. The accelerated motion of a metal, how-
ever, is equivalent to the action of additional inertia forces on the conduction
electrons. If v is the acceleration of the conductor and m the mass of the
electron, then the force on an electron is —mv. It affects the electron in the
same way as an electric field mv¥/e, where —e is the charge on the electron.
Thus the “effective” electric field on the conduction electrons in an acce-
lerated metal is

E’' = E-+mv/e. (50.1)
The current density is accordingly

j = oE' = o(E+mv/e). (50.2)
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Expressing E in terms of E’ from (50.1), we substitute in the equation curl E
= —(1/c)?H/ ot (as usual, we put x4 = 1). Then

curlE' = ———+ —curly. (50.3)

We write v as a sum v = u+Qxr, where u is the translational velocity and
Q the angular velocity of rotation of the body. Differentiating with respect
to time, we find the acceleration to be v =a+QXv+QXr =a+Qxu+
+Q2x(Rxr)+ Qxr. The first two terms are independent of r, and there-
fore give zero on differentiation with respect to the co-ordinates. The third
term can be written as Qx(RQxr) = —% grad (xr)?, and its curl is there-
fore zero. Finally, curl (Qxr) = 2€. Thus, substituting for v in equation
(50.3), we have curl E' = —(1/c)0H/0t+2mS2/e or

1 oH’
1E' = —— , 50.4
eur ¢ ot ( )
where
H' = H—2mcQ]e. (50.5)

Since £ is independent of the co-ordinates, the equation curl H = 4nj/c
is still valid if H is replaced by H':

curlH' = 4noE’/c. (50.6)
Eliminating E’ from equations (50.4) and (50.6), we obtain for H' the equation
AH' = (4no/c?)oH'|0t, (50.7)

which is the same as the equation for H in a conductor at rest.

Outside the body, the field satisfies the equation AH = 0 (the wavelength
being supposed large compared with the dimension of the body), and H’
satisfies the same equation.

Finally, on the surface of the conductor H', like H, is continuous. The
only difference is in the condition at infinity, where H tends to zero but H’
tends to the limit —2mcQ/e.

Thus the problem of determining the variable magnetic field H near a
non-uniformly rotating body is equivalent to that of determining the field
H’ near a body at rest in a uniform external magnetic field

H = —2mcQle. (50.8)

The required field H, outside the conductor is obtained by subtracting $
from the solution H' of this latter problem.t

t Misunderstanding may arise from the appearance of the angular velocity £ itself, and
not its time derivative, in formula (50.8). We may therefore emphasise that the above dis-
cussion, and therefore the significance here attached to the quantity (50.8), pertain only to
non-uniform rotation. In particular, the field (50.8) is unrelated to the gyromagnetic effect
(which appears even when the rotation is uniform, and is a small quantity here neglected).
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The magnetic field thus produced, like any variable field, induces electric -
currents in the conductor itself. In a simply-connected body, these currents
appear in the form of a magnetic moment. In a non-uniformly rotating
ring, the effect appears as an e.m.f.—the Stewart—Tolman effect.

PROBLEMS

ProBLEM 1. Determine the magnetic moment of a non-uniformly rotating sphere of
radius a. The rate of rotation is assumed so small that the penetration depth 8> a.

SoLuTiON. The magnetic moment of the sphere in the field $(¢) (50.8) is A = Va9,
where & is an operator whose action on the Fourier components of the function $(#) is given
by the formulae of §45, Problem 1. For the components with frequencies w such that
8> a we have M = Va(w)$ =~ —4mmaciw®/15ce. This formula, when written
M = (4mma®a[15ce) dS2/d¢, does not contain w explicitly, and is therefore valid also for
the functions  and §2 themselves, as well as their individual Fourier components (on the
assumption that the Fourier expansion contains chiefly terms whose frequencies satisfy the
above condition).

PrROBLEM 2. Determine the total charge which flows along a thin circular ring when it
ceases a uniform rotation about an axis perpendicular to its plane.

SoLuTiON. In the formula obtained in §49, Problem 3, ® must be taken as the flux of
¢he field $ (50.8). The total charge transferred when the angular velocity changes from
0 zero is

-]
2me mol/
= —Qnb? = Q
f‘]dt eRc o 2me
—

where b is the radius of the ring and V its volume.

ProBLEM 3. Determine the current in a superconducting circular ring which ceases to
rotate uniformly.

SorLuTiOoN. From the condition that the total magnetic flux through the ring is constant
(see (42.5)), we have .

e bt = OB
L 2eflog (8b/a)—2]

See the third footnote to §42 concerning the value of L.

J=



CHAPTER VIII
MAGNETIC FLUID DYNAMICS

§51. The equations of motion for a fluid in a magnetic field

IF A conducting fluid moves in a magnetic field, electric fields are induced in
it and electric currents flow. The magnetic field exerts forces on these currents
which may considerably modify the flow. Conversely, the currents them-
selves modify the magnetic field. Thus we have a complex interaction
between the magnetic and the fluid-dynamic phenomena, and the flow must
be examined by combining the field equations with those of fluid dynamics.

We shall use equations (49.6) as the field equations in a moving conduct-
ing medium. The magnetic permeability of the media considered in magnetic
fluid dynamics differs only slightly from unity, and the difference is unimpor-
tant as regards the phenomena under discussion. We shall therefore take
u = 1 throughout the present chapter. The equations are then

divH = 0, (51.1)
GH/0t = curl (v x H) + (c24no) AH. (51.2)

By using these equations we assume that certain conditions are fulfilled.
The period of variation of the field must be large compared with the mean
free time of the conduction electrons. Then the relation between the current
and the electric field involves the same conductivity ¢ as for a constant
current (see $#5).+ Here we assume that ¢ is constant in the medium, and
therefore, in particular, that the conductivity is independent of the magnetic
field. For this to be so, the mean free path of the electrons must be small in
comparison with the radius of curvature of their orbits in the magnetic field.
That is, the mean free time must be small compared with the reciprocal of
the electron Larmor frequency eH/mec. This condition may not hold if the
medium is rarefied and the magnetic field is strong. ,

The equations of fluid dynamics are the equation of continuity

dpfot + div(pv) = 0, (51.3)

4+ In the second footnote to §45 the further condition o/w> 1 was mentioned as being
necessary for poor conductors. In good conductors this condition is always satisfied if the
other conditions are. In the present case the frequency is represented by V/L, where L and
V are characteristic parameters of length and velocity which determine the properties of
the flow. Thus we assume the condition ¢L/V >1 to hold.

213
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where p is the fluid density, and the Navier—Stokes equation
ov 1 7 1 ) f
— + (v-grad)v = — —gradp + ~Av + —({ + }7) grad divv + —,
ot P P P P

where 7 and { are the two coefficients of viscosity for the fluid, and f is the
volume density of external (in this case, electromagnetic) forces. By formula
(34.4) we have f = jxH/c = (curl H)xH/47. Thus the equation of motion
of the fluid is

ov d
= + (v-grad)v

1 1 1
= —~-gradp — —H x curlH + 1 AV + —(C + %) grad divv. (51.4)
P 4mp p P

To these equations we must add the equation of state

p= P(P’ T)’ (51.5)

which relates the pressure, density and temperature of the fluid, and the
equation of heat transfer. In ordinary fluid dynamics the latter ist

ds Ovg .
pT(——— + v-grads) = o'jg— + div(kgrad T).
ot oxy

Here s is the entropy per unit mass of the fluid, and the left-hand side of the
equation is the quantity of heat generated per unit time and volume in a
moving fluid particle. The right-hand side is the energy dissipated per unit
time and volume. The first term is due to viscosity; ¢’ is the viscous stress
tensor:

Vo Bvi + 37)]0 28 67),
7= n(axk 3xi 3 i 8xl

) L5 oy

e
The second term gives the dissipation due to thermal conduction, x being
the thermal conductivity. In a conducting fluid, a term giving the Joule heat
must be added. The rate of evolution of this heat per unit volume is j2/o
= (¢2[16m%0)(curl H)2. The equation of heat transfer in magnetic fluid
dynamics is therefore

2

16720

P 0
pT(._s_ + v-grads) = o' ;i + div(x grad T) + (curlH)2. (51.6)
%

ot oy,
Equations (51.1)-(51.6) form a complete system of equations of magnetic
fluid dynamics, on the assumptions stated at the beginning of this section.

t See Fluid Mechanics, §49, Pergamon Press, London, 1959.
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Equations (51.4) and (51.6) can also be written in forms which express the
laws of conservation of momentum and energy respectively. The Navier—
Stokes equation of ordinary fluid dynamics can be written (using the equation
of continuity) in the form¥

Apvs) ot = — oML/ O, (51.7)

where Il is the momentum flux density tensor: Il = pviwr+ pdik— o ik
Equation (51.4) can be brought to the same form, but Il;z now contains an
additional term. We have Hx curl H = } grad H2—(H-grad)H. Thus

i = powr + pou — o' — (HiHx — ¥H28u) 4. (51.8)

The added term is the Maxwell stress tensor of the magnetic field, as it
should be.

The equation of heat transfer can be transformed (using the other equa-
tions of fluid dynamics) into an equation of conservation of energy. In
ordinary fluid dynamics we have 8(3pv2+ pe)[dt = —div q, where q is the
energy flux density:

q = pv(3v? + w) — v-o' — kgrad T;

e and w = e+p[p are respectively the internal energy and heat function per
unit mass of fluid. When a magnetic field is present in the conducting
medium, the energy density includes also the magnetic energy HZ[8x, and
the energy flux density includes also the Poynting vector cExH/4x. Express-
ing E in the latter in terms of H we obtain

q = pv(322 + w) +4%Hx (vxH) —

02

__“ HxcurlH-v-o'—xgradT,  (519)
16720

and the equation of conservation of energy is

9 H? )

—(%p‘v2 + pe + ——) = —divq. (51.10)
ot 8

It is not difficult to verify by direct calculation that equations (51.6) and
(51.10) are equivalent.

The equations are somewhat simplified if the moving fluid can be sup-
posed incompressible. The equation of continuity (51.3) then reduces to
divv =0, while in equation (51.4) the last term is zero. For reference, we
shall write out here the complete system of equations for an incompressible
fluid (in equations (51.2) and (51.4) we have transformed the terms

t+ See Fluid Mechanics, §15.
15
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curl(vxH) and Hxcurl H respectively by the appropriate formulae of
vector analysis):

divH = 0,  divv = 0, (51.11)
OH/3t + (v-grad)H = (H.grad)v + (c2/4no) AH,  (51.12)

ov d
m + (v-grad) v

1 H? 1
= — —grad (p + —) + —(H-.grad)H + vAv, (51.13)
P 8w 4mp

where v = 7/p is the kinematic viscosity. Equation (51.6) is not needed in
solving the problem of incompressible flow unless we are interested in the
temperature distribution and its effect on the flow.

Let us return to the general equation (51.2). In the limiting case of very
high conductivity it becomes

OH/ot = curl (v x H), (51.14)

an equation which has a very important physical interpretation. We expand
the right-hand side, using the fact that divH = 0:

oH/ot = (H.grad)v — (v-grad)H — H divv.
Substituting from the equation of continuity (51.3)

p ot P
we obtain after a simple rearrangement of terms
0 H H
(—- + v-grad) — = ( . grad) v.
ot P P
The left-hand side is the ‘“‘substantial” derivative, which gives the rate of

change of H/p for a given fluid particle as it moves about. Denoting this
derivative by d/dt, we have

d H 51.15
= (k1)) = (;-grad) o (51.15)

Let us now consider some ‘“fluid line”, i.e. a line which moves with the fluid
particles composing it. Let 31 be an element of length of this line; we shall
determine how 681 varies with time. If v is the fluid velocity at one end of the
element 81, then the fluid velocity at the other end is v+ (81-grad)v. During
a time interval d¢, the length of &1 therefore changes by dt(é1-grad)v, i.e.
d(dl)/dt = (81.grad)v. We see that the rates of change of the vectors 3l
and Hfp are given by identical formulae. Hence it follows that, if these
vectors are initially in the same direction, they will remain parallel, and their
lengths will remain in the same ratio. In other words, if two infinitely close
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fluid particles are on the same line of force at any time, then they will always
be on that line of force, and the value of H/p will be proportional to the dis-
tance between the particles.

Passing now from particles at an infinitesimal distance apart to those at
any distance apart, we conclude that every line of force moves with the
fluid particles which lie on it. We can picture this by saying that (in the
limit o — o0 which we are considering) the lines of magnetic force are
“frozen” in the fluid and move with it. The quantity H/p varies at every
point proportionally to the extension of the corresponding “fluid line”. If
the fluid may be supposed incompressible p = constant, and the field H
varies as the extension of the lines of force.

These results can be viewed in another way: as any closed fluid contour
moves about in the course of time, it cuts no line of force, i.e. the ‘“‘number”
of lines of force passing through the contour remains unchanged. This
means (cf. §49) that the flux of the magnetic field through any surface
spanning the fluid contour does not vary with time.

To the question of when in fact dissipative processes in the fluid may be
neglected there is no general answer, since the necessary conditions depend
greatly on the nature of the motion and are, for instance, completely different
for steady and for non-steady flows. We shall not investigate the general
problem here.

PROBLEM

Determine the velocity distribution in an incompressible viscous conducting fluid in
steady flow between two parallel solid planes, when a uniform external magnetic field Ho
is applied perpendicular to the planes (J. HARTMANN, 1937).

SoLuTION. It is natural to assume that the fluid velocity is everywhere in the same direc-
tion, which we take as that of the x-axis, and depends only on the co-ordinate z (whose
direction is perpendicular to the planes). The same is true of the longitudinal field Hz
resulting from the motion. The pressure p, however, depends on x also, because there must
be a constant pressure gradient in the direction of motion in order to maintain a steady flow.
The equation divv = 0 is satisfied identically, while from divH = 0 it follows that
H, = constant = Hp. The 2-component of equation (51.13) gives

Hj?
pt 5 =P, M)

where P(x) is a function of x only. The pressure gradient in the x-direction is
—ap/ox = —dP/dx = constant.

The x-components of equations (51.12) and (51.13) give

dv 2 d?Hy
e T ao @
d?v  Ho dH: dP
")a? + I ds constant = e 3)

The boundary conditions for viscous flow are v = 0 for z = *a, where 2a is the distance
between the solid planes, and the plane z = 0 lies half-way between them. The magnetic
field must satisfy the conditions Hz = O for 2 = =4, since the magnetic field outside the
fluid is just Ho, and the tangential magnetic field component is continuous at the boundary.
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The solution of equations (2) and (3) which satisfies these conditions is

_cosh (a/A)—cosh (2/A)
cosh (a/A)—1 ’

_ 4__1r \(z/a) sinh (a/A) —sinh (2/A)
Hs = ‘voc V(on) cosh (a/A)—1 ’

where A = (¢/Ho)1/(n/o). The constant v is the fluid velocity on the median plane z = 0.
Its relation to the pressure gradient is given by substituting (4) in (3). The fluid velocity
averaged over the cross-section is

(O]

a
1 dP aA a A
0= 2 d =—__( ___)'
b 2afv o dx 19 COthA a
—-a
The effect of the magnetic field on the flow is characterised by the ratio

a/A = (aHo[c)v/(a/n).
For a/A €1 we have

( z2) _ dP a?
v =uo|l——]), T= ————
a? dx 39
in accordance with the results of ordinary fluid dynamics. If a/A> 1, then
v = (1 —eta=1z)/a), G o= — d_P__L,
dx Hov/(on)

When the magnetic field increases, the velocity profile is flattened over the major part of the
cross-section, and the mean velocity is reduced (for a given pressure gradient).

§52. Hydromagnetic waves

Let us consider the propagation of small disturbances in a homogeneous
conducting medium in a uniform constant magnetic field Hyp. We shall assume
that the viscosity, thermal conductivity and electric resistance (1/0) of the
medium are so small that their effects, due to the dissipation of energy, on
the propagation of perturbations may be neglected in a first approximation.t
Then the perturbations will be propagated as undamped waves.}

Omitting all dissipative terms, we can rewrite the fundamental equations
(51.1)«(51.4) as

divH = 0, (52.1)
SH/3t = curl(v x H), (52.2)
3p/0t + div (pv) = 0, (52.3)
5 dp 1
N (vegradyy = - B2CP L (curlH) x H. (52.4)
ot P 4mp

t It should be noted that, by putting 1/6 = 0, we extend the range of frequencies in
which the equations are applicable: the conditions that o should exhibit no dispersion and
should be independent of the magnetic field are now irrelevant.

1 The condition for this approximation to be valid is that the wave damping coefficient
(calculated in the Problem at the end of this section) should be small.
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Equation (51.6) reduces to the equation of conservation of entropy (the
condition for adiabatic flow). If the unperturbed medium is homogeneous,
then this condition means that s = constant in the perturbed medium also,
i.e. the flow is isentropic.

We write

H=Hy+ h, e = po+p, p=7potp, (52.5)

where the suffix 0 denotes the constant equilibrium value, and h, p’ and p’
are the small variations in the wave. The velocity v, which is zero in equili-
brium, is a small quantity of the same order. Since the flow is isentropic,
the changes in pressure and density are related by p’ = (9p/dp)sp’. But
(8p] 9p)s is the square of the velocity of sound, which we denote by wup:
p' = ug?p’. Neglecting terms of higher order than the first in equations
(52.1)~(52.4), we obtain the linear equations

divh =0, oh/ot = curl(v x H),
op’|ot + pdivv = 0, } (52.6)
dvjot = — (uo?/p) grad p’ — (H x curl h)/4mp.

Here and in what follows we omit, for brevity, the suffix zero to the equili-
brium values. For a perturbation periodic in time, the first of these equations
follows from the second and can be omitted.

We shall seek solutions of these equations which are proportional to
exp [i(k-r—wt)], i.e. which describe the propagation of plane waves with
wave vector k and frequency w. The system of equations (52.6) then gives
the algebraic equations

— wh = kx (vxH), wp’ = pk-v,

— wv + (ue?/p)p'’k = — H x (k x h)/4mp.
The first of these shows that the vector h is perpendicular to the wave vector
k, which we shall take to be along the x-axis, with the plane of k and H as
the xy-plane. We also introduce the phase velocity of the wave, u = w/k.

Eliminating p’ from the third equation by means of the second equation, and
rewriting the result in components, we have

wh, = — v,Hy, uv, = — Hyhz/4mp, (52.7)
9 52.8
vx(u _ _”0_) = HyhylAmp. (523)

u

We have here separated the equations into two groups, the first involving
only %, and v, and the second only Ay, 5 and vy. It therefore follows that
perturbations of the two groups of variables are propagated independently.
The density, and therefore the pressure, belong to the second group, since

p = pvglu. (52.9)
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The compatibility condition for the two equations (52.7) is
u = uy = Hyz/+/(47p). (52.10)

In these waves the component %, of the magnetic field which is perpendicular
to the directions of propagation and of the constant field H oscillates, and
with it the velocity v,, which is related to %, by

Ve = — hofy/(4mp). (52.11)

The relation between w and k (the dispersion relation, as it is called) given
by (52.10) involves the direction of the wave vector:

w = H-Kj+/(4mp).

The physical velocity of propagation of the waves is called the group velocity
and is given by the derivative dw/dk. In the present case we have dw/dk
= H/+/(4mp), which does not involve the direction of k. The direction of
propagation of the wave, in the sense of the direction of its group velocity, is
the direction of H.

Let us now consider waves described by equations (52.8). Equating to
zero the determinant of these equations, we obtain

- 1) _
47p 4mp

The roots of this quartic equation for u aret

s =3l o Vo)

. A/(,,(,2“{1[”7;_ \Z’Z’))} (52.12)

Thus we obtain two more types of wave. In these waves the quantities
hy, vz and vy (and the density p’) oscillate. The vectors h and v are in the
plane of H and k.

In the limiting case where H?2 < 4mpug? we have uz = up, and it follows
from equations (52.8) that vy < v;. In other words, in the limit waves of this
type become ordinary sound waves propagated with velocity #p. The weak
transverse field in the wave is related to v by hy ~ vzHy[uo.

In the same limiting case, ug is the same as w1 to a first approximation, and
vy = 0, vy = —hy/+/(47p) as in a wave of the first type, but with the vectors
v and h parallel to the plane of k and H instead of perpendicular to it.

We see also that in an incompressible fluid (corresponding formally to the
limit #p — o0) only one type of wave occurs, with two independent direc-
tions of polarisation. The dispersion relation for these waves is given by

t 'The roots of the quartic equation x4 px2+ g = 0 can be written
=¥V (—p+2vV) T V(—p— 2V
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formula (52.10); the vectors v and h are perpendicular to k and are related by
v = — h/y/(4mp). (52.13)

Such waves were first discussed by H. ALFVEN (1942).1

There is a simple interpretation of the result that, in a longitudinal mag-
netic field, transverse displacements of the fluid are propagated in the form
of waves. We have seen at the end of §51 that the lines of magnetic force
behave like fluid lines when o — 0. The transverse displacement of the
fluid particles results in a curvature of these lines, and therefore in their
stretching and, at some points, in their compression. The forces in a mag-
netic field (expressed by the Maxwell stress tensor) are such as would
occur if the lines of magnetic force tended to contract and also to repel one
another.t Hence a curvature of the lines results in ‘‘quasi-elastic” forces
which tend to straighten them, leading to further oscillations.

It is interesting that, in an incompressible fluid, the plane hydromagnetic
wave given by formulae (52.10) and (52.13) is in fact an exact solution of the
equations, valid for any transverse field h (not necessarily small). (This state-
ment does not apply, however, to a superposition of several plane waves
propagated in different directions.) For, let us return to the exact equations
(52.1)~«(52.4). In an incompressible fluid, equation (52.3) becomes divv =0.
If we seek a solution in which all quantities depend on only one co-ordinate
x and the time ¢, we find from this equation that v; = constant, and by taking
another system of co-ordinates moving uniformly in the x-direction we can
put o, = 0. From the equation div H =0 it follows that H, = constant.
Denoting the transverse components of H by h, we obtain from equations
(52.2) and (52.4) (with v, = 0) oh/dt = H0v[0x, dv[0t = (Hz[4mp)oh[0x,
i.e. the exact equations necessarily reduce to the linear equations for a plane
wave with the phase velocity (52.10), v and h being related by (52.13).
The x-component of equation (52.4) is

10 1 oh
——2 + —_— h. = 0’
pox 4mp Ox
whence
p + h2/8m = constant, (52.14)

which gives the manner of variation of pressure in the wave.

Let us return to formulae (52.8) and (52.12), and consider the opposite
limiting case, where H? > 4mpug?. We then have, in the first approxima-
tion, ug = H[+/(4wp). Since this expression is independent of k, the group
velocity is of magnitude up and its direction is that of k. In this wave the

t They are sometimes called hydromagnetic waves. In the general case, where the magnetic
fields are not small, the waves cannot be divided into hydromagnetic waves and ordinary
sound waves.

1 For, let a line of force be along the z-axis. Then the longitudinal stress IT;; (51.8)
contains a negative term — H2/8x, and the transverse stressesIlzz and I1yy contain a positive
term H?2/8x. '
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vector v is perpendicular to H (Fig. 28), and its magnitude is given in terms
of h =hy by v =h/\/(4np). For us we have in this limiting case
ug = uoH [H. The group velocity is dw/dk = ugH/H. The vector v in this
case is antiparallel to H, and its magnitude is given by v = hH?2/4mpuoH,.

When the relation between H2 and puo? is arbitrary, both ug and u3 depend
on the direction of the wave vector. When the angle between k and H
increases, up increases monotonically and us decreases monotonically. It is
easy to see that the inequalities

Uz < Uy < U, us = up, uz < Ug (52.15)

always hold. If kis parallel to H (H, =0, H; = H), up and ug are respec-
tively equal to the greater and the smaller of up and w3 = H[+/(4mp). If k
is perpendicular to H (H; =0, Hy = H), then

up = A/(uo2 + 4—?), (52.16)

P
while u; and ug are zero, i.e. only one type of wave exists.

z

Uz

1}3»

FiG. 28

In this last case it is possible to find exact solutions of the equations of
magnetic fluid dynamics for a plane wave, without assuming its amplitude
to be small (S. A. KaprLaN and K. P. StanvukovicH, 1954). When H; =0,
H, = H, equation (52.1) is satisfied identically, and equations (52.2)—(52.4)
give

OH|0t + dvH)[x = 0, (52.17)
Op]ot + d(vap))ox = 0, (52.18)
by oy 1 OHE  10p
R i 52.19
% %" x | 8ap on p Ox (52.19)

From the first two of these equations it is easily seen that the ratio Hfp = b
satisfies the equation 0b/0t+v,0b/0x =0 or db/dt =0, where the total
derivative signifies the rate of change in a given fluid particle as it moves
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about. Hence, if the fluid is homogeneous at some initial instant, so that &
is constant, then at all subsequent instants we havet

H/p = b = constant. (52.20)
Substituting in the third equation H = pb, we obtain
vy vy 10 b2
— — = ——-—|pt+ 2). 52.21
ot +0a Ox p 3x(p 8’ ( )

Thus the magnetic field has been eliminated from the equations, and the
problem reduces to the solution of equations (52.18) and (52.21). These
equations differ from those for one-dimensional motion in ordinary fluid
dynamics only by a change in the equation of state of the gas: the true
pressure p = p(p) (for given entropy s) must be replaced by p*(p) = p(p)+
+52p2[8n. This fact enables us to apply the results of ordinary fluid dyna-
mics to this case of magnetic fluid flow. In particular, the formulae giving
the exact solution for one-dimensional travelling waves (Riemann’s solution)}
can be applied, the velocity of sound being represented by

e ()
- Je )

in accordance with formula (52.16).

PROBLEM

Determine the absorption coefficient (assumed small) for a hydromagnetic wave in an
incompressible fluid.

SoLuTioN. The absorption coefficient for a wave is defined as y = /2§, where { is
the (time) average energy dissipated per unit time and volume, and g is the mean energy
flux density in the wave. The amplitude of the wave decreases as e~7* during its propagation.
Q is given by the right-hand side of equation (51.6); in an incompressible fluid we have for
a wave propagated in the x-direction (and so vz = 0)

Q = 1(av]ox)2+(c2/16m20)( 2h/ox)%

In the energy flux density (51.9), we can omit the small dissipative terms, leaving
gz = —Hzh-v/4n. Using formulae (52.10) and (52.13), we have the result

=5 (+i)
7~2u13 o 4mal

t+ In accordance with the general results (§51) concerning the relation between H/p and
“fluid’’ lines of force, if we take into account the invariability of the length of these lines
with time in the present case.

1 See Fluid Mechanics, §94.
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§53. Tangential and rotational discontinuities

The equations of motion for an “ideal” magnetic fluid (having zero vis-
cosity, thermal conductivity and electric resistance) admit discontinuous
flows as in ordinary fluid dynamics. To elucidate the conditions which must
be satisfied on a surface of discontinuity, let us consider an element of the
surface and use a system of co-ordinates in which it is at rest.t

First of all, the mass flux must be continuous at a surface of discontinuity:
the mass of fluid entering from one side must be equal to the mass leaving
on the other side. Thus pjv1, = pavey, where the suffixes 1 and 2 refer to
the two sides of the discontinuity, and the suffix #» denotes the component of
a vector normal to the surface. In what follows we shall denote the difference
between the values of any quantity on the two sides of the surface of dis-
continuity by enclosing it in square brackets. Thus [pv,] = 0.

Next, the energy flux must be continuous. Using the expression (51.9) and
omitting the dissipative terms, we obtain

[n] = [pon(30? + w) + vHZ/4m — Hyv-Hj4x] = 0.

The momentum flux must also be continuous. This condition means that
[Mxng] =0, where Il is the momentum flux density tensor, and n is a unit
vector normal to the surface. Using (51.8), we therefore have

[p + pva? + (H? — Hyp?)[8n] = 0,
[P‘vnvt - HnHt/“"’T] =0,

where the suffix ¢ denotes the component tangential to the surface.

Finally, the normal component of the magnetic field and the tangential
component of the electric field must be continuous. If the conductivity of
the medium is infinite, the induced electric field is given by E = —vxHJ,
and the condition [E;] = 0 leads to [H,v:—H;v,] = 0.

In what follows it is more convenient to use the specific volume of the
fluid (¥ = 1/p) in place of its density. The mass flux density through the
discontinuity is denoted by j = pvy = vy/V.

Since j and Hy, are continuous, we can write the remaining boundary condi-
tions in the following form:

jlw + 3j2V2 + dv@ + VHR[4n] = Hy[Hy-v(]/Am, (33.1)
[p] +2V] + [H#]/87 = 0, (53.2)

jlvel = Hy[Hi]/4m, (53.3)

Hy[vi] = j[VHy]. (53.4)

This is the fundamental system of equations of discontinuities in magnetic
fluid dynamics.

t This condition fixes only the velocity of the co-ordinate system in the direction norma
to the surface. Any constant vector may be added to its tangential velocity.
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In ordinary fluid dynamics, discontinuities of two entirely different kinds
are possible: shock waves and tangential discontinuities.t Mathematically,
the two types occur because some of the boundary conditions can be written
as the vanishing of a product of two factors, and the two different solutions
are obtained by equating the factors to zero in turn. This feature is not
present in magnetic fluid dynamics, and it might therefore be supposed
that only one type of discontinuity occurs. In reality, however, it is found
that essentially different types of discontinuity again occur (F. pE HOFFMANN
and E. TELLER, 1950). '

Let us consider, first of all, discontinuities for which j = 0. This means
that v1, = ven = 0, i.e. the fluid moves parallel to the surface of discon-
tinuity. If Hy, # 0, we see from equations (53.1)-(53.4) that the velocity,
pressure and magnetic field must be continuous. The density (and therefore
the entropy, temperature, etc.) may have any discontinuity. Such a surface
may be called a contact discontinuity, and is simply the boundary between
two media at rest which have different densities and temperatures.

If both j and H, are zero, then three of the four equations (53.1)~(53.4)
are satisfied identically, and therefore this is clearly a special case. We thus
find a type of discontinuity which may be called a tangential discontinuity, as
in ordinary fluid dynamics. At such a discontinuity the velocity and the
magnetic field are tangential and can have any discontinuity in both magni-
tude and direction:

j=0, Hy=0, [w]#0, [H]#0. (53.5)

The density discontinuity also can take any value, but the pressure dis-
continuity is related to that of H; by equation (53.2):

8

The discontinuities of the other thermodynamic quantities (entropy, tempera-
ture, etc.) are related to those of 7 and p by the equation of state. '

Another type of discontinuity is one in which the fluid density is con-
tinuous. Since the flux j = v,/V is continuous, the normal velocity compo-
nent is therefore continuous also:

j#0, [V]=0, [wa]=0. (53.7)

On the right-hand side of equation (53.4) we can take ¥V outside the brackets
and divide this equation by equation (53.3), obtaining

J = Hul\/(4=V) (53.8)

[V] # 0, [p + E'f] 0. (53.6)

and

[v] = v(V/4m)[Hi]. (53.9)

t See Fluid Mechanics, §81.
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In equation (53.1) we put w = e+pV; since V is continuous, this equation
can be rewritten as

i+ iv]p+ 5o] +hif(w- Jom) | = o

H, being replaced in accordance with (53.8). The second term is zero by
(53.2) and the third term is zero by (53.9), so that we find [¢] =0, i.e. the
internal energy also is continuous. Every other thermodynamic quantity is
determined if € and V are given. Hence all the other thermodynamic quanti-
ties, including the pressure, are continuous. It then follows from (53.2)
that H;2 is continuous, i.e.

[p1=0, [H]=0. (53.10)

The fact that H; and H, are both continuous means that the magnitude of H
itself and its angle to the surface are likewise continuous.

Formulae (53.7)—(53.10) give all the properties of the discontinuities under
consideration. The thermodynamic quantities are continuous, but the mag-
netic field is turned through an angle about the normal, its magnitude
remaining unchanged. The vector H;, and therefore (by (53.9)) the tan-
gential velocity component, are discontinuous, but the normal velocity
component v, = jV is continuous, and its value is

vn = Har/(V/4m) = Hal/(4mp). (53.11)

We shall call these rotational discontinuities.

It is useful to note that, by a suitable choice of the co-ordinate system,
we can always ensure that the fluid velocity is parallel to the field on each
side of a rotational discontinuity. To achieve this, we use a co-ordinate system
moving with velocity vig—Hi/(V/[47) = vos—Ha/(V[4n). (Compare the
first footnote to this section.) In the new system the ratio of each component
of v to the corresponding component of H on either side of the discontinuity
is \/(V[4=), i.e.

vi = Hin/(V/4n), vy = Hon/(V/4). (53.12)

Thus in this system of co-ordinates the velocity is rotated with the magnetic
field, its magnitude and angle to the normal remaining unchanged.

The velocity v, is also minus the velocity of propagation of the discon-
tinuity relative to the fluid. This is equal to the phase velocity u; of one of
the three types of hydromagnetic wave (§52). The occurrence of this equality
for all rotational discontinuities is to some extent accidental, but when the
discontinuities of the various quantities are small the equality must hold.
For such a discontinuity is a weak perturbation, in which the velocity v
and the magnetic field H receive small increments perpendicular to the plane
through H and the normal n. This perturbation is of the type whose phase
velocity is u;. The physical velocity of propagation of the front of a small
perturbation is the normal component of the group velocity, i.e. its compo-
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nent in the direction of the vector k. Since the relation between w and k
is linear, we have k. dw/0k = w, and so this component is the same as the
phase velocity w/k = u;.

Although tangential and rotational discontinuities form two different
types, there are also discontinuities having the properties of both. These
discontinuities are such that v and H are tangential in direction and con-
tinuous in magnitude. ‘

In ordinary fluid dynamics, tangential discontinuities are always unstable
with respect to infinitesimal perturbations, and so are rapidly broadened into
turbulent regions. A magnetic field, however, has a stabilising effect on the
motion of a conducting fluid, and in this case tangential discontinuities may be
stable. This result is a natural consequence of the fact that a perturbation
involving fluid displacements transverse to the field leads to a stretching of
the lines of magnetic force “frozen” in it, and therefore to the appearance of
forces which tend to restore the unperturbed flow. An investigation of such
discontinuities in an incompressible fluid by S. I. Syrovatskii (1953) has
given the following two inequalities, which must both be satisfied if the
discontinuity is stable:

Hq2 + sz > 21Tp‘2)2,

(Hl X H2)2 P pr{(Hl b%e v)2 + (H2 x v)g}’ (53.13)

where v = va—vj is the discontinuity of the velocity; see Problem 1.+

In reality, however, the existence of a small but finite viscosity and electric
resistance in the fluid means that such tangential discontinuities cannot exist
indefinitely, even if the conditions (53.13) are fulfilled. Although no turbu-
lence occurs, the sharp discontinuity is replaced by a gradually widening
transitional region, in which the velocity and the magnetic field change
smoothly from one value to another. This is easily seen from the equations
of motion (51.12) and (51.13) if the dissipative terms are retained. We take
the x-axis in the direction of the normal to the discontinuity. Assuming all
quantities to depend on x (and possibly on the time), we can write the trans-
verse components of these equations as

OH,/0t = (c2/4mo) 02H;/0x2,

53.14
th/ ot = Vazvt/ 0x2, ( )

the fluid being supposed incompressible. If we assume steady flow, the
left-hand sides of equations (53.14) are zero, and the only solution which
remains finite as x — + oo is H; = constant, v; = constant, which contra-
dicts the assumption that these quantities undergo a change at the discon-
tinuity. Thus a tangential discontinuity cannot have a constant width such
as is found for (e.g.) a weak shock wave. Equations (53.14) are heat-conduction

+ If the densities of the incompressible fluids on the two sides of the discontinuity are
different, then p in these inequalities must be replaced by 2p1p2((p1+ p2).
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equations. As we know from the theory of thermal conduction, a discon-
tinuity in a quantity satisfying such an equation is gradually smoothed out
into a transitional region, whose width increases as the square root of the time.
Since the coefficients in the two equations (53.14) are different, the widths
8y and 8y of the transitional regions for the velocity and the magnetic field
are also different:

8 ~ V),  8m = /(o). (53.15)

‘Rotational discontinuities in an incompressible fluid are stable with respect
to infinitesimal perturbations, whatever the strength of the magnetic field
(S. I. Syrovatski, 1953). Like tangential discontinuities, however, they
cannot have constant widths, but are gradually smoothed out by the viscosity
and electric resistance of the fluid (see Problem 2).

PROBLEMS

ProBLEM 1. Derive the condition for the stability of a tangential discontinuity in an
incompressible perfectly conducting non-viscous fluid in a magnetic field (S. 1. SyrovaTskii).
SoLutioN.t We write v = vo+V’, p = po+p’, H = Ho+H’, where vo, po and Hp are
the constant (on each side of the discontinuity) unperturbed values, and v/, p’ and H’ are

small perturbations. Substituting in equations (51.11)-(51.13), we have for an ideal fluid
diva’ =0, divv' =0, (1)
ou’/ot = (u-grad)v’'—(v-grad)u’ (2)

‘ 1
% +(v-grad)v’ = — - grad p’—u X curl u’
P

1
== grad (p"+ pu-u)+(u-gradu’, (&)

where for brevity we have omitted the suffix 0 and put u = H/v/(4mp). We take the diver-
gence of equation (3) and use (1), obtaining

A’ +pu-w’) = 0. )

Let x = O be the plane of the discontinuity, to which the vectors v and u are parallel.
In each of the half-spaces x > 0 and x < 0 we seek all quantities v/, w’, p’ in a form pro-
portional to exp{i(k-r— wt)+«x}, where k is a vector in the yz-plane. From equation (4)
we find that k2—x2 = 0, so that we must put x = k for x < 0 and x = —k for x > 0.
We eliminate v’z from the x-components of equations (2) and (3), obtaining}

p'+pun’ = —u’xL{(w—k-v)z—(k-u)z}. (5)
k-ux

Let { = {(y, 2, t) be the displacement of the surface of discontinuity in the x-direction
due to the perturbation. The conditions (53.5) and (53.6) must hold on the displaced
surface:

[p+p(u+u’)?] = [p'+pu-u’] =0,
Uuni+u'n1 £ w'n—w-grad { = 0, (6)
unz+u'ne & wza—uz-grad { = 0;

t Cf. Fluid Mechanics, §30. . . . )
1 The case where the expression in braces vanishes is of no interest, since w is then real,
whereas instability can occur only for complex w.
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the condition of zero mass flux through the surface is satisfied automatically. Putting
{ = constant X exp{i(k+-r— ot)} and eliminating {, #z1 and uz2 from the three equations (6),
we obtain an equation giving the possible values of w:

(0—k-v1)2+(w—k-v2)? = (k-w)2+(k-ug)%
This quadratic equation has no complex root if
2>k u)2+2(k-uz)2—{k(v2—v1)}2 > 0,
or
{Rurutk+ 2usiuss — (vt —v13)(vae —o1k) JRike > O.

This quadratic form is positive-definite if the trace and determinant of the tensor of rank
two in the braces are both positive, and hence we obtain the conditions (53.13).

ProBueM 2. Find the manner of widening of a rotational discontinuity with time.

SoLuTION. Assuming all quantities to depend only on the co-ordinate x (and on the time),
we find from the equations div v = 0 and div H = 0 that vz = constant and H; = constant.
Let the co-ordinate system be such that the values of v and H on each side of the discon-
tinuity (outside the transitional layer) are related by (53.12). Then vz = ug, where u has
the same meaning as in Problem 1. For the transverse components u; and v¢ we have from
equations (51.12) and (51.13)

allg + aw _ 3’V¢ c? a’u:
ot “ ox = ax = 4mo ox?’

ave + ove due o2v;
— tUr— = Ug— t+v—5.
T ox o | ox?
Since the difference v:—u; tends to zero for x - + o0, because of the relations (53.12),
this difference must be small in the transitional layer in comparison with the sum v¢+u;.
Adding the equations (1), we can therefore neglect a term in v¢—us, obtaining

1)

2 B 1( c e
vt =5l +”)@(“+“"'

From this we see that the width of the discontinuity varies in a manner given by

o '\/{(40:0 +")t}’

§54. Shock waves
Let us now consider the type of discontinuity in which

j#0, [V]#0. (54.1)

Such discontinuities are called shock waves, as in ordinary fluid dynamics.
They are characterised by a discontinuity of density and by the fact that the
gas moves through them (vp1 and vye being non-zero). The normal com-
ponent of the magnetic field may or may not be zero.

On comparing equations (53.3) and (53.4) we see that, when Hy # 0, the
vectors Hio—H; and VeHie — ViHy are parallel to the same vector va;— vy,
and therefore to each other. Hence it follows that Hy and Hig are parallel
i.e. the vectors H;, Hs and the normal to the surface are coplanar, unlike
what happens (in general) in tangential and rotational discontinuities. This
result holds also when H, = 0; in this case, which we shall discuss later, it
follows from (53.4) that V1Hu = VeHie.
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The velocity discontinuity v —vyg lies in the same plane as Hj and H.
We can evidently, without loss of generality, assume that the vectors v; and
vg themselves lie in this plane, so that the motion in the shock wave is two-
dimensional. Furthermore, it is easy to see that, if H, # 0, a suitable trans-
formation of the co-ordinates will always ensure that the vectors v and H
are parallel on each side of the discontinuity. To achieve this, we use a co-
ordinate system which moves with velocity v;—(vn/Hp)H; = v;—(jV[Hyn)H;
(the value of this expression is the same on each side of the discontinuity,
by (53.4)). In the following formulae, however, the choice of this particular
co-ordinate system is not implied.

Let us derive the relation for shock waves in magnetic gas dynamics which
corresponds to the shock adiabatic (Hugoniot adiabatic) in ordinary gas
dynamics. Eliminating [v;] from (53.3) and (53.4) we have

JP[VH;] = Hp?[H][4m; (54.2)

here we have replaced H; by Hj, since Hy and H;g are parallel. In order to
eliminate [v;] from equation (53.1), we rewrite that equation as

[l + 427 + 3 (v - %mf] +

+ [VH2] /4w — Hp2[H2]/3272%2 = 0.

The third term is zero by equation (53.3) and so v; does not appear. In the
last term we substitute j2 from (54.2) and in the second term from (53.2),

72 = (b2 — 1 + (Ha? — H?)Br}/(V1 — V). (543)
A simple calculation then gives
e —a+ i+ p)(Va— V1) +
+ (Vo — Va)(Hin — Hy)2[16m = 0. (54.4)

This is the equation of the shock adiabatic in magnetic gas dynamics. It
differs from the ordinary equation by the presence of the third term.

We may also write out again equation (53.3), which gives the discontinuity
of v; in terms of that of H;:

v — v = Hyu(Hiz — Hy)[47j. (54.5)

Equations (54.2)-(54.5) form a complete system of equations of shock waves.
As the discontinuities of all quantities tend to zero, the velocity of propaga-
tion of the shock wave must tend to its value for small perturbations. In
ordinary gas dynamics this means that the velocity of a weak shock wave
tends to the velocity of sound. In magnetic gas dynamics, however, there
are two different velocities u2 and ug with which weak shock waves can be
propagated. t

t The velocity u1 is, as mentioned in §53, the velocity of propagation of perturbations
corresponding to rotational discontinuities.
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Let us consider weak shock waves in more detail, and ascertain in which
direction the various quantities change in them. Expanding equation (54.4)
in powers of the discontinuities of pressure and entropy, we obtaint

102V
T(s2 — $1) = ﬁ( pre )8@2 -n)p-
- 16%(3_;;7)3@2 ) Ha— HaR.  (546)

When the gas passes through the shock wave, its entropy can only increase:
sz > s1. By an inequality of thermodynamics, we have (0V]op)s < 0, and
the derivative (82V/dp?)s is in fact positive for all the substances in question
here. Hence we see from (54.6) that the inequality sz > s1 implies that
p2 > p1, and therefore Vs < V3. Thus we have a compression wave, as in
ordinary gas dynamics. This result, which we have proved for weak shock
waves, seems to hold for shock waves of any intensity.

For weak shock waves we can also derive certain results concerning the
direction of variation of the magnetic field. The changes in the various
quantities when the state of the gas undergoes a slight perturbation are related
by formulae (52.8) and (52.9). The changes 8p = p2—p1 and 8(H?)
= Hys2— Hy?are such that §(H2) = 8m(u?—uo®)3p. Since uz > uo and us < up
(see (52.15)), and from the above we necessarily have 8p > 0, we see that the
quantities H¢?, and therefore H2 = H;2+ Hy?, vary in opposite directions in
the two kinds of weak shock wave. The magnetic field is increased in a
shock moving with velocity ~ ug, but it is reduced in one moving with
velocity ~ us.

Let us now consider shock waves in weak magnetic fields, i.e. assume that
H? < pu? on either side of the discontinuity. No restriction is placed on the
discontinuity of any quantity; in particular, the discontinuity in the magnetic
field may be comparable with the magnitude of that field.

There are again two possibilities. If the discontinuities of density and
pressure are not small, we can neglect, in a first approximation, the last term
in equation (54.4) and the magnetic field in formula (54.3). We thereby
return to the formulae of ordinary fluid dynamics. Thus the relation between
the discontinuities of the various thermodynamic quantities, and the rate of
propagation of the shock, will be the same as for ordinary shock waves. The
change in the magnetic field can be found from the relation (54.2). Since
the right-hand side of this equation is of the third order of smallness with
respect to the field, the same must be true of the left-hand side. As a first ap-
proximation we can put [VH;] = VaeHp—ViHn = 0, whence Hiz[Hpn
= V1/Va = ps/p1. Since in an ordinary shock wave we always have V1 > V2,
we see that the magnetic field is strengthened in a shock of this type.

t See Fluid Mechanics, §83.
16
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Equations (54.2)—(54.4) admit also another type of solution. The assump-
tion that the field is small is also compatible with equation (54.2) for a wave
in which V; =~ V3 and j2 is the second-order quantity

J? = Hp?[4nV, (54.7)

where V' is the common value of 73 and V. It is seen from equation (54.3)
that if we put 1 = V3, we must to the same approximation put

p2—p1 = — (Hp? — Hp?)/8m. (54.8)

The continuity of the density means that a shock wave of this type can be
regarded as a discontinuity in an incompressible fluid. The vector H; (and
therefore v) has a discontinuity in magnitude but not in direction, and the
discontinuity of pressure is given in terms of that of the magnetic field by
formula (54.8) when the density is continuous. The rate of propagation of
the discontinuity is vn2 = vp1 =jV = Hp+/(V/4n). This is a natural result,
and the necessity for the existence of such discontinuities could have been
foreseen. We saw in §52 that, in an incompressible fluid, there is only one
velocity of propagation of small perturbations of the magnetic field, namely
H/+/(4mp). Hence the fronts of small perturbations move with velocity
u1 = Hy[+/(4mp), whether the change 8H in the field is parallel or perpendicu-
lar to the plane of H and n. The latter case corresponds to weak rotational
discontinuities (already discussed in §53) and the former, when the dis-
continuities are small, is the type just considered.

To ascertain the direction of variation of the magnetic field strength in such
discontinuities, we return to equation (54.4), which has not yet been used,
and rewrite it in the form (54.6), in whose derivation the discontinuity in the
magnetic field was not assumed small compared with that field itself. Substi-
tuting po — py from (54.8), we find that the second term on the right of (54.6)
is of the fourth order in the field, whereas the first term is of the sixth order
and may be omitted. It follows at once from the condition ss > s1 that
Hi2 < Hy, i.e. that the magnetic field is weakened in such a discontinuity.

Returning now to shock waves of any intensity in magnetic fields of any
strength, we may consider two particular cases. Let the magnetic field in
medium 1 be perpendicular to the shock wave front, i.e. Hyy = 0. Then equa-
tion (54.2) becomes j2VoH;s = Hu2Hjo[4w. Hence it follows that either
Hip =0, or j2 = Hy2[4nV; with no restriction on Hys. In the former case
the magnetic field remains perpendiocular to the surface of the discontinuity,
and does not affect the properties of the shock wave, since it does not appear
in the equations. In the second alternative we have a shock wave in which
the field changes direction, propagated with velocity vgs = jVs = Hy[+/(47p2)
relative to the gas behind it.

Another particular case is a shock wave parallel to the field on either
side of it (H, = 0).t From (54.5) we then have v, = Vi1, i.e. the tangential

t For Hn = 0 there is only one type of shock wave, in accordance with the fact that u3

is zero. The shock waves corresponding to u3 become weak tangential discontinuities at
rest relative to the fluid.
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velocity component is continuous. By a suitable choice of co-ordinates
therefore, we can always ensure that v; = 0 on either side of the discontinuity,
i.e. the gas moves perpendicularly to the discontinuity, and we shall hence-
forth assume this. From equation (54.2) we have VoHs = ViH). This rela-
tion shows that equations (54.3) and (54.4) can be written

j2 = (p2* —p1*)[(V1— V), e* —ear* +3(pe*+p1*)(V2— V1) =0,

which differ from the ordinary equations for shock waves in the absence of a
magnetic field only by a change in the equation of state: the true equa-
tion of state p =p(V,s) must be replaced by p* =p*(V,s), where
p* = p-+b2/8xV2, and b denotes the constant product HV. Accordingly €*
must be defined so as to satisfy the thermodynamic relation (3¢*[0V)s = —p*,
whence e* = e+ b%[8nV.

It has been shown in §53 that there are discontinuities which exhibit the
properties of both tangential and rotational discontinuities. The discon-
tinuities discussed here are related in this way to shock waves also. The
transition between shock waves and rotational discontinuities is formed by
a discontinuity in which there is no change in density and the only change in
the magnetic field is that H is reversed. The transition between shock waves
and tangential discontinuities is formed by discontinuities in which v, =0,
H, =0, and H; has any discontinuity in magnitude but none in direction.

We may summarise as follows the discontinuities discussed in §§53—4:

(1) Contact discontinuities:

j=0, [w]=0 [V]1#£0, [p]=0, Hy#0, [H]=0.
(2) Tangential discontinuities:
. Hg? ’
j=0, Wi#0, [V]#0, [p+§;] —0, Hy=0, [H]#0.
(3) Rotational discontinuities:
j#0, [v]l#0, [V1=0, [p]=0, Hx#0,
H; changes direction but not magnitude.
(4) Shock waves:
j#0, [V]+#0, H, H;and n coplanar.

The following diagram shows the possible transitional cases:
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§55. The spontaneous magnetic field in turbulent motion of a con-
ducting fluid

Turbulent motion of a conducting fluid has the remarkable property that
it may lead to spontaneous magnetic fields which are quite strong. There are
always small perturbations in a conducting fluid, resulting from causes
extraneous to the fluid motion itself, t and accompanied by very weak electric
and magnetic fields. The question is whether these perturbations are, on
the average, amplified or damped by the turbulent motion in the course of
time. The following arguments show that either may occur, depending on
the properties of the fluid itself.1 ,

The manner of variation with time of magnetic field perturbations, once
they have arisen, is determined by two physical agencies. The dissipation
of magnetic energy, which is converted into the Joule heat of the induced
currents, tends to diminish the field. The magnetic field tends to increase,
on the other hand, by the purely magnetic effect of the ‘“‘stretching” of
the lines of force. We have shown at the end of §51 that, when a fluid of
sufficiently high conductivity is in motion, the lines of magnetic force move
as fluid lines, and the magnetic field varies proportionally to the stretching
at each point on each line of force. In turbulent motion any two neighbour-
ing particles move apart, on the average, in the course of time. As a result,
the lines of force are stretched and the magnetic field is strengthened.

We shall show that in certain conditions these two opposite tendencies
may balance, and this will provide a criterion distinguishing the cases where
the magnetic field perturbations increase from those where they are damped.

While the magnetic field resulting from the motion remains weak its
reciprocal effect on the motion can be neglected. That is, we may consider
ordinary fluid turbulence as providing a given ‘‘background” on which the
magnetic perturbations develop. We assume a steady turbulent velocity
distribution, the word “steady” being used in the sense usual in turbulence
theory, i.e. referring to the average values of the motion. |

Mathematically, we neglect the terms quadratic in the field in the equation
of motion (51.13), returning to the ordinary Navier—Stokes equation:

ov/ot + (v-grad)v = — grad(p/p) + vAv

(the fluid being supposed incompressible). If we use the formula (v.grad)v
= } grad v2—v x curl v and take the curl of the above equation, we obtain

9Q/ot = curl(v x Q) + vAR, (55.1)

where we have put for brevity Q = § curl v.

t For example, the magnetomechanical effect in rotating parts of a fluid, or even thermal
fluctuations.

1 The results in §55 are due to G. K. BATCHELOR (1950).

|| The averaging is over times which are of the order of the periods of the corresponding
turbulent fluctuations, but are, of course, small compared with the total time during which
the system is observed.
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Let us compare this equation with (51.2):
dH/ot = curl(v x H) + (¢/4m0) AH, (55.2)

which (for a given velocity distribution) determines the time variation of the
magnetic field. We see that £ and H satisfy equations of the same form, which
become identical if v = ¢2[4mo. In this case, therefore, there is a solution of
equation (55.2) for which

H = constant x £2. (55.3)
Thus, if
v = 2/4no, (55.4)

a steady magnetic field (in the same sense of the word *“‘steady”) can exist.
This field, on the average, neither increases nor decreases, whatever the value
of the constant coefficient in (55.3). We may say that there is neutral equili-
brium, in which the two factors, mentioned above as determining the magnetic
field, are exactly balanced.

Hence, in turn, it is evident that, if the conductivity of the fluid exceeds
c2/4mv, the dissipative loss of electromagnetic energy will be insufficient to
compensate the increase of the magnetic field by the stretching of the lines
of force. Thus we obtain the inequality

4mvofc2 > 1 (55.5)

as the condition for the spontaneous appearance of magnetic fields by the
growth of small magnetic perturbations.t

We can say that this is the condition for turbulent motion to be unstable
with respect to infinitesimal magnetic perturbations. It is noteworthy that
the criterion can be established quantitatively, and not merely in orders of
magnitude.}

The condition (55.5) as a criterion of the behaviour of the field is valid
so long as the neglect of the reciprocal effect of the magnetic field on the flow,
on which the derivation of (55.5) is based, holds good. The field will increase
until some steady state, in which the reciprocal effect of the field cannot be
neglected, is set up. Although, strictly speaking, the fluid-mechanical
properties of the turbulence in this state are not those given a priori, the
qualitative distribution and the order of magnitude of the resulting magnetic
field can be determined as if they were.

+ The condition (55.5) is very stringent. For example, in mercury (o =2 1018 sec1,
v = 1:2 %103 cm?/sec), the quantity on the left of (55.5) is only 1:5 X107, Since o and v
increase with the mean free paths of the corresponding carriers of charge and mass, the
condition (55.5) may be fulfilled, for example, in the Sun’s chromosphere and corona, and
in the ionised interstellar gas.

1 It should be mentioned that the foregoing arguments, however convincing, are not
entirely conclusive. For example, YA. B. ZEL’DOVICH has shown (Zhurnal éksperimental’noi
i teoreticheskoi fiziki 31, 154, 1956; Soviet Physics JETP 4, 460, 1957) that they are invalid -
in ‘a hypothetical case of “two-dimensional’’ turbulence.
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It is easy to see that the magnetic field distribution must be similar to the
turbulent distribution of Q. For Q may be regarded as the angular velocity
of the fluid at any given point. Since the lines of magnetic force move with
the fluid, the vector H rotates with the same angular velocity. Hence, if at
any two points of a turbulent flow the instantaneous values of & are uncorre-
lated, the vectors H at those points will rotate in an uncorrelated manner,
and their relative direction will vary randomly with time. 7

In this connection we may refer to some purely fluid-mechanical properties
of turbulence.t Turbulent flow may be regarded as a superposition of turbu-
lent eddies of various sizes, from the largest / (the “external scale” of the
turbulence) to the smallest Ao (the “internal scale”). The former is equal
to a characteristic length which gives the size of the region in which the
turbulent flow occurs. The quantity Ay gives, in order of magnitude, the
distances at which viscosity, and the energy dissipation which it entails,
become important; it can be expressed in terms of ! and the Reynolds
number R ~ ulfv of the turbulent flow as a whole (« being of the order of
the change in the mean velocity over a distance ), or in terms of the energy
e dissipated in unit mass of the fluid in unit time:

do ~ (B}t ~ JRE. (55.6)

The correlation between the velocities vy and vz at two points 1 and 2 at
a distance A apart is determined mainly by the eddies of size . According
to Kolmogorov and Obukhov’s law, we have, for distances A > Ay, AviAvy
~ A2/3 where Av = vz —v;. At distances A € Ay, on the other hand,
AviAvy, ~ A2, From this we can easily find the correlation of angular veloci-
ties. Since the components of €; and 7 are expressed in terms of the
derivatives of v; and vz, we find, by differentiating Av;Avg once with respect
to the co-ordinates of point 1 and once with respect to those of point 2,

Q1Qop ~ X743 for A > Ao,
118 22% orA> Ao (55.7)

Q1:Qsr ~ constant for A < Ay.

These formulae show that an appreciable correlation between the angular
velocities exists only at distances up to those of the order of Ao, falling off
rapidly at greater distances. _

From the above discussion, the distribution of the steady spontaneous
magnetic field must be similar. The distribution is correlated only over
regions of dimension ~ ). At greater distances the relative direction of the
vectors H is practically random.

The order of magnitude of the magnetic field can now be easily deter-
mined by estimating the terms in the complete equation of motion

ov/ot + (v-grad)v = — grad(p/p) + vAv — (1/4mp)H x curl H.

t See Fluid Mechanics, §§31-33.
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Since the vector H changes its direction completely over distances ~ Ay,
the order of magnitude of the last term on the right-hand side is H2[4wp2o.
Let us now estimate the term (v.grad)v. For eddies of size A it is of the
order of v)2[A, where v, is the change in the velocity over a distance A.
According to the formulae of turbulence theory we have

v, ~ u(A/1)}  for A > A,

vy ~ u(A/l)2/R for A < Xp.
Hence the ratio v)2/A~A~1/3 for A > Xgand ~ Afor A < . Its greatest value
is therefore reached when A ~ Ap. Thus (v-grad)v ~ v)2[A. Finally, if
the two terms are comparable in magnitude, we have

H2 ~ 4mpu, 2. (55.9)

According to (55.6) and (55.8), vy, ~ uR~1/4 ~ (ev)1/4. Hence we can also
write

(55.8)

H? ~ 47pu?[4/R ~ 4mpr/(ev). (55.10)

These formulae give the order of magnitude of the spontaneous magnetic
field. It is of interest to compare the energy of this field with the
kinetic energy of the turbulent flow. The latter energy resides mainly in the
largest eddies (of size ~ I), and its order of magnitude is pu?. The mag-
netic energy resides mainly in the “magnetic eddies”, which are of small size
(~ X). By (55.9), it is comparable with the kinetic energy of the turbulent
eddies of this same size, but, by (55.10), it is small in comparison with the
total kinetic energy. A more exact mathematical formulation of these state-
ments can be attained by expanding the spatial distribution of velocity and
magnetic field as Fourier integrals. The kinetic energy then resides mainly
in the components with small wave numbers (k ~ 1/I), while the magnetic
energy is mainly in those with large wave numbers (2 ~ 1/Ao).

Turbulent flow results in a continuous transfer of energy from large eddies
to small ones, with almost no viscous dissipation. This “energy flux” is
dissipated only in the eddies of size Ap. In the absence of a magnetic field,
the dissipation is due entirely to the viscosity of the fluid, but in the turbu-
lence here considered the energy in the eddies of size Ag is partly dissipated
by viscosity, partly converted into the energy of the magnetic field and only
then dissipated as Joule heat.

Let us estimate the time required to establish the steady state. For this
purpose we return to equation (55.2). The two terms on the right-hand
side are in order of magnitude respectively Hv )‘0/)\0 = Hv AOAO/Aoz ~ Hv[Xe?

and ¢2H[4moA2. Since we know precisely the condition (55.4) for the occur-
rence of neutral equilibrium, we also know the exact relation between the
coeflicients in these two terms, and can write

oH c2)H
o (" 4ol 22
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Hence we see that small perturbations increase with time according to the
exponential function

exp{ (v —4%)#}. (55.11)

If 4mwov[c? > 1 we have simply exp(vt/Ao2). The time 7 during which an
initial small perturbation ~ Hp develops into the steady field H (55.10) is
then, in order of magnitude,

A2 H?2 v\? p(ev)?
T~ —log— ~ (—) Io .
Hy? Hy?

v 0

The random variation of the magnetic field with time in turbulent flow
means that the (time) average value of H is zero. In other words, we can
say that, in the case considered here (i.e. when a spontaneous field is possible),
a non-zero mean field is incompatible with turbulence. The result must be
that, when a moderate external magnetic field is applied to a fluid in turbu-
lent motion (in a finite volume), the latter will behave like a superconductor.
A strong field (H2 > pu?) must necessarily penetrate into the fluid and will
suppress the turbulence.

(55.12)

€



CHAPTER IX
THE ELECTROMAGNETIC WAVE EQUATIONS

§56. The field equations in a dielectric in the absence of dispersion
IN §45 we gave the equations for a variable electromagnetic field in a metal:

curlH = 4n0E/c, curlE = — (1/c) 0B/ot, (56.1)

which hold when the field changes sufficiently slowly: the frequencies of the
field must be such that the dependence of j on E (and of B on H, if needed)
is that corresponding to the static case.f

We shall now examine the corresponding problem for a variable electro-
magnetic field in a dielectric, and shall formulate equations valid for fre-
quencies such that the relations between D and E, and B and H, are the same
as when the fields are constant. If, as usually happens, these relations are
simple proportionalities, this means that we can put

D=¢E B=H, : (56.2)

with the static values of € and p.

These relations are not valid (or, as we say, € and p exhibit dispersion) at
frequencies comparable with the eigenfrequencies of the molecular or
electronic vibrations which lead to the electric or magnetic polarisation of
the matter. The order of magnitude of such frequencies depends on the
substance concerned, and varies widely. It may also be entirely different
for electric and for magnetic phenomena.}

The equations

divB = 0, (56.3)
curlE = — (1/c) 2B/ot (56.4)

are obtained immediately by replacing e and h in the exact microscopic
Maxwell’s equations by their averaged values E and B, and therefore are
always valid. The equation

divb =90 (56.5)

is obtained (§6) by averaging the exact microscopic equation div e = 4ump,

t The condition I <€ X does not relate to the validity of equations (56.1) as they stand.
In the problems discussed in Chapter VII this condition was necessary in order to justify
the neglect of retardation effects in the field outside the conductor.

1 In diamond, for example, the electric polarisation is due to the electrons, and the
dispersion of € begins only in the ultra-violet. In a polar liquid such as water, the polarisation
is due to the orientation of molecules with permanent dipole moments, and the dispersion
of € appears at frequencies @ ~ 1011, i.e. in the centimetre wavelength range. The dispersion
of p in ferromagnetics may begin at even lower frequencies.

239
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using only the fact that the total charge on the body is zero. This result is
evidently independent of the assumption made in §6 that the field is static,
and equation (56.5) is therefore valid in variable fields also.

A further equation is to be obtained by averaging the exact equation

curlh = 128, 4—”pv. (56.6)
cot ¢
A direct averaging gives
curl B = 128 + 4.—wp_v' (56.7)
c ot ¢

When the macroscopic field depends on time, the establishment of the rela-
tion between the mean value pv and the other quantities is fairly difficult.
It is simpler to effect the averaging in the following more formal way.

Let us assume for the moment that extraneous charges of volume density
pex are placed in the dielectric. The motion of these charges causes an
“extraneous current’ jex, and the conservation of charge is expressed by an
equation of continuity:

3pex/3t + divjex = 0.

Instead of equation (56.5) we have divD = 4mpex; see (6.8). Differentiat-
ing this equation with respect to time and using the equation of continuity,
we obtain d(div D)/0t = 4mw0pex/0t = —4m diV jex, or

di (3D + 47j ) 0
Iv{—— = U.
ot Jox

Hence it follows that the vector in parentheses can be written as the curl of
another vector, which we denote by ¢cH. Thus

1H b 1D 56.8
cur cjex-i-c PR (56.8)

Outside the body this must be the same as the exact Maxwell’s equation
for the field in a vacuum, and therefore H is the magnetic field. Inside the
body, in the static case, the current jex is related to the magnetic field by the
equation curl H = 4mjex/c, where H is the quantity introduced in §27 and
related in a definite manner to the mean field B. Hence it follows that, in
the limit of zero frequency, the vector H in equation (56.8) is the static
quantity H(B), and our present assumption that the field varies “slowly”
means that the same relation H(B) holds between these variable fields. Thus
H is a definite quantity, so that we can drop the auxiliary quantity jex and
obtain the final equation

curl H = (1/c) éD/ét. (56.9)
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This equation replaces in dielectrics the first equation (56.1) for the field
in metals. It might be supposed that the term in JE/ot ought to be included
when this equation is used for variable fields in metals also, giving

curlH = 7,51 £ E (56.10)
c ¢ ot

In good conductors such as the true metals, however, the introduction of
this term is pointless. The two terms on the right-hand side of (56.10) are
essentially the first two terms in an expansion in powers of the field fre-
quency. Since this frequency is assumed small, the second term must repre-
sent at most a small correction. In actual fact, in metals the corrections for
the effect of the spatial non-uniformity of the field become important sooner
than the frequency correction (see the sixth footnote to §45).

There are, however, substances, namely poor conductors, for which
equation (56.10) may be meaningful. For such reasons as the small number
of conduction electrons in semiconductors, or the small mobility of the ions
in electrolyte solutions, these substances exhibit anomalously low conduc-
tivity, and hence the second term on the right of equation (56.10) may be
comparable with, or even exceed, the first term at frequencies for which o
and e may still be regarded as constants. In a field of a single frequency o,
the ratio of the second term to the first is ew/4mo. If this ratio is small,
the body behaves as an ordinary conductor of conductivity o. At frequencies
w > 4wale, it behaves as a dielectric with dielectric constant e.

In a homogeneous medium with constant e and y, equations (56.3)—(56.5)
and (56.9) become

divE=0, divH=0, (56.11)
H OE

curlE = — 22 cunim = S (56.12)
c ot c ot

Eliminating E in the usual manner, we obtain

0 2H
curlcurlH = —e-—curlE - — 2___,
c ot 2 o
and, since curlcurl H = grad div H— AH = — AH, we reach the

wave equation

4

A similar equation for E can be obtained by eliminating H. We see that -
the velocity of propagation of electromagnetic waves in a homogeneous
dielectric is

c/A/(ep)- (56.13)
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The electromagnetic energy flux density in a dielectric is given by the
same formula as in a metal:

S = ¢E x H/4=. (56.14)

This is easily seen by calculating div S. Using equations (56.4) and (56.9),
we obtain

divs = 4i(H.curm _ E-curlH)
¢

E +H v

ot ot ot’

in accordance with the expression dU = (E-dD+H-dB)/4r for the dif-

ferential of the internal energy of a dielectric at given density and entropy.

The general requirements of relativistic invariance have the result that

the energy flux density must be the same, apart from a factor ¢2, as the space
density of the field momentum,{ which is therefore

E x H/4nc. (56.16)

This expression must, in particular, be used in determining the forces on a
dielectric in a variable electromagnetic field. The force f per unit volume
may be calculated from the stress tensor oy: f; = 0oyx/0xx. Here, however,
it must be remembered that o is the momentum flux density, which in-
cludes the momentum of both the matter and the electromagnetic field. If fis
taken as the force on the medium, the rate of change of the field momentum
per unit volume must be subtracted:

f _ 30‘«51‘; 0 (E XH)i
T 0w 0t 4mc

In a constant field the last term is zero, and so this question did not arise
previously.

Since the field varies “slowly”, the stress tensor may be taken to have the
same value as in a constant field. For instance, in a fluid dielectric, o is
given by the sum of the electric part (15.9) and the magnetic part (34.2). In
differentiating these expressions with respect to the co-ordinates we must
use the fact that the equations curl E = 0, curl H = 0 for a constant field
(in the absence of currents) are replaced by equations (56.12). The result is

1 ( oD B ) (56.15)

(56.17)

B2 soe\ E?|  H2
f= — gradpo— — grade + grad [p(—) —] ~ Tgradp +
8 op/ 78 8
d[ 3“) H2]+€”—13(ExH 56.18
T —_— — —_— . .
+gra P(ap, 787 4mc Ot ) ( )

t This follows from the symmetry of the four-dimensional energy-momentum tensor;
see The Classical Theory of Fields, §4-7, Addison-Wesley Press, Cambridge (Mass.), 1951;
Pergamon Press, London, 1959.
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§57. The electrodynamics of moving dielectrics

The motion of a medium results in an interaction between the electric and
magnetic fields. Such phenomena for conductors have been discussed in
§49; we shall now discuss them for dielectrics. Here we are in practice
concerned with the phenomena occurring in moving media when external
electric or magnetic fields are present. It should be emphasised that they
are in no way related to the appearance of fields as a result of the motion
itself (§§35, 50).

Our starting point in §49 was the formulae giving the transformation of
the field when the frame of reference is changed. There it was sufficient to
know the general formulae for the transformation of electric and magnetic
fields in a vacuum, the averaging of which gives immediately the formulae
for the transformation of E and B. In dielectrics the problem is considerably
more complex, because the electromagnetic field is described by a greater
number of quantities.

In the motion of macroscopic bodies, the velocities involved must in
practice be small compared with the velocity of light. To obtain the necessary
approximate transformation formulae, however, it is simplest to use the
exact relativistic formulae which hold for all velocities.

In the electrodynamics of the field in a vacuum, the components of the
electric and magnetic field vectors e and h are actually components of an
antisymmetrical four-dimensional tensor (or ‘four-tensor’) of rank two.?}
The same is true of E and B, which are the mean values of e and h. Thus
there is a four-tensor Fy; whose components are given by}

[ 0 B, —By —iEx]
Fau=|—B 0 By —iky (57.1)

B, -B, 0 —iE, |
iE, iE, iE, O
Using this tensor, the first two Maxwell’s equations,
divB = 0, curlE = — (1/c) 0B/ot, (57.2)
can be written in the four-dimensional form
OFuw  O0Fg  0Fy
+ +

3x1 axi 3x]‘;

= 0. (57.3)

This shows the relativistic invariance of the equations. The applicability of
equations (57.2) to moving bodies is evident, since they are obtained directly
from the exact microscopic Maxwell’s equations by replacing e and h by
their averaged values E and B.

t See The Classical Theory of Fields, §§3-9, 4-1.
1 In the present section (but not in the Problems) the tensor suffixes take the values 1, 2,
3, 4, corresponding to the four-dimensional co-ordinates x1 = x, X2 = y, 3 = 2, x4 = ict.
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The second pair of Maxwell’s equations
divD =0, curlH = (1/c) dD/o¢ (57.4)

also retain their form in moving media. This is seen from the arguments
given in §56, in which we used only general properties of bodies (e.g. that
the total charge is zero), equally valid for moving bodies and bodies at rest.
However, the relations between D and E, and B and H, need not be the same
as in bodies at rest. ,

Since they are valid for bodies both at rest and in motion, equations
(57.4) must be unaltered by the Lorentz transformation. For a field in
a vacuum, the vectors D and H are the same as E and B, and the relativis-
tic invariance of the second pair of Maxwell’s equations appears in the
fact that they also can be written in four-dimensional form, using the same
tensor Fix: 0Fg/0xy = 0.1 Hence it is clear that, to ensure the relativistic
invariance of equations (57.4), it is necessary that the components of the -
vectors D and H should be transformed as the components of a four-tensor
exactly similar to Fy;, which we denote by Hi:

_H, 0 H, —iD
Hy = : i (57.5)

Using this tensor, we can write equations (57.4) in the form

Having elucidated that the quantities E, D, H, B form four-dimensional
tensors, we have also ascertained the law of their transformation from one
frame of reference to another. However, we are interested rather in the
relations between the quantities in a moving medium, which generalise the
relations D = ¢E and B = yH valid in a medium at rest.

We denote by #; the velocity four-vector of the medium; its components
are related to the three-dimensional velocity v by

wns = omnefe J1-2), w=if J(1-2),

From this four-vector and the four-tensors Fy; and Hy; we form combina-
tions which become E and D in a medium at rest. These combinations are
the four-vectors Fyuy and Hijzug; for v = 0 their time components are

t See The Classical Theory of Fields, §4-5.
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zero and their space components are E and D respectively. The four-
dimensional generalisation of the equation D = ¢E is therefore evidentlyt

Hikuk = equk. (57.7)

Similarly, we see that the generalisation of B = pH is the four-dimensional
equation

Fyuy + Fru; + Fuyuy = [L(Hikul + Hypu; + Iluuk). (57.8)

Returning from the four-dimensional to the three-dimensional notation,
we derive from these two equations the vector relationst

D+ v xH/c = ¢E + v x Bfc),
B+ E x v/c = uy(H + D x v/c).

These formulae, first derived by H. MiNkowskI (1908), are exact in the
sense that no assumption has yet been made concerning the magnitude of
the velocity. If the ratio 9/c is assumed small the equations can be solved
for D and B as far as terms of the first order to give

D = ¢E + (¢ — 1)v x H/c, (57.10)
B = uH + (ex — 1)E x v/c. (57.11)

These formulae, together with Maxwell’s equations (57.2) and (57.4), form
the basis for the electrodynamics of dielectrics in motion.

The boundary conditions on Maxwell’s equations are also somewhat
modified. From the equations divD = 0, divB = 0 the continuity of the
normal components of the inductions follows as before:

Du1 = Dpng,  Bp1 = Bpa. (57.12)

The conditions on the tangential components of the fields are most simply
obtained by changing from the fixed frame of reference K to another, K’,
which moves with the surface element considered, whose velocity along the
normal n we denote by v,. The usual conditions, namely that E’; and H';
are continuous, hold in the frame K'. By the relativistic transformation
formulae, || these are equivalent to the continuity of the tangential compo-
nents of the vectors E+vxB/c and H—vxD/c. Taking the components
perpendicular to n and using equations (57.12), we obtain the required
boundary conditions:

n X (Ez - El) = ‘Z)n(Bz - Bl)/c,
n X (Ho — H}) = — vp(D2 — Di)/c.

(57.9)

(57.13)

t It should be noted that, by writing down relations involving only the local value of the
velocity, we neglect sllght effects due to the possibility of a velocity gradient, such as gyro-
magnetic effects (§35).

1 If either of the relations D = ¢E and B = uH does not hold in the medium at rest,
the corresponding relation (57.9) is replaced by a different functional relation between the
vector sums on the two sides of the equation.

|| See The Classical Theory of Fields, §3-10.
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If we substitute here the expressions (57.10) and (57.11), and neglect
terms of higher order in v/c, we obtain

n X (E; — Ei) = vg(ue — p)Hyc,
nx (H2 - Hl) = — ‘vn(ez - el)Et/(:.

In this approximation the values of H and E on the two sides of the surface
need not be distinguished on the right-hand sides of equations (57.14).

If the body moves so that its surface moves tangentially to itself (e.g. a
solid of revolution rotating about its axis), then v, = 0. Only in this case
do the boundary conditions (57.13) or (57.14) reduce to the usual condi-
tions that E; and H; are continuous.

(57.14)

PROBLEMS

ProBLEM 1. A dielectric sphere rotates uniformly in a vacuum in a uniform constant
magnetic field $. Determine the resulting electric field near the sphere.

SoLUTION. In calculating the resulting electric field, the magnetic field may be taken to
be the same as for a sphere at rest, since an allowance for the reciprocal effect of the magnetic
field variation would give corrections of a higher order of smallness. Within the sphere, the
magnetic field has the uniform value H) = 3$/(2+4p); cf. (8.2).

Since the rotation is steady, the resulting electric field is constant and, like any constant

electric field, has a potential: E = —grad ¢. Outside the sphere, the potential satisfies the
equation A¢le) = 0; inside the sphere, it satisfies
AP = 2(epn—1)82-HD/ce, )

where £ is the angular velocity. The latter equation is obtained from divD = 0 by sub-
stituting for D the expression (57.10) with v =& Xr. The condition that the normal
component of D is continuous at the surface of the sphere gives

] 3‘:;"]r E oI HO—(@en) (HO )] = — [ﬂ] . @

or

Here a is the radius of the sphere and n a unit radial vector.

From the symmetry of the sphere, the required electric field is determined by only two
constant vectors, & and §. From the components of these vectors we can form a bilinear
scalar $-Q and a bilinear tensor £:Qx+ HrQi—38ix$ -2, the sum of whose diagonal terms
is zero. Accordingly, we seek the field potential outside the sphere in the form

1 2 /1 1
(€) = —Dyp———o E— _
¢ 6Di ox; 6xk( ) 2Dik 78’ ®
where Djx is a constant tensor (with Di; = 0), the electric quadrupole moment tensor of
the sphere.f No term of the form constant/r can appear in ¢(¢), since such a term would
give a non-zero total electric flux through a surface surrounding the sphere, whereas the
sphere is uncharged. The field potential inside the sphere is sought in the form

7.

2 —1
—_Dumm+ £ @ HOG2—a). “
2a° 3ce
The first term is the solution of the homogeneous equation A¢ = 0, and the coefficient is
chosen so as to give continuity of the potential, and therefore of E¢, at the surface of the
sphere. Substituting (3) and (4) in (2), we obtain

_ _11_5 3(ep—1)
¢ (34+29)(2+p)

$l) =

D = [9i Q%+ HuQi—28H -], (5)

t See The Classical Theory of Fields, §5-6.
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Thus. a quadrupole electric field is formed near the rotating sphere, and the quadrupole
moment of the sphere is given by formula (5).t In particular, if the axis of rotation (the
z-axis) is parallel to the external field, D has only the diagonal components

_a_ M=)
¢ (+29@+r)

ProBLEM 2. A magnetised sphere rotates uniformly in a vacuum about its axis, which is
parallel to the direction of magnetisation. Determine the resulting electric field near the
sphere.f

Dgz = 50, sz = Dyy = '—%Dzz.

SoruTioN. The magnetic field inside the sphere is uniform, and is expressed in
terms of the constant magnetisation M by the equations B()42H® = 0 (cf. (8.1)) and
B ~H® = 47M, whence B¢} = 87M/3, H() = —4aM/3. The second of formulae
(57.9) does not hold in this case, because the formula B = pH is not valid for a ferro-
magnetic at rest; from the first of (57.9) we have, inside the sphere,

D = ¢€E+evXB/c—vXH]/c
= eE+4m(2¢+1)v X M/3c.

The potential of the resulting electric field outside the sphere satisfies the equation
Aéle) = 0, and that inside the sphere satisfies A¢¥) = 8n(2e+1)MQ/3ce.
The boundary condition that D, is continuous at the surface of the sphere gives

a¢) 2 (e)
_e[i_] + 42t D) o0 sin20 — — [a"S ] ,
or r=a 3¢ or r=a

where 0 is the angle between the normal n and the direction of & and M (the z-axis). We
seek ¢(€) and ¢ in the forms

D D
¢ = %::—n-f = ?z:@ cos20—1),

A2t ) o2 — o),
9ce

From the boundary condition we obtain the following expressions for the electric quadrupole
moment of the rotating sphere:

_ H241)
3c2e+3)"

where # is the total magnetic moment of the sphere. For a metal sphere we must take
€ - o0, giving

2
$ = #D,,(S cos?—1)+

D; = ZM, Dyz = Dyy = _‘}th,

D.; = —4Q.4a%[3c.

§58. The dispersion of the dielectric permeability

Let us now go on to study the important subject of rapidly varying electro-
magnetic fields, whose frequencies are not restricted to be small in comparison
with the frequencies which characterise the establishment of the electric and
magnetic polarisation of the substances concerned.

An electromagnetic field variable in time must necessarily be variable in
space also. For a frequency w, the spatial periodicity is characterised by a

t Similarly, a quadruple magnetic field occurs near a sphere rotating in a uniform electric
field. The magnetic quadrupole moment is given by (5) if the sign is changed and e, g, »
are replaced by g, ¢, € respectively.

1 If the direction of magnetisation is not the same as that of the axis of rotation, the
problem is considerably changed, since the sphere then emits electromagnetic waves.

17
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wavelength A ~ ¢/w. As the frequency increases, A eventually becomes
comparable with the atomic dimensions @. The macroscopic description of
the field is thereafter invalid.
- The question may arise whether there is any frequency range in which, on
the one hand, dispersion phenomena are important but, on the other hand,
the macroscopic formulation still holds good. It is easy to see that such a
range must exist. The most rapid manner of establishment of the electric or
magnetic polarisation in matter is the electronic mechanism. Its relaxation
time is of the order of the atomic time a/v, where v is the velocity of the
electrons in the atom. Since v £ ¢, even the wavelength A ~ ac/v corres-
ponding to these times is large compared with a. ‘

In what follows we shall assume the condition A > a to hold.} It must
be borne in mind, however, that this condition may not be sufficient: for
metals at low temperatures there is a range of frequencies in which the
macroscopic theory is inapplicable, although the inequality c¢/w > a is
satisfied (see §67). ‘

The formal theory given below is equally applicable to metals and to
dielectrics. At frequencies corresponding to the motion of the electrons
within the atoms (optical frequencies) and at higher frequencies, there is,
indeed, not even a quantitative difference in the properties of metals and
dielectrics.

It is clear from the discussion in §56 that Maxwell’s equations

divD = 0, divB =0, (58.1)
curlE = — (1/c)2B/dt,  curlH = (1/c) oD}t (58.2)

remain formally the same in arbitrary variable electromagnetic fields. These
equations are, however, largely useless until the relations between the
quantities D, B, E and H which appear in them have been established. At
the high frequencies at present under consideration, these relations bear no
resemblance to those which are valid in the static case and which we have
used for variable fields in the absence of dispersion.

First of all, the principal property of these relations, namely the depen-
dence of D and B only on the values of E and H at the instant considered,
no longer holds good. In the general case of an arbitrary variable field, the
values of D and B at a given instant are not determined only by the values of
E and H at that instant. On the contrary, they depend in general on the
values of E(¢) and H(z) at every previous instant. This expresses the fact
that the establishment of the electric or magnetic polarisation of the matter
cannot keep up with the change in the electromagnetic field. The frequencies
at which dispersion phenomena first appear may be completely different for
the electric and the magnetic properties of the substance.

t The effects (called the natural optical activity) resulting from terms of the next order
in the small ratio a/A will be considered in §83.
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In the present section we shall refer to the dependence of D on E; the
specific features of the dispersion of magnetic properties will be discussed
in §60.

The polarisation vector P has been introduced in §6 by means of the
definition 5 = —div P, p being the true (microscopic) charge density. This
equation expresses the electric neutrality of the body as a whole, and together
with the condition P = 0 outside the body it shows that the total electric
moment of the body is [P d¥V. This derivation is evidently valid for variable
as well as for constant fields. Thus in any. variable field, even if dispersion
is present, the vector P = (D—E)/4x retains its physical significance: it is
the electric moment per unit volume.

In rapidly varying fields, the field strengths involved are in practice always
fairly small. Hence the relation between D and E can always be taken to
be linear.t The most general linear relation between D() and the values of
the function E(£) at all previous instants can be written in the integral form

D() = E() + [ f@)E( —)dr. (58.3)
0

It is convenient to separate the term E(f), for reasons which will become
evident later. In equation (58.3) f (7) is a function of time and of the proper-
ties of the medium. By analogy with the electrostatic formula D = €E,
we write the relation (58.3) in the symbolic form D = ¢E, where ¢ is a
linear integral operator whose effect is shown by (58.3).

Any variable field can be resolved by a Fourier expansion into a series of
components of a single frequency, in which all quantities depend on time
through the factor e—it. For such fields the relation (58.3) between D and

E becomes .
D = ¢(w)E, (58.4)

where the function €( w) is defined as
(w) = 1+ [f(r)eter dr. (58.5)
0

Thus, for periodic fields, we can regard the dielectric permeability (the
coefficient of proportionality between D and E) as a function of the frequency
as well as of the properties of the medium. The dependence of ¢ on the
frequency is called its dispersion law.

+ Here we assume that D depends linearly on E alone, and not on H. In a constant field,
a linear dependence of D on H is excluded by the requirement of invariance with respect
to a change in the sign of the time. In a variable field, this condition no longer applies, and
a linear relation between D and H is possible if the substance possesses symmetry of various
kinds. Itis, however, a small effect of the order of a/A, and is indeed the effect mentioned in
the last footnote.
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The function (w) is in general complex. We denote its real and imaginary
parts by € and ¢'’:

(w) = €'(w) + i’ (w). (58.6)
From the definition (58.5) we see at once that
o — w) = ¥(w). (58.7)

Separating the real and imaginary parts, we have
&(— w) = €(w), é'(—w) = — () (58.8)

~Thus ¢ is an even function of the frequency, and €” is an odd function.

For frequencies which are small compared with those at which the dis-
persion is large, we can expand ¢(w) as a power series in w. The expansion
of the even function €'(w) includes only even powers, and that of the odd
function ¢”’(w) includes only odd powers. In the limit as w — 0, the func-
tion ¢(w) in dielectrics tends, of course, to the electrostatic dielectric constant,
which we here denote by €. In dielectrics, therefore, the expansion of
¢'(w) begins with the constant term e, while that of ¢”’( ) begins, in general,
with a term in w.

The function ¢(w) at low frequencies can also be discussed for metals, if
it is defined in such a way that, in the limit » — 0, the equation

curlH = (1/c) dD/ot
becomes the equation
curlH = 470E/c

for a constant field in a conductor. Comparing the two equations, we see
that for w -0 we must have dD/0t - 4moE. But, in a periodic field,
0D/0t = —iweE, and we thus obtain the following expression for e(w) in
the limit of low frequencies:

e(w) = 4mic/w. (58.9)

Thus the expansion of the function ¢(w) in conductors begins with an
imaginary term in 1/w, which is expressed in terms of the ordinary conduc-
tivity o for constant currents.t The next term in the expansion of «(w) is
a real constant, although for metals this constant does not have the same
electrostatic significance as it does for dielectrics.}

Moreover, this term of the expansion may again be devoid of significance
if the effects of the spatial non-uniformity of the field of the electromagnetic
wave appear before those of its periodicity in time.

t The imaginary part of the function €(w) is sometimes represented in the form (58.9)
for all frequencies ; this amounts to introducing a new function o(w), which has no physical
significance apart from its relationship to ().

1 To avoid misunderstanding, we should point out a slight change in notation in com-
parison with §56. In equation (56.10) for poor conductors, €(w) is (4mio/w) + e
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In superconductors there is always considerable non-uniformity, resulting
from the smallness of the “penetration depth” of the magnetic field. It is
not yet clear whether the concept of the dielectric permeability () has any
meaning for superconductors.

§59. The dielectric permeability at very high frequencies

In the limit as @ -> o0, the function () tends to unity. This is evident
from simple physical considerations: when the field changes sufficiently
rapidly, the polarisation processes responsible for the difference between the
field E and the induction D cannot occur at all.

It is possible to establish the limiting form of the function €(w) at high
frequencies, which is valid for all bodies, whether metals or dielectrics. The
field frequency is assumed large compared with the “frequencies” of the
motion of all, or at least the majority, of the electrons in the atoms forming
the body. When this condition holds, we can calculate the polarisation of
the substance by regarding the electrons as free and neglecting their inter-
action with one another and with the nuclei of the atoms.

The velocities v of the motion of the electrons in the atoms are small
compared with the velocity of light. Hence the distances v/w which they
traverse during one period of the electromagnetic wave are small compared
with the wavelength ¢/w. For this reason we can assume the wave field
uniform in determining the velocity acquired by an electron in that field.

The equation of motion is m dv'/dt = ¢E = ¢E¢e ™%, where e and m are
the electron charge and mass, and v’ is the additional velocity acquired by
the electron in the wave field. Hence v/ = ieE/mw. The displacement r of

the electron due to the field is given by # = v/, and therefore r = —¢E/me?.
The polarisation P of the body is the dipole moment per unit volume.
Summing over all electrons, we find P = Zer = —e2NE/mw?, where N is

the number of electrons in all the atoms in unit volume of the substance. By
the definition of the electric induction, we have D = ¢E = E+47P. We
thus have the formula

«(w) = 1 — 4aNe2/ma?. (59.1)

The range of frequencies over which this formula is applicable begins, in
practice, at the far ultra-violet for light elements and at the X-ray region
for heavier elements.

§60. The dispersion of the magnetic permeability

Unlike the dielectric polarisability, the magnetic susceptibility ceases to
have any physical meaning at relatively low frequencies. To take account
of the deviation of u(®) from unity would then be an unwarrantable refinement.

t If ¢(w) is to retain the significance which it has in Maxwell’s equations, the frequency
must also satisfy the condition @ <€ c/a. We shall see later (§97), however, that the expres-
sion (59.1) can be allotted a certain physical significance even at higher frequencies.
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To show this, let us investigate to what extent the physical meaning of the
quantity M = (B—H)/4n, as being the magnetic moment per unit volume,
is maintained in a variable field. The magnetic moment of a body is, by
definition, the integral

1
— pvdv. .
5 f r X pv (60.1)

The mean value of the microscopic current density is related to the mean
field by equation (56.7):
4m_ 1 0E

1B = —pv+-— ‘ 60.2
e cpv c ot (602)

Subtracting the equation curl H = (1/c)dD/0t, we obtain
pv = ccurlM + 0P/ot. (60.3)

The integral (60.1) can, as shown in §27, be put in the form (M dV only if
pv = ccurl M and M = 0 outside the body.

Thus the physical meaning of M, and therefore of the magnetic suscep-
tibility, depends on the possibility of neglecting the term 0P/dt in (60.3).
Let us see to what extent the conditions can be fulfilled which make this
neglect permissible.

For a given frequency, the most favourable conditions for measuring the
susceptibility are those where the body is as small as possible (to increase
the space derivatives in curl M) and the electric field is as weak as possible
(to reduce P). The field of an electromagnetic wave does not satisfy the
latter condition, because £ ~ H. Let us therefore consider a variable field,
say in a solenoid, with the body under investigation placed on the axis. The
electric field is due only to induction by the variable magnetic field, and the
order of magnitude of E inside the body can be obtained by estimating the
terms in the equation curl E = —(1/c)0B/dt, whence E/l ~ wHfc or
E ~ (wl[c)H, where [ is the dimension of the body. Putting e—1 ~ 1, we
have OP/0t ~ wE ~ «?HJc. For the space derivatives of the magnetic
moment M = yH we have |c curl M| ~ cxH[l. 1f |0P/0t| is small com-
pared with |c curl M|, we must have

12 € xc?/w?. , (60.4)

It is evident that the concept of magnetic susceptibility can be meaningful
only if this inequality allows dimensions of the body which are (at least) just
macroscopic, i.e. if it is compatible with the inequality / > a, where a is
the atomic. dimension. This condition is certainly not fulfilled for the
optical frequency range; for such frequencies, the magnetic susceptibility is
always ~ ©2/c2, where v is the electron velocity in the atom;? but the optical

t The relaxation times for any paramagnetic or ferromagnetic processes are certainly
large in comparison with the optical periods.
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frequencies themselves are ~ v/a, and therefore the right-hand side of the
inequality (60.4) is ~ a2.

Thus there is certainly no meaning in using the magnetic susceptibility
from optical frequencies onward, and in discussing such phenomena we
must put u = 1. To distinguish between B and H in this frequency range
would be an over-refinement. Actually, the same is true for many phen-
omena even at frequencies well below the optical range.

§61. The field energy in dispersive media
The formula
S = ¢E x H/4n (61.1)

for the energy flux density remains valid in variable electromagnetic fields,
even if dispersion is present. This is evident from the arguments given at
the end of §29: on account of the continuity of the tangential components
of E and H, formula (61.1) follows from the condition that the normal
component of S is continuous at the boundary of the body and the validity
of a similar formula in the vacuum outside the body.

The rate of change of the energy in unit volume of the body is div S.
Using Maxwell’s equations, we can write this expression as
) 1 D oB
divS 4’”(E o +H % ), (61.2)
see (56.15). In a dielectric medium without dispersion, when € and p are
‘real constants, this quantity can be regarded as the rate of change of the
electromagnetic energy

U = (cE2 + uH2)/8n, (61.3)

which has an exact thermodynamic significance: it is the difference between
the internal energy per unit volume with and without the field, the density
and entropy remaining unchanged.

In the presence of dispersion, no such simple interpretation is possible.
Moreover, in the general case of arbitrary dispersion, the electromagnetic
energy cannot be rationally defined as a thermodynamic quantity. This is
because the presence of dispersion in general signifies a dissipation of energy,
i.e. a dispersive medium is also an absorbing medium.

To determine this dissipation, let us consider an electromagnetic field of
a single frequency. By averaging with respect to time the expression (61.2),
we find the steady rate of change of the energy, and this is the mean quantity
O of heat evolved per unit time and volume.

Since the expression (61.2) is quadratic in the fields, all quantities must
be written in real form. If, as is convenient for a field of a single frequency,
we take E and H to be complex, then in (61.2) we must substitute for E and
dD/ot respectively H(E+E*) and $(—iweE +iwe*E*), and similarly for H
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and 0B/ot. On averaging with respect to time, the products E-E and E*.E*,
which contain factors e™2iv¢, give zero, leaving

7
0 = (¥ — 9E-E* + (u* — wH-H*] = —(<"|E]2 + u”[H}?).
167 8w
This expression can also be written

0 = w(<"E2 + p/'H2)/4n, (61.4)

where E and H are the real fields, and the bar denotes an average with
respect to time.

This important formula shows that the absorption (dissipation) of energy
is determined by the imaginary parts of € and x. The two terms in (61.4)
are called the electric and magnetic losses respectively. On account of the
law of increase of entropy, the sign of these losses is determinate: the dis-
sipation of energy is accompanied by the evolution of heat, i.e. O > 0. It
therefore follows from (61.4) that the imaginary parts of € and u are always
positive:

€' >0, ' >0 (61.5)

for all substances and at all frequencies.} The signs of the real parts of e
and p for w # 0 are subject to no physical restriction.

Any non-steady process in an actual body is to some extent thermo-
dynamically irreversible. The electric and magnetic losses in a variable
electromagnetic field therefore always occur to some extent, however slight.
That is, the functions €”’(w) and p”’(w) are not exactly zero for any frequency
other than zero. We shall see in §62 that this statement is of fundamental
importance, although it does not exclude the possibility of only very small
losses in certain frequency ranges. Such ranges, in which ¢ and u” are
very small in comparison with ¢’ and p'/, are called transparency ranges. It
is possible to neglect the absorption in these ranges and to introduce the
concept of the internal energy of the body in the electromagnetic field, in
the same sense as in a constant field. To determine this quantity, it is not
sufficient to consider a field of only a single frequency, since the strict
periodicity results in no steady accumulation of electromagnetic energy. Let
us therefore consider a field whose components have frequencies in a narrow
range about some mean value wp. The field strengths can be written

E = Eg(f)e-tvt, H = Hy(t)e-to, (61.6)

t Strictly speaking, this statement applies to bodies which, in the absence of the variable
field, are in thermodynamic equilibrium; we assume this condition to hold. If the body is
not in thermal equilibrium, then Q may in principle be negative. The second law of thermo-
dynamics requires only a net increase in entropy as a result of the effects of the variable
electromagnetic field and of the absence of thermodynamic equilibrium, the latter effect
being independent of the presence of the field. A hypothetical example of such a body is
one in which all the atoms have been excited artificially (i.e. otherwise than by spontaneous
thermal excitation).
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where Eq(t) and Ho(#) are functions of time which vary only slowly in com-
parison with the factor e=#of. The real parts of these expressions are to be
substituted on the right-hand side of (61.2), and we then average with
respect to time over the period 2/ wo, which is small compared with the time
of variation of the factors Eg and Hy.

The first term in (61.2), with E written in complex form, is

1(E + E*).}(D + D*)/4m,

and similarly for the second term. The products E-D and E*.D* vanish
when averaged over time, and can therefore be ignored, leaving

1 oD* oD
—(E + E*-—).
16w ot ot
We write the derivative dD/dt as fE, where f is the operator 9¢/dt, and
ascertain the effect of this operator on a function of the form (61.6). If Eo
were a constant, we should have simply fE = f(w)E, where f(w) = —iwe(w).
We expand the function Eq(z) as a series of Fourier components Ep e,
with constant Eg,. Since Eo(z) varies only slowly, this series will include
only components with & < wp. We can therefore put

FEoue @0 +® = f(a + wo)Egge w0+t

(61.7)

~ f(wo)Eg,e @0+t + adf-(ﬁ'l)— Eo,e—i(0o+ 2%,
dwo

Summing the Fourier components, we have

FEo(t)e—twot = f(cwo)Eoetogt + l.df (wo) ?35) -

iob,
dwo t

Omitting henceforward the suffix 0 to w, we thus obtain

D d(we) 9Ep .

— = =1 E —— et 61.8

R GO P T (61.8)
Substituting this expression in (61.7) and neglecting the imaginary part of
e w) gives

RICCETAPL DI S X
16w dw ot ot 167 dw dt
since E-E* = Eo-Eg*. Adding a similar expression involving the magnetic

field, we conclude that the steady rate of change of the energy in unit volume
is given by dU/dt, where

E-E¥),

1 [d(we) d(ewp) ,H*]. (61.9)

- E.E* + My
167 t4

dw w
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In terms of the real fields E and H this expression can be written

_ 1 [d(we) = d(wp) =
U= g[ i E? 4+ 1 Hz]. (61.10)

This is the required result: U is the mean value of the electromagnetic
part of the internal energy per unit volume of a transparent medium. If there
is no dispersion, € and p are constants, and (61.10) becomes the mean value
of (61.3), as it should.

If the external supply of electromagnetic energy to the body is cut off, the
absorption which is always present (even though very small) ultimately
converts the energy U entirely into heat. Since, by the law of increase of
entropy, there must be evolution and not absorption of heat, we must have
U > 0. It therefore follows, by (61.9), that the inequalities d(we)/dw > 0,
d(wp)/dw > 0 must hold. In reality, these conditions are necessarily ful-
filled, by virtue of more stringent inequalities always satisfied by the functions
¢(w) and u(w) in transparency ranges (see §64).1

Considerable interest attaches to the determination of the (time) average
stress tensor giving the forces on matter in a variable electromagnetic field.
This problem is meaningful for both absorbing and non-absorbing media,
whereas that concerning the internal energy can be proposed only if absorp-
tion is neglected. The corresponding formulae, however, have not yet been
derived.

§62. The relation between the real and imaginary parts of ¢(w)

The function f(7) in (58.3) is finite for all values of 7, including zero.}
For dielectrics it tends to zero as 7 — co. This simply expresses the fact
that the value of D(¢) at any instant cannot be appreciably affected by the
values of E(f) at remote instants. The physical agency underlying the
integral relation (58.3) consists in the processes of the establishment of the
electric polarisation. Hence the range of values in which the function f(7)
differs appreciably from zero is of the order of the relaxation time which
characterises these processes.

The above statements are true also of metals, the only difference being
that the function f(7)— 4no, rather than f(r) itself, tends to zero as 7 — co.
This difference arises because the passage of a steady conduction current,
though it does not cause any actual change in the physical state of the metal,
in our equations leads formally to the presence of an induction D such that

t The sum of the inequalities (64.1) and (64.2) shows, in fact, that the derivative d(we)/dw
always exceeds unity.

1 It was to ensure this that the term E(z) was separated in (58.3), since otherwise the
function f(7) would have a delta-function singularity at = = 0.
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(1/c)éD/ot = 4ncEfc or

D(t) = ftdmaE(T)' dr = 4no f E(t — 7)dr.
- 0

We have defined the function .e( w) by

[oo]

(w) = 1+ [etvrf(r)dr. (62.1)
0

It is possible to derive some very general relations concerning this function
by using the methods of the theory of functions of a complex variable. To
do so, we regard  as a complex variable (w = o’+iw”), and ascertain
the properties of the function «(w) in the upper half of the w-plane. From
the definition (62.1) and the above-mentioned properties of the function
f(7), it follows that €(w) is a one-valued regular function everywhere in the
upper half-plane. For, when '* > 0, the integrand in (62.1) includes the
exponentially decreasing factor e~ "7 and, since the function f(7) is finite
throughout the region of integration, the integral converges. The function
¢() has no singularity on the real axis (o’ = 0), except possibly at the origin
(where, for metals, ¢(w) has a simple pole).

It is useful to notice that the conclusion that «(w) is regular in the upper
half-plane is, physically, a consequence of the causality principle. The
integration in (58.3) is, on account of this principle, taken only over times
previous to ¢, and the region of integration in formula (62. 1) therefore
extends from 0 to oo rather than from — oo to co.

It is evident also from the definition (62.1) that

o(— o¥) = e*(w). (62.2)

This generalises the relation (58.7) for real w. In particular, for purely
imaginary o we have e(fw”’) = e*(iw”), i.c. the function ¢() is real on the
imaginary axis:

ime =0 for w=iw". (62.3)

It should be emphasised that the property (62.2) merely expresses the fact
that the operator relation D = ¢E must give real values of D for real E. If
the function E(¢) is given by the real expression

E = Ege-tot + Eg*ei*, (62.4)

+ In the lower half-plane, the definition (62.1) is invalid, since the integral diverges.
Hence the function €(w) can be defined in the Jower half-plane only as the analytical continu-
ation of formula (62.1) from the upper half-plane, and in general has singularities.

The function €(w) has a physical as well as a mathematical significance in the upper half-
plane: it gives the relation between D and E for fields whose amplitude increases as @',
In the lower half-plane, this physical interpretation is not possible, if only because the
presence of a field which is damped as e~19”[t implies an infinite field for ¢ —~ — co.
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then, applying the operator & to each term, we have
D = o(w)Egeiv + ¢ — w*)Eg*eiv*,

and the condition for this to be real is just (62.2).

According to the results of §61, the imaginary part of «(w) is positive for
positive real w = o', i.e. on the right-hand half of the real axis. Since, by
(62.2), im ¢( — @) = —im €(w’), the imaginary part of «(w) is negative on
the left-hand half of this axis. Thus

ime 20 for w =’ 2 0. (62.5)

At o = 0, im e changes sign, passing through zero for dielectrics and
through infinity for metals. This is the only point on the real axis for which
im () can vanish.

When w tends to infinity in any manner in the upper half-plane, ¢(w)
tends to unity. This has been shown in §59 for the case where w tends to
infinity along the real axis. The general result is seen from formula (62.1):
if @ — o0 in such a way that o'’ — co, the integral in (62.1) vanishes because
of the factor e~ 7 in the integrand, while if w’’ remains finite but |«’| — 0
the integral vanishes because of the oscillating factor e,

The above properties of the function «(w) are sufficient to prove the
following theorem: the function «(w) does not take real values at any finite
point in the upper half-plane except on the imaginary axis, where it de-
creases monotonically from ¢ > 1 (for dielectrics) or from + co (for metals)
at o = 70 to 1 at @ = 700. Hence, in particular, it follows that the function
€(w) has no zeros in the upper half-plane.

We shall not pause to prove this theorem, because it is identical with a
general theorem concerning the “generalised susceptibility” (and the prop-
erties of e(w) enumerated above exhibit a similar analogy).t For the same
reason, the function e(w) satisfies the general relations between the real and
imaginary parts of the generalised susceptibility. We shall repeat here the
derivation of these relations, in order to emphasise certain differences between
dielectrics and metals.

Let us take some real value wp of w, and integrate the expression
(e—1)/(w— wp) round the contour C shown in Fig. 29. This contour in-

c

FanY Fon

Fic. 29

t See Statistical Physics, §122, Pergamon Press, London, 1958. The generalised suscep-
tibility «{w) used there corresponds to e¢(w) — 1, which vanishes as w —> ©0.
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cludes the whole of the real axis, indented upwards at the point w = wp > 0,
and also at the point @ = 0 if the latter is (as in metals) a pole of the func-
tion «(w), and is completed by a semicircle of infinite radius. At infinity
e - 1, and the function (e— 1)/(w — wo) therefore tends to zero more rapidly
than 1/w. The integral

j ! e (62.6)
w — wo

c
consequently converges; since €(w) is regular in the upper half-plane, and
the point w = wp has been excluded from the region of integration, the
function (¢—1)/(w— wp) is analytic everywhere inside the contour C, and
the integral is therefore zero.

The integral along the semicircle at infinity is also zero. We pass round
the point wp along a semicircle whose radius p — 0. The direction of
integration is clockwise, and the contribution to the integral is —im[e(wo)—1].
If the function (w) pertains to a dielectric, the indentation at the origin is
unnecessary, and we therefore have

—pta ©
. e—1 e—1 .
lim dw + dw}— im[e(wo) — 1] = 0.
p—>0 w— wy w— wo

—00 P+ wg

The expression in the braces is the integral from —oo to oo, taken as a
principal value. Thus we have

[>2]

P f =1 e — ine(wn) — 1] = 0. (62.7)
w — wy

Here the variable of integration w takes only real values. We replace it
by «, call the given real value w instead of wp, and write the function €(w)
of the real variable w, as in §58, in the form ¢(w) = €'(w)+7€¢”’(w). Taking
the real and imaginary parts of (62.7), we obtain the following two formulae:

™) 4

flw)—1= —P f (62.8)

() = ——Pf E(x)—l (629)

first derived by H. A. KramERs and R. pE L. KroNiG (1927). It should be
emphasised that the only important property of the function ¢(w) used in
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the proof is that it is regular in the upper half-plane. Hence we can say
that Kramers and Kronig’s formulae, like this property of ¢(w), are a direct
consequence of the causality principle.

Using the fact that ¢’(x) is an odd function, we can rewrite (62.8) as

(w) — 1-—Pf ) gy L Pf—"(i)d

X —w X+ w

dx. (62.10)

If a metal is concerned, the function €(w) has a pole at the point.w = 0,
near which ¢ = 4mio/w (58.9). The passage along a semicircle round this
point gives a further real term —(4wo/wo)m, which must be added to the
left-hand side of equation (62.7). Thus formula (62.9) becomes

- __pfe(x) Liw s 1m0 (62.11)

X — w

but (62.8) and (62.10) remain unchanged. A further remark is also necessary
as regards metals. We have said at the end of §58 that there may be ranges
of frequency for metals in which the function ¢(w) becomes physically
meaningless on account of the spatial non-uniformity of the field. In the
formulae given here, however, the integration must be taken over all fre-
quencies. In such cases ¢(w) must be taken, in the frequency ranges con-
cerned, as the function obtained by solving the formal problem of the
behaviour of the body in a fictitious uniform periodic electric field (and not
in the necessarily non-uniform field of the electromagnetic wave).

Formula (62.10) is of particular importance: it makes possible a calcula-
tion of the function €'(w) if the function ‘() is known even approximately
(for example, empirically) for a given body. It is important to note that, for
any function €’(w) satisfying the physically necessary condition ¢’ > 0
for w > 0, formula (62.10) gives a function ¢(w) consistent with all physical
requirements, i.e. one which is in principle possible (the sign and magnitude
of ¢’ are subject to no general physical restrictions). This makes it possible
to use formula (62.10) even when the function €’(w) is approximate.
Formula (62.9), on the other hand, does not give a physically possible
function €”(w) for an arbitrary choice of the function ¢'(w), since the condi-
tion that ¢"(w) > 0 is not necessarily fulfilled.

"+ The property € -1 as @ — o0 is not important: if the limit €(c©) were other than
unity, we should simply take € — €() in place of ¢ — 1, with corresponding obvious
changes in formulae (62.8), (62.9).
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In dispersion theory the expression for €(w) is customarily written in
the form

f()

w? — x2

flw)—1= “p J' (62.12)

where e and m are the charge and mass of the electron, and f(w)dw is
called the oscillator strength (or “number of dispersion electrons”) in the
frequency range dw. According to (62.10), this quantity is related to « "(w)

by

flw) =

) we''(w). (62.13)
For metals, f() tends to a finite limit as » — 0.

For suﬂicmntly large o, 22 can be neglected in comparison with ? in
the integrand in (62.10). Then

2 [ o]
e'(w) -l = —— f xe''(x) dx.
Tw? g

For the dielectric constant at high frequencies, on the other hand, formula
(59.1) holds, and a comparison shows that

©
m

paory we''(w)dw = ff(w) dw = N, (62.14)
0
where N is the total number of electrons per unit volume.

If ¢'(w) is regular at w = 0, we can take the limit » - 0 in formula
(62.10), obtaining

0-1=2[ 7D

0

(62.15)

If the point @ = 0 is a smgu]arity of ¢’(w) (as in metals), the limit of the
1ntegral (62.10) as w —> 0 is not what is obtained by sunply deleting the term
in @. To calculate the limit, we must first replace ¢’’(x) in the integrand by
¢"'(x) — 4mo/x; the value of the integral is unchanged, because

[v0]
Pf =
2 — P

0
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For a dielectric, formula (62.15) can be rewritten as

42N —
w0—1= ; =} (62.16)

where the bar denotes averaging with respect to the “number of oscillators™:

—_ 1@,

N w?
0

€

The expression (62.16) may be useful in estimating eo.
The following formulat relates the values of ¢(w) on the upper half of
the imaginary axis to those of ¢'’(w) on the real axis:

(iw)—1="2 f <) g, (62.17)

x2 + w?

Integrating this relation over all w, we obtain

fw[e(iw)— 1}dw = fw ¢'(w)dow. (62.18)
0

0

All the above results are applicable, apart from slight changes, to the
magnetic permeability u(w). The differences are due principally to the fact
that the function w(w) ceases to be physically meaningful at relatively low
frequencies. Hence, for example, Kramers and Kronig’s formula must be
applied to u(w) as follows. We consider not an infinite but a finite range of
o (from 0 to w;), which extends only to frequencies where p is still meaning-
ful but no longer variable, so that its imaginary part may be taken as zero;
let the real quantity u(w) be denoted by u;. Then formula (62.10) must be
written as

') |
X2 — w?

@) = pr = —P f (62.19)

Unlike o, the value uo of u(0) may be either less than or greater than unity.
The variation of u(w) along the imaginary axis is again a monotonic decrease,
from po to py1 < po.

t See Statistical Physics, formula (122.19).



§63 A plane wave of a single frequency 263

§63. A plane wave of a single frequency
Maxwell’s equations (58.2) for a wave of a single frequency are

iwp(w)H = ccurlE, iwe(w)E = — ccurl H. (63.1)

These equations as they stand are complete, since equations (58.1) follow
from (63.1) and so do not require separate consideration. Assuming the
medium homogeneous, and eliminating H from equations (63.1), we obtain
the second-order equation

AE + eu(w?/c2)E = 0; (63.2)

elimination of E gives a similar equation for H.

Let us consider a plane electromagnetic wave propagated in an infinite
homogeneous medium. In a plane wave in a vacuum, the space dependence
of the field is given by a factor efk'r, with a real wave vector k. In con-
sidering wave propagation in matter, however, it is in general necessary
to take k complex: k = k'+7k”, where the vectors k' and k'’ are real.

Taking E and H as proportional to eik'r, and carrying out the differentia-
tion with respect to the co-ordinates in equations (63.1), we obtain

wpH = ck x E,  weE = — ck x H. (63.3)

Eliminating E and H from these two equations, we obtain for the square of
the wave vector

k2 = k2 — k"2 4+ 2ik" K" = euw?/c2. (63.4)

We see that k can be real only if « and p are real and positive. Even then,
however, k may still be complex if k’+k’" = 0; we shall meet with such a
case in discussing total reflection in §66.

It must be borne in mind that, in the general case of complex k, the term
“plane wave” is purely conventional. Putting ek'r = eik ‘re—k"'r, we see
that the planes perpendicular to the vector k' are planes of constant phase.
The planes of constant amplitude, however, are those perpendicular to k”’,
the direction in which the wave is damped. The surfaces on which the field
itself is constant are in general not planes at all. Such waves are called
inhomogeneous plane waves, in contradistinction to ordinary “homogeneous”
plane waves.

The general relation between the electric and magnetic field components
is given by formulae (63.3). In particular, taking the scalar product of these
formulae with k, we obtain

k-E=0, k.-H=0, (63.5)
and, squaring either and using (63.4),
E2 = pH?/e. (63.6)

It must be remembered, however, that because all three vectors k, E and H
are complex these formulae do not in general have the same evident signifi-
cance as when the vectors are real.

18
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We shall not give the cumbersome relations valid in the general case, but
consider only the most important particular cases. Especially simple results
are obtained for a wave propagated without damping in a non-absorbing
(transparent) homogeneous medium. The wave vector is real, and its
magnitude is

k= /(ep)wfc = nwjc, (63.7)

where n = 4/(ep) is called the refractive index of the medium. The electric
and magnetic fields are both in a plane perpendicular to the vector k (a pure
transverse wave); they are mutually perpendicular, and are related by

H = /(c/u)l x E, (63.8)

where 1is a unit vector in the direction of k. Hence it follows that e£2 = uH?2,
but this does not mean (as it would in the absence of dispersion) that the
electric and magnetic energies in the wave are equal, since these energies
are given by different expressions (namely, the two terms in formula (61.10)).

The velocity # with which the wave is propagated in the medium is given
by the familiar expression for the group velocity: t

dw c
== m (63.9)
It is easy to verify that
u=S/U, (63.10)

in accordance with its significance as the velocity of transfer of energy in the
wave packet; here U is the energy density given by formula (61.9), and

= 4 €
S = —J—E-E* (63.11)
87N 1

is the mean value of the Poynting vector. In the absence of dispersion, when
the refractive index is independent of frequency, the expression (63.9)
becomes simply ¢/n; cf. (56.13).

Next, let us consider a more general case, the propagation of an electro-
magnetic wave in an absorbing medium, the wave vector having a definite
direction (i.e. k' and k'’ being parallel). Then the wave is literally plane,
since the surfaces of constant field in it are planes perpendicular to the
direction of propagation (a homogeneous plane wave).

In this case we can introduce the “length’ k of the wave vector, given by
k = kI (1 being a unit vector in the direction of k’ and k'’), and from (63.4)
we have k& = 4/(ep)w/c. The complex quantity 4/(eu) is usually written in
the form n + ik, with real # and «, so that

k = y(ep)wfc = (n + ix)w/c. (63.12)

t When considerable absorption occurs, the group velocity cannot be used, since in an
absorbing medium wave packets are not propagated but rapidly “ironed out’’.
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The quantity # is called the refractive index of the medium, and « the
absorption coefficient ; the latter gives the rate of damping of the wave during
its propagation. It should be emphasised, however, that the damping of
the wave need not be due to true absorption: dissipation of energy occurs
only when e and p are complex, but « is different from zero if € and p are
real and of opposite sign.

We may express z# and « in terms of the real and imaginary parts of the
dielectric constant (taking s = 1). From the equation

n2 — k24 2inkc = € = € + i€’

we have n2—x2 = €', 2nc = €'’. Solving these equations for » and «, we
havet

n = V@< + V(€2 ")), (63.13)
k= V3= € + V(€2 + D))

In particular, for metals and in the frequency range where formula (58.9) is
valid, the imaginary part of e is large compared with its real part, and is
related to the conductivity by ¢’ = 47o/w; neglecting ¢’ in comparison with
€', we find that » and « are equal:

7 =k = 1/(2m0|w). (63.14)

The relation between the fields E and H in this homogeneous plane wave
is again given by formula (63.8), but € and u are now complex. The formula
again shows that the two fields and the direction of propagation are mutually
perpendicular. If u =1, we write /¢ = 4/(n2+«2) exp[i tan~1 (x/n)],
which shows that the magnetic field is 4/(n2+«2) times the electric field in
magnitude and tan—l(k/n) from it in phase; in particular, when (63.14)
holds, the phase difference is 3.

PROBLEM

At a given instant ¢ = 0 an electromagnetic perturbation occurs in some region of space.
The perturbation is not maintained by external agencies, and is therefore damped in time.
Find the damping decrement.

SoLuTioN. We expand the initial perturbation as a Fourier integral with respect to the
co-ordinates, and consider a component having a (real) wave vector k. The time dependence
of this component is given, for sufficiently large ¢, by a factor e#%* with a complex “fre-
quency’’ w, which is to be determined; the damping decrement is —im w.

From the equations —H/c = curl E = {kXE, D/c = curl H = ik X H we have, eliminat-
ing H,

Djc? = k x(k XE). €]

We take the direction of k as the x-axis. The “longitudinal’’ part of the perturbation there-
fore satisfies Dz = 0, whence Dz = 0.

t Since €’ > 0, the signs of » and x must be the same, in accordance with the fact that
the wave is damped in the direction of propagation. The choice of positive signs in (63.13)
corresponds to a wave propagated in the positive x-direction.
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The relation between Dz and Ez is of the form
]
Ext) = &1D; = [ F(t—17)Daf7) dr; )
-
cf. §58. Since we have Dz(7) = 0 for 7 > 0, it follows that
0
Exft) = [ F(t—7)Da(7) dr. ®3)
—00

Hence we see that, for large ¢, the time dependence of E; is given essentially by that of the
function F(t).
For a field of a single frequency, (2) gives

1

dw)

F(x)éto= dx,

Ot 8

or, conversely,

F(t)—1 [t —tot d,
- 27 e(w)e o

To estimate this integral for large ¢, we displace the path of integration into the lower half-
plane of w, where the integrand decreases rapidly. The singularities of the function 1/e(w),
i.e. the zeros and branch points of €(w), must be excluded from the contour. The integral
is then essentially proportional to e~fwof, where wp is the singularity nearest the real axis.
This gives the solution for the longitudinal part of the perturbation.

For the transverse components, we have from (1) Dy,z/c2+k2Ey,z = 0. A similar analysis
gives the result that the required “frequency’’ wo is in this case the zero or branch point
of the function w?e(w)—c?k? which lies nearest the real axis.

§64. Transparent media

Let us apply the general formulae derived in §62 to media which absorb
only slightly in a given range of frequencies, i.e. assuming that for these
frequencies the imaginary part of the dielectric permeability may be

neglected.
In such a case there is no need to take the principal value in formula

(62.10), since the point x = « does not in practice lie in the region of
integration. The integral can then be differentiated in the usual way with
respect to the parameter w, giving

de 4w ¢ xe''(x)
—_—= | —————dx.
dw ™ (w? — x2)2

Since the integrand is positive throughout the region of integration, we
conclude that

de(w)/dw > 0, (64.1)

i.e: if absorption is absent the dielectric constant is a monotonically increasing
function of the frequency.
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Similarly, in the same frequency range we obtain another inequality,

4w €'’
_[wz(e - 1)] = j (x2 = ((:3)2 x > 0,

or

de/dw > 2(1 — &)/w. (64.2)

If € < 1, this inequality is more stringent than (64.1).

It may be noted that the inequalities (64.1) and (64.2) (together with the
corresponding ones for u(w)) ensure that the inequality # < c is satisfied by
the velocity of propagation of waves. For example, if p = 1 we have
n = 4/e and, replacing e by #2 in (64.1) and (64.2),

d(rw)/dew > n,  d@nw)de > 1/ (64.3)

Thus we obtain two inequalities for the velocity u (63.9): u < ¢/n and
u < ¢n, whence u < ¢ whether n < 1 or n > 1. These inequalities also
show that # > 0, i.e. the group velocity is in the same direction as the wave
vector. This is quite natural, even if not logically necessary.

Let us suppose that the weak absorption extends over a wide range of
frequencies, from w; to wz (> w;), and consider frequencies w such that
w1 € w € wg. The region of integration in (62.10) divides into two parts,
% < wi and ¥ > wy. In the former region we can neglect x in comparison
with o, and in the latter region  in comparison with x, in the denominator
of the integrand:

(w) =1 +2 f "(x)— - = f xe'"(x) dx, (64.4)

wg

i.e. the function ¢(w) in this range is of the form a—b5/w?, where a and b
are positive constants. The constant b can be expressed in terms of the
“number of dispersion electrons’ N; responsible for the absorption in the
range from 0 to w; (cf. (62.14)):

«w) = a — 4nN1e2/muw?. (64.5)

From this expression it follows, in particular, that, when the region of
weak absorption is sufficiently wide, the dielectric permeability in general
passes through zero. In this connection it should be recalled that a literally
“transparent’’ medium is one in which () is not only real but also positive;
if e is negative, the wave is damped inside the medium, even though no
true dissipation of energy occurs.

For the frequency at which ¢ = 0 the induction D is zero identically,
and Maxwell’s equations admit a variable electric field satisfying the single
equation curl E = 0, with zero magnetic field. In other words, longitudinal
electric waves can occur. To determine their velocity of propagation, we
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must take into account the dispersion of the dielectric permeability not only
in frequency, but also with respect to the wave vector. The value of w for
which € = 0 is also a function of the wave vector. If the medium is iso-
tropic, the next term after the zero-order term in the expansion of the scalar
function w(k) for which e[w(k)] = 0 is proportional to A2: & = wp+ Fok?.
Hence the velocity of propagation is u = dw/0k = ak, and is proportional
to the wave vector itself.

PROBLEM

A plane electromagnetic wave with a sharply defined forward front is incident normally
on the boundary of a half-space (x > 0) occupied by a transparent medium with p = 1.
Determine the structure of the front of the transmitted wave (A. SOMMERFELD and L.
BrILLOUIN, 1914).

SoLuTioN. Let the wave be incident on the boundary of the medium at time ¢ = 0, so
that at & = 0 the field (E or H) of the incident wave is E = 0 for ¢t < 0, E ~ &~0* for
¢t > 0. Expanding this field as a Fourier integral with respect to time, we reduce the prob-
lem to that of waves of various frequencies and infinite extent incident on the boundary.
The amplitude of the Fourier component of frequency w is proportional to

o

[ eo-so)r dr.
(1]

When a wave of frequency w is incident, the transmitted wave is of the form a(w) e~iwt+iwnxic,
where the amplitude a(w) is a slowly varying function of frequency. Hence the wave field in
the medium in the present problem is
o ]
E~ J‘ dw a(w)e—tot+ions/e j‘ eflo—0)) T dr,
- 2

In the region near the wave front, the important values of  in this integral are those
close to wo. Using a new variable § = w—wo, we replace a(w) by a(wp), and expand the
exponent in powers of £. Omitting unimportant constants and phase factors, we have

E~ ofo— f explif(-r—t-l— ’;‘) —iigax%} dé dr,

where u = u(wo) is the velocity of propagation (63.9), and u’ = [du/d w]ymc, Effecting
the integration over £, we easily bring E to the form

E~ Z My, w = (x—u)]v/(xlu]),

the sign in the exponent depending on that of u’. The intensity distribution near the wave
front is given by

I~ IT e’ dy lz.
w

This expression is of the same form as that which gives the intensity distribution near the
edge of the shadow in Fresnel diffraction.} For w > 0 the intensity decreases monotoni-
cally with increasing w, but for 2 < 0 it oscillates with decreasing amplitude about a constant
value to which it tends as w - — 0.1 .

t See The Classical Theory of Fields, §7-8.

1 At large distances preceding the front here considered there are found ‘“‘precursors’’
propa}iated witlh velocity ¢. These correspond to the high-frequency Fourier components,
for which € — 1.



CHAPTER X

THE PROPAGATION OF ELECTROMAGNETIC
WAVES

§65. Geometrical optics

THE condition for geometrical optics} to be applicable is that the wave-
length A should be small in comparison with the characteristic dimension /
of the problem. The relation between geometrical and wave optics is that,
for A < [, any quantity ¢ which describes the wave field (i.e. any component
of E or H) is given by a formula of the type ¢ = ae?¥ where the amplitude
a is a slowly varying function of the co-ordinates and time, and the phase ¢
is a large quantity which is “almost linear” in the co-ordinates and the
time; it is called the eskonal, and is of great importance in geometrical
optics. The time derivative of ¢ gives the frequency of the wave: '

oplot = — w, : (65.1)
and the space derivatives give the wave vector: ‘
grady =k, (65.2)

and consequently the direction of the ray through any point in space.

For a steady wave of a single frequency, the frequency is a constant and
the time dependence of the eikonal is given by a term — wf. We then intro-
duce a function ¢ (also called the eikonal), such that

P = — wt+ (offu(x,,2)- (65.3)
Then i is a function of the co-ordinates only, and its gradient is
grady1 = n, (65.4)

where n is a vector such that
k = wn/c. (65.5)

The magnitude of n is equal to the refractive index 7 of the medium.}
Hence the equation for the eikonal in ray propagation in a medium of refrac-
tive index n(x, y, 2) (a given function of the co-ordinates) is

gradyaf? = (%‘ii)z + ( 2‘;1 )2 + (%‘/:)2 = . (65.6)

t See The Classical Theory of Fields, §7-1, Addison-Wesley Press, Cambridge (Mass.),
1951; Pergamon Press, London, 1959.
1 Only transparent media are considered in geometrical optics.
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The equation of ray propagation in a steady state can also be derived from
Fermat’s principle, according to which the integral [k-dl (or, equivalently,
the integral 5 = [n.dl = [ndl) along the path of the ray between two
given points A and B has a value less than for any other path between A4
and B. Equating to zero the variation of this integral, we have

B
81 = [ (Sndl+ nddl) = 0.
y: |

Let ér be a displacement of the ray path under the variation. Then
on = dr.grad n, § d/ = 1.ddr, where 1 is a unit vector tangential to the
ray. Substituting in & and integrating by parts in the second term (using
the fact that 8r = 0 at 4 and B), we have

B B
Sy = fSr~gradndl+ fnl-dSr
4 4

B
d(»1)
= dn— ——).érdl =
f (gra "==q ) 1=0.
y
Hence
d(nl)/dl = gradn. (65.7)
Expanding the derivative and putting dn/d/ = 1.grad n, we obtain
da 1
— = —[gradn — I(1-grad n)]. (65.8)
d =

This is the equation giving the form of the rays.

We know from differential geometry that the derivative dl/d/ along the
ray is equal to N/R, where N is the unit vector along the principal normal
and R the radius of curvature. Taking the scalar product of both sides of
(65.8) with N, and using the fact that N and 1 are perpendicular, we have

1 gradn

R n

the rays are therefore bent in the direction of increasing refractive index.
The velocity of propagation of rays in geometrical optics is in the direc-
tion of 1, and is given by the derivative

u = dw/dk. (65.10)
This is also called the group velocity, the ratio w/k being called the phase

velocity. It must be remembered, however, that the latter is not the velocity
of physical propagation of any quantity.

(65.9)
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It is easy to derive also the equation which gives the rate of change of the
radiation intensity along a ray. The intensity I is the magnitude of the
(time) average Poynting vector. This vector, like the group velocity, is in
the direction of 1: § = IL. In a steady state, the mean field energy density
is constant at any given point in space. The equation of conservation of
energy is therefore divS = 0, or

div (1) = 0. (65.11)

This is the required equation.

Finally, let us consider how the direction of polarisation of linearly
polarised radiation varies along a ray (S. M. Rytov, 1938). As we know
from differential geometry, a curve in space (in this case, the ray) is charac-
terised at every point by the mutually perpendicular unit vectors along the
tangent (1), the principal normal (N) and the binormal (b), which form the
natural trihedral. Since the electromagnetic waves are transverse, the vectors
E and H are always coplanar with N and b.

Let the direction of E at some point on the ray be the same as that of N,
i.e. let E lie in the osculating plane (that of N and 1). The deviation of the
curve from the osculating plane over a length d/ is of the third order of
smallness with respect to d. We can therefore say that, over a length d/
of the ray, the vector E remains in the original osculating plane. The oscu-
lating plane at the other end of d/is inclined to the original one at an angle
dé = dIJT, where T is the radius of torsion. This is therefore the angle
turned through by the vector E relative to N in the normal plane. Thus,
over a distance d/ along the ray, the direction of polarisation rotates in the
normal plane, its angle to the principal normal varying in accordance with
the equation

dg/dl = 1T. (65.12)

In particular, when the torsion is zero, i.e. the ray is a plane curve, the
direction of the vector E in the normal plane is constant, as is in any case
evident from symmetry.

PROBLEM

Determine the velocity of propagation of light in a medium moving relative to the
observer.

SoLuTtioN. Let w and k be the frequency and wave vector of the light wave in a fixed
frame of reference K, and «’, k’ the corresponding quantities in a frame K’ moving with
the medium at velocity v relative to K. In the first approximation with respect to v/c (the
only one we shall consider), the motion perpendicular to k has no effect on the propagation
of light, and so, without loss of generality, we can assume that v and k are in the same
direction. )

In the frame K’ the medium is at rest, and " and &’ are therefore related by

ck’ = w'n(w)- )
According to the relativistic transformation formulae we have, as far as terms of the first

t+ See The Classical Theory of Fields, §6—4.
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order in v/c, o’ = w—Fkv, k' = k—wv/c?. Substituting these expressions in (1) and ex-
panding the function n(w’), we obtain to the same accuracy

di
b= 22 (1 (""’)) @
¢ c2 de
where n = n(w). The velocity of propagation (the group velocity) is therefore
o
w— ,,0+,,(, - &) _ v du 3
c? c dw

where uo = ¢[d(nw)/dw]~! is the velocity of propagation in a medium at rest. The phase
velocity is

__+v(1 +w dn)
- n do

«
ia k
The first two terms in (3) can also be obtained by simply applying the relativistic formula

for the addition of velocities, and the third is a dispersion effect, first dlscussed by H. A.
LORENTZ.

§66. Reflection and refraction of electromagnetic waves

Let us consider the reflection and refraction of a plane electromagnetic
wave (of a single frequency) at a plane boundary between two homogeneous
media. Medium 1, from which the wave is incident, is assumed trans-
parent, but not (for the present) medium 2. Quantities pertaining to the
incident and reflected waves will be distinguished by the suffixes 0 and 1
respectively, and those for the refracted wave by the suffix 2 (Fig. 30). The
direction of the normal from the boundary plane into medium 2 is taken as
the z-axis.

® ‘2 )
&
® 6| G
i A
Fic. 30

Since there is complete homogeneity in the xy-plane, the dependence of
the solution of the field equations on x and y must be the same in all space.
The components k;, k, of the wave vector must therefore be the same for
all three waves. Consequently, the directions of propagation of the three
waves lie in one plane, which we take as the xz-plane.

t We take p = 1 in both media.
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From the equations
kog = k1z = koz (66.1)
we find

klz = — k()z = — (w/c)»\/el cos 00,
ko, = v/[(w/c)?ea — kos?] = (w[c)r/(e2 — €1 sin?bp).

The vector ko is, by definition, real, and so is ky. The quantity ks, however,
is complex in an absorbing medium, and the sign of the root must be taken
so that im kg, > 0, the refracted wave being damped towards the interior
of medium 2.

If both media are transparent, equations (66.1) give the familiar laws of
reflection and refraction:

(66.2)

sin 92 €1 ni
01 = 00, = _—=

. (66.3)
sin 00 € ng

To determine the amplitudes of the reflected and refracted waves, we must
use the boundary conditions at the surface of separation (2 = 0), and we
shall consider separately the two cases where the electric field Ep is in the
plane of incidence and perpendicular to that plane; from the results we can
obtain the solution for the general case, where Eq can be resolved into compo-
nents in these two directions.

Let us first suppose that Eq is perpendicular to the plane of incidence. It
is evident from symmetry that the same will be true of the fields E; and Es
in the reflected and refracted waves. The vector H is in the xz-plane.
The boundary conditions requiret the continuity of E, = E and Hy; by
(63.3) Hy = —ck.Ey/w.

The field in medium 1 is the sum of the fields in the incident and reflected
waves, so that we obtain the two equations Eo+ E; = Ej, ko, (Eo— E1)=ks,Fa.
The exponential factors in E cancel because k; (and therefore w) is the same
in all three waves. In what follows, E signifies the complex amplitude of a
wave. The solution of the above equations gives Fresnel’s formulae:

B koz — k2, B = 4/ €1 cos g — 4/(e2 — €1 sin2fp)
a koz + ko 0= 1/ €1 cos by + 4/(e2 — €1 sin26p) ’
Zk()z 2\/ €1 COS 30
To = Ey = - Eyp
ko + ko2 4/e1 cos g + 4/(e2 — e sin2€;)

E

(66.4)

+ The boundary conditions on the normal components of B and D give nothing new in
the present problem. because the equations divB = 0, divD = 0 are consequences of
equations (63.1).
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If both media are transparent, these formulae become, by (66.3),
sin (02 - 00)
1= —————1Fky
sin (62 + 6p)
2 cos O sin O3

~ Tsin (62 + o)

(66.5)

0.

The case where E lies in the plane of incidence can be discussed similarly.
Here it is more convenient to carry out the calculations for the magnetic
field, which is perpendicular to the plane of incidence. A further two Fresnel’s
formulae are obtained:

Hy - eokoy — e1kay ) = ez cos Oy — 4/(e1e2 — €2 sin2 )
eskoy + e1ke; e cos by + \/ (eleg — €2 sin2 00) (66.6)
Hy = 2e0ko; ) — 2es cos g
eakgy + e1koz €2 cos Oy + \/ (6162 — €2 sin2 90)
If both media are transparent, these formulae may be written
_ tan (6o — 02) ‘
~ tan (6o + 02)
sin 26y (66.7)

™ sin (8 + 02) cos (o — Bz) ©

The reflection coefficient R is defined as the ratio of the (time) average
energy flux reflected from the surface to the incident flux. Each of these
fluxes is given by the averaged z-component of the Poynting vector (63.11)
for the wave in question,

_ ‘\/G]_ Ccos 01 lEllz _ |E1|2
Vercoslo [Eo  [Eof?

For normal incidence (6 = 0) the two modes of polarisation are equiva-
lent, and the reflection coefficient is given by

\/ e — 4/ |2

" Vea+ e

This formula is valid whether the reflecting medium is transparent or not.

If we put 4/ez = me+ikg, and if medium 1 is a vacuum (e; = 1), then
(n2 — 1)2 + xo?

(66.8)

(66.9)

The remaining discussion assumes that both media are transparent. The
following general remark should be made first of all. The boundary between
two different media is in reality not a geometrical surface but a thin transition
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layer. The validity of the formulae (66.1) does not rest on any assumptions
concerning the nature of this layer. The derivation of Fresnel’s formulae,
on the other hand, is based on the use of the boundary conditions, and
assumes that the thickness 8 of the transition layer is small compared with
the wavelength A. The thickness 3 is usually comparable with the distances
between the atoms, which are always small compared with A if the macro-
scopic description of the field is legitimate, and so the condition A > & is
usually fulfilled. In the opposite limiting case the phenomenon of refraction
is entirely different in character. For 8 > A, geometrical optics is valid (A
being small compared with the dimensions of the inhomogeneities in the
medium). In this case, therefore, the propagation of the wave can be re-
garded as the propagation of rays which undergo refraction in the transition
layer but are not reflected from it. The reflection coefficient, therefore,
would be zero.

Let us return now to Fresnel’s formulae. In reflection from a transparent
medium, the coefficients of proportionality between E;, E2 and Eo in these
formulae are real.t This means that the wave phase either remains unchanged
or changes by =, depending on the sign of the coefficients. In particular,
the phase of the refracted wave is always the same as that of the incident
wave. The reflection, on the other hand, may be accompanied by a change
in phase.] For example, with normal incidence the phase of the wave is
unchanged if € > ez, but if € < €2 the vectors E; and Eo are in opposite
directions, i.e. the wave phase changes by =.

The reflection coefficients for oblique incidence are, by (66.5) and (66.7),

sin2 (02 - 00) tan2 (02 - 90)
L7 sin2 @ + 00)’ " tan? (02 + 00).

Here, and in what follows, the suffixes | and || refer to the cases where the
field E is respectively perpendicular and parallel to the plane of incidence.
The expressions (66.10) are unaltered when 6z and 6 are interchanged (but
the phase of the reflected wave changes by =, as is seen from formulae
(66.5) and (66.7)). The reflection coefficient for a wave incident from medium
1 at an angle 6y is therefore equal to that for a wave incident from medium 2
at an angle 6.

An interesting case is the reflection of light incident at an angle 6, such
that fp+ 0z = 37 (the reflected and refracted rays being thus perpendicular).
Let this angle be 6p; sin 8p = sin (37— 02) = cos 62, and the law of refrac-
tion (66.3) gives

(66.10)

tanfy = +/(eofe1). (66.11)

t We ignore for the moment the possibility of total reflection (see below).

1 Reflection from an absorbing medium leads in general to the appearance of elliptical
polarisation. The explicit expressions for the amplitude and phase relations between the
three waves are then extremely involved ; they are given by J. A. STRATTON, Electromagnetic
Theory, Chapter IX, McGraw-Hill, New York, 1941.
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For 0y = 6, we have tan (f2+8y) = oo, and R, = 0. Hence, whatever the
direction of polarisation of light incident at this angle, the reflected light
will be polarised so that the electric field is perpendicular to the plane of
incidence. The reflected light is polarised in this way even when the incident
light is natural: no component with any other polarisation is reflected. The
angle 6, is called the angle of total polarisation or the Brewster angle. It
should be noticed that, whereas natural light can be totally polarised by
reflection, this effect cannot be produced by refraction, whatever the angle
of incidence.

The reflection and refraction of plane-polarised hght always results in
plane—polarlsed light, but the direction of polarisation is in general not the
same as in the incident light. Let y be the angle between the direction of
Ep and the plane of incidence, and y;, y2 the corresponding angles for the
reflected and refracted waves. Using formulae (66 5) and (66.7), we easily
obtain the relations

COos (00 - 02)

tan = - ———
Y cos (6o + 0g) 7

66.12
tanyz = cos (6o — 02) tan y,. ( )

The angles yp, y1 and s are equal for all angles of incidence only in the
obvious cases y9 = 0 and yp = }=; they are also equal for normal incidence
(o = 02 = 0) and for grazing incidence (fp = %=, in which case there is no
refracted wave). In all other cases the formulae (66.12) give (by virtue of
the inequalities 0 < 9, 62 < 47 and, as we shall assume, 0 < yo < 3m,
0 < y1, y2 < =) the inequalities y1 > yo, y2 < yo. Thus the direction of E
is turned away from the plane of incidence on reflection, but towards it on
refraction.

A comparison of the two formulae (66.10) shows that, at all angles of
incidence except 6o = 0 or 4w, R, < R,. Hence, for example, when the
incident light is natural the reflected light is partly polarised, and the pre-
dominant direction of the electric field is perpendicular to the plane of
incidence. The refracted light is partly polarised, with the predominant
direction of E lying in the plane of incidence.

The quantities R, and R, depend quite differently on the angle of
incidence. The coefficient R, increases monotonically with the angle
from the value (66.8) for 6y = 0. The coefficient R, takes the same value
(66.8) for p = 0, but as fp increases R, decreases to zero at 8y = 6, before
monotonically increasing.

Here two distinct cases occur. If the reflection is from the “optically
denser” medium, i.e. e2 > €1, then R, and R, increase to the common value
of unity at p = }= (grazing incidence). If, on the other hand, the reflecting
medium is “optically less dense” (e2 < ¢1), both coefficients become equal to
unity for 8o = 6y, where

sinfy = +/(esfer) = mofm; (66.13)
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0y is called the angle of total reflection. When 6y = 6, the angle of refraction
0z = 1=, i.e. the refracted wave is propagated along the surface separating
the media.

Reflection from an optically less dense medium at angles 6y > 0, requires
special consideration. In this case k2, is purely imaginary (see (66.2)), i.e.
the field is damped in medium 2. The damping of the wave without true
absorption (i.e. dissipation of energy) signifies that the average energy
flux from medium 1 into medium 2 is zero (by simple calculation it can
easily be seen that the vector § giving the average energy flux in medium
2 is in the x-direction). That is, all the energy incident on the boundary is
reflected back into medium 1, so that the reflection coefficients are
R, = R, = 1. This phenomenon is called total reflection. The equality
of R, and R, to unity can, of course, be obtained directly from Fresnel’s
formulae (66.4) and (66.6).

For 6y > 0, the proportionality coefficients between E; and Ep become
complex quantities, of the form (a—b)/(a+b). The quantities R, and R,
are given by the squared moduli of these coefficients, which are equal to
unity. The formulae give, besides the ratio of the magnitudes of the fields
in the reflected and incident waves, the difference in their phases. For this
purpose we write Ey, = e~t3.Ey , E1, = ¢~t%Ep,. Thent

tan%SJ_ = '\/(61 sin2fy — 62)/'\/61 cos o,

66.14
tan1d, = 4/(e12 sin2fy — e1€2)/e2 cos by. ( )

Thus total reflection involves a change in the wave phase which is in general
different for the field components parallel and perpendicular to’the plane of
incidence. Hence, on reflection of a wave polarised in a plane inclined to
the plane of incidence, the reflected wave will be elliptically polarised.||
The phase difference 8 = 6, —§, is easily found to be such that

Ccos 90'\/ (E]_ sin2 0() — 62)
4/ €1 sin2 6y
The difference is zero only for 8y = 6y or 6y = }=.

tan}d = (66.15)

PROBLEMS

ProBLEM 1. Find the manner in which the reflection coefficient approaches unity near
the angle of total reflection.

SorLutioN. We put 8o = 6,—8, where 8 is a small quantity, and expand sin 8o and
cos fo in formulae (66.10) in powers of 3. The result is

R, = 1~4y/Q28)(n*—1),
Ry = 1—-4+/(28)n2(n2—1)%,
where 72 = e1/ez > 1. The derivatives dR/d3 become infinite as % when § — 0.

t It may be mentioned that the reflection coefficient is always equal to unity in reflection
from a medium with € real and negative. In such a medium there is again no true absorption,
but the wave cannot penetrate into it.

1 If (@ —ib)/(a + ib) = €18, then tan 8 = b/a.

|| See The Classical Theory of Fields, §6-5.
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ProBLEM 2. Find the reflection coefficient for almost grazing incidence of light from a
vacuum on the surface of a body for which e is almost unity.

SoLurtioN. Formulae (66.10) give the same reflection coefficient:
R, = Ry =2 [$o—+/(do2+e—1)]4/(e—1)2,
where ¢o = 37 —0o.

ProBLEM 3. Determine the reflection coefficient for a wave incident from a vacuum on
a medium for which both € and p are different from unity.

SoLuTioN. Calculations entirely analogous to those given above furnish the result
__|mcos 80— +/(ep—sin? Bo); 2
7 [i cos B0+ 4/(ep—sin? o)l
€ cos B0+ v/ (ep—sin® )| 2
€ cos B0+ +/(ep—sin? o) *

R, =

ProBLEM 4. A plane-parallel layer (region 2) lies between a vacuum (region 1) and an
arbitrary medium (region 3). Light polarised parallel or perpendicular to the plane of
incidence falls on the layer from the vacuum. Express the reflection coefficient R in terms of
those for semi-infinite media of the substances in regions 2 and 3.

SoruTtioN. We denote by Ao and A4: the amplitudes of the field (E or H, whichever is
parallel to the layer) in the incident and reflected waves. The field in the layer consists of
the refracted wave (amplitude As) and the wave reflected from region 3 (amplitude A4s").
The boundary condition between regions 1 and 2 gives

Az’ = a(A1—r124o) 1)

where a and 712 are constants. In reflection from a semi-infinite medium of the substance
in region 2, Ao’ is zero, and so from (1) we have r12 = A41/Ao, i.e. r12 is the amplitude of
reflection in that case. Another equation is obtained from (1) by interchanging 4; and Ao
and replacing 43’ by Asa, which corresponds simply to a reversal of the 2z-component of the
wave vector:

A = a(Ao—r1241). (2)
In region 3 there is only the transmitted wave, whose amplitude A3 satisfies the conditions
Aset¥ = ads, Ao'e™W = —arsads (3)

analogous to (1), (2) with 41 = 0. The exponential factors take account of the change in
the wave phase over the thickness % of the layer, with

¥ = (wh/c)y/(e2—sin? by). “
Eliminating As from equations (3), we obtain
Ag'e ¥ = razdaet?, 5)
where 723 = —73s.
From equations (1), (2) and (5) we find the amplitude of reflection from the layer:
A1 e V47 6
Ao e trigres’ ©
and the reflection coefficient R = [r|2. 'The significance of ras is found from the fact that,

for h = 0, r must be the amplitude of reflection 713 from a semi-infinite medium of the
substance in region 3. Hence

r =

res = (r12—r13)/(rizris—1). )

Formulae (6) and (7) give the required solution. It should be emphasised that their deriva-
tion involves no assumptions concerning the properties of regions 2 and 3, which may be
either transparent or not.
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If regions 2 and 3 are transparent, then i, 712 and 713 are all real, and re3is the amplitude
of reflection at the boundary between semi-infinite media of the substances in regions 2 and
3. From (6) we have

_ (r12++723)2 — 4712723 5in
(r12r23+1)2— 4719723 sin ¢°

As ¢ varies, R varies between the limits [(r12-+723)/(r12r23+1)]% and [(r1i2—723)/(r12723—1)]2.
For normal incidence r12 = (1 —n2)/(n1+n2), and 713 and ra3 are given by similar relations.
If 792 = nins, then 712 = 723, and R may be zero for some value of the thickness of the layer.
If region 3 is a vacuum, then r13 = 0, ra3 = —713, and (6) gives

(e v—1) sinh 7
T e ?W—_r2  sinh [ig+log (—r12)]

If also region 2 is transparent, we have

®

®

4Ri9 sin2 ¢
(1 =R12)2+4Ry2 sinZy’
The transmission coefficient D for the layer (between vacua) is 1—R only if region 2 is

transparent. Otherwise D must be calculated from equations (1)-(3), putting 732 =ri2.
The amplitude of transmission d is

R =

d As 1—r2?
T Ao e W—retV

and the transmission coefficient D = |d|2.

(10

PrOBLEM 5. Determine the reflection and transmission coefficients for light incident
normally on a slab with a very large complex dielectric permeability e.

SoLuTION. In this case 712 = (1—+/¢)/(1++€) & —(1—2/+/¢), and formula (9) of
Problem 4 gives r = —[1—(2/+/¢) coth ], ¢ = wh+/€/c. If the slab is so thin that

whic € 1/+/€|, then we can put r = —[1+2ic/ewh]™, and distinguish two cases:
for 1/|e] € whlc € 1/4/|¢|, R = 1—4ce”|wh|e2,
for whjc < 1/|€, R = w?h?|e€|2/4c2.
The transmission coefficient is, by formula (10),
for whic ~ 1/+/|€|, = —2/4/e€ sinh ¢},
for whlc <€ 1/v/]d, d = (1—iewh/20)L,

Again two cases can be distinguished:
for 1/ld] < whlc <1/v/ld, D = 4c/ath|el2,
for whfc < 1/|¢|, D = 1—¢"wh/c.

§67. The surface impedance of metals

The dielectric permeability of metals is, in magnitude, large compared
with unity at low frequencies (as w — 0, it tends to infinity as 1/w). The
“wavelength” 8 ~ ¢/w4/|e| in metalst is then small compared with the
wavelength A ~ ¢/w in vacuo. If 8 (but not necessarily M) is also small
compared with the radii of curvature of the metal surface, the problem of
the reflection of arbitrary electromagnetic waves from the metal can be
considerably simplified.

t Large values of 1/e(w) are almost always complex. The electromagnetic field is damped
inside the body, so that the “wavelength’’ in the body is also the depth of penetration of the
field. If (w) is expressed in terms of the conductivity by (58.9), the quantity § is the same
as the penetration depth used in §45.

19
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The smallness of 8 implies that the derivatives of the field components
inside the metal along the normal to the surface are large compared with the
tangential derivatives. The field inside the metal near the surface can
therefore be regarded as the field of a plane wave, and hence the fields E;
and H; are related by

E; = v/(u/OH; x n, (67.1)

where n is a unit vector along the inward normal to the surface. Since E;
and H; are continuous, their values outside the metal near the surface must
be related in the same way. As M. A. LEoNTOVICH (1948) has pointed out,
the equation (67.1) may be used as a boundary condition in determining the
field outside the metal. Thus the problem of determining the external
electromagnetic field can be solved without considering the field inside the
metal. '

The quantity /(u/e) is called the surface impedancet of the metal, and
we denote it by { = {'+{'": A

L= /(o). (67.2)
In the frequency range where € can be expressed in terms of the ordinary
conductivity of the metal, we have

{ = (1 —i)/(wp/8m0). (67.3)
The (time) average energy flux through the surface of the metal is
S = (¢/87) re (E; x Hy*) = c{'|Hy|?n/8x. (67.4)

This is the energy which enters the metal and is dissipated therein. Hence
we see, in particular, that

¢ > 0. ©(67.5)

This inequality determines the sign of the root in (67.2).

As the frequency increases, the depth of penetration 8 becomes of the
same order as the mean free path / of the conduction electrons.i In this case
the spatial non-uniformity of the field renders impossible a macroscopic
description of it in terms of the dielectric permeability «, a fact first pointed
out by H. LonpoN (1940). It is remarkable that the condition v/l > w
(v being the velocity of the conduction electrons), which ensures the absence
of dispersion of the conductivity and the equality of the latter to its value o
for a constant field, remains valid.

It is of importance to note that a boundary condition of the form

Ei=H;xn (67.6)

t This name is usually given to the quantity 4#{/c, but we find that convention less
satisfactory. .

1 The mean free path depends considerably on the temperature of the metal. In practice,
the temperatures considered are usually very low, in the helium range, and the phenomena
under consideration occur in the range of very short radio waves.
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still holds at such frequencies. The field inside the metal near the surface
can again be regarded as a plane wave, although it is no longer described by
the usual macroscopic Maxwell’s equations. In such a wave the fields E and
H must be linearly related, and the only possible linear relation between the
axial vector H and the polar vector E is (67.6). The coefficient { in this
formula is the only quantity characterising the metal which must be known
in order to find the external electromagnetic field.

When the frequency increases further (usually into the infra-red region),
the macroscopic description of the field again becomes possible, and e is
again meaningful. The reason is that, on absorbing a quantum %, a conduc-
tion electron acquires a large amount of energy, and its mean free path is
therefore reduced, the inequality / < 8 being consequently again fulfilled.
The impedance { is again inversely proportional to 4/e.t In this frequency
range the real part of «(w) is negative, and its imaginary part is small. The
inequality / < & is the condition for both ¢ and €’ to be macroscopically
significant. The macroscopic significance of the large quantity ¢ alone,
however, can be ensured by the fulfilment of the less stringent condition
v/w < 8, where v is the velocity of the conduction electrons in the metal.
If this condition holds, the spatial inhomogeneity of the field may be
neglected in considering the motion of the electrons.

The inequality {’ > 0 is always satisfied by the real part of the imped-
ance. If formula (67.2) holds, we can also draw certain conclusions concerning
the sign of {”’. For example, if the dispersion of ¢ is more important than
that of p (ie. if p may be taken as real), the condition ¢’ > 0 gives
{'" < 0 and, since {' > 0, '’ < 0. This is the most usual case. If the
dispersion of { is determined by that of w, however, a similar argument
shows that {”’ > 0. , ’

The concept of impedance can also be applied to superconductors. A
characteristic property of superconductors is that the penetration depth & is
small even in the static case (w = 0). At fairly low frequencies the magnetic
field distribution can be taken to be the same as the static distribution. To
determine the electric field we use the equation curl E = iwH/c, taking the
z-axis along the outward normal to the surface of the superconductor.
Neglecting the tangential derivatives in comparison with the large 2-deriva-
tives, we have 0E;/0z = iwHy/c, and similarly for E,. Integrating with
respect to 2 through the body gives

iw g

t It should be borne in mind, however, that equation (67.6) can be used as a boundary
condition only while |¢| is large (i.e. £ is small), and certainly does not hold at optical fre-
quencies. We assume that u ~ 1, and so small { correspond to large |e|. If > 1, the
inequality 8 < A must be fulfilled if the boundary condition (67.6) is valid, and therefore
we must have 4/(pe) > 1, so that = 4/(p/€) may not be small.
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E2(0) being the value of E; for 2 = 0, i.e. at the surface of the body. We
quantitatively define the penetration depth by the relation

0
f H,dz = SH,(0). ‘ (67.7)

Then E4(0) = iwdHy(0)/c. Comparing this with the boundary condition
(67.6), we find that the impedance of a superconductor (in the frequency
range considered, which in practice extends to.about the centimetre wave-
length region) is given by ,

{ = —iwdc. (67.8)

This expression is the first term in an expansion of {(w) in powers of the
frequency, and the expansion for superconductors thus begins with a term
in w. The next term, which is in 2 and real, is the first term in the expansion
of {'.

The lmpedance {(w), regarded as a function of the complex variable o,
has many properties analogous to those of the function e(w) (V. L. GINZBURG,
1954). The boundary condition, which for a wave of a single frequency has
the form (67.6), must in general be taken as the operator relation

= {H,x n, (67.9)

expressing the value of E; at any instant in terms of the values of H; at all
previous instants (cf. §58). As in §62, it therefore follows that the function
{(w) is regular in the upper half-plane of w, including the real axis except
for the point w = 0. The condition that E; is real when H; is real gives
{(— w*) = {*(w). Finally, since the energy dissipation is determined by
the real part of {(w) (and not by the imaginary part as for «(w)), it follows
that {'(w) is positive, and does not vanish for any real » except » = 0.
Arguments similar to those given in §62 then lead to the conclusion that
re {(w) > 0 throughout the upper half-plane. Hence, in particular, {(w)
has no zeros in the upper half-plane.

The regularity of {(w) in the upper half-plane again leads to Kramers
and Kronig’s formulae. A particularly important formula is

o= Lo [E0

x—w
Using the fact that {'(x) is even, we can also write

Fre -1, Pf -1,

X+ w

Cu(w) —_ P
0

X — w
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or

£'=)

x—w

(w) = — ——P f dx. (67.10)

The term — 1 in the numerator of the integrand may be omitted, since the
principal value of the integral of 1/(x2— w?) is zero.

The above statements concerning the function {(w) are, of course, equally
applicable to the reciprocal function 1/{(w); the operator -1 converts E;
into Hyxn. In particular, (67.10) becomes

[Yw)]” = —%?P f (Er (67.11)
0

x—w

For small { this formula may be more useful than (67.10). In the form
(67.11), however, it is not applicable to superconductors, for which -1,
according to (67.8), has a pole at w = 0. A simple modification in the
derivation, analogous to that which changes (62.9) into (62.11), gives

O

22— w?

[ Yw)] = — = dx + ;% (67.12)

0

To conclude this section we shall discuss, as an example of the use of the
impedance, the reflection of a plane electromagnetic wave incident from a
vacuum on the plane surface of a metal with surface impedance . If the
vector E is polarised perpendicular to the plane of incidence, the boundary
condition (67.6) gives Eo+ Ey = {(Ho— H)) cos 8y = {(Eo— E1) cos by, the
notation béing the same as in §66. Hence, since { is small, we have
EiJEy = —(1—-2 cos b)), and the reflection coeflicient is

R, = 1— 4 cos b. (67.13)

If, on the other hand, Eg lies in the plane of incidence, the boundary
condition in the form {H; = nxE; gives

C(Ho + Hl) = (Eo — El) cos by = (Ho - Hl) cos o,
whence the reflection coefficient is

cos By — |2

(67.14)

cosbp+ ¢
For angles of incidence not close to 4=

R, = 1 — 47 secly. (67.15)
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If, on the other hand, ¢¢ = 37— 60y < 1, then

P CF (67.16)

This expression takes a minimum value (|{|—Z")/(|{|+') for ¢o = |L|.

Except for the special case (67.16), the reflection coefficient for a surface
with small { is close to unity. A surface with { — 0is “perfectly conducting”
and also “perfectly reflecting”. The boundary condition at such a surface
is simply E; = 0, similarly to that for the electrostatic field at the surface of a
conductor. In a variable field, however, the fulfilment of this condition
necessarily implies that of a certain condition on the magnetic field: the equa-
tions wH/c = curl E and E; = 0 on the surface imply that H, = 0 there.
Thus the normal component of the magnetic field must be zero on a perfectly
conducting surface in a variable electromagnetic field. In this respect such a
surface resembles the surface of a superconductor in a constant magnetic
field.

PROBLEM

Determine the intensity of thermal radiation (of a given frequency) from a plane surface
of small impedance.

SoLutioN. According to Kirchhoff’s law, the intensity dI of thermal radiation into an
element of solid angle do from an arbitrary surface is related to the intensity dlo of radiation
from the surface of a black body by dI = (1—R) dlo, where R is the reflection coefficient
for natural light incident on the surface concerned. Calculating R = #(R,+R,) from
formulae (67.13) and (67.14) and using the isotropy of radiation from a black surface
(dIp = Iy do/2n), we have

i

1
—apt 1 } 8 sin 8 d0.
I ZIokl ! { + oo 0120 cos 0F L4072 cos 0 sin
Effecting the integration and omitting terms of higher order in {, we find
I [ 1 2;/ g/l
— = tllog——=+1——tan"1 —|.
Io § og §12+ {IIz ztl c/

In particular, for a metal whose impedance is given by formula (67.3) (¢ = 1), we have

R s
o 8no o8

+1-— iﬂ]

§68. The propagation of waves in an inhomogeneous medium

Let us consider the propagation of electromagnetic waves in a medium
which is electrically inhomogeneous but isotropic.t In Maxwell’s equations
curl E = iwH/c, curl H = —icwE[c (we put everywhere u = 1), ¢ is a

t For a discussion of wave propagation in an amsotroplc medium in a constant magnetic

field see YA. L. AL’pERT, V. L. GINZBURG and E. L. FEINBERG, The Propagation of Radio
Waves (Rasprostranenie radwvoln), Moscow and Leningrad, 1953,
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function of the co-ordinates. Substituting for H from the first equation in
the second, we obtain for E the equation

AE + (ew?/c?)E — grad divE = 0. (68.1)

Elimination of E gives for H the equation
AH + (ew?/c?)H + (1/¢) grad e X curlH = 0. (68.2)

These equations are considerably simplified in the ‘“one-dimensional”
case, where e varies only in one direction in space. We take this direction
as the z-axis, and consider a wave whose direction of propagation lies in
the xz-plane. In such a wave all quantities are independent of y, and the
uniformity of the medium in the x-direction means that the dependence on
x can be taken as being through a factor €%, with « a constant. For

= 0 the field depends only on 2, i.e. we have a wave passing normally
through a layer of matter in which € = €(2). If « # 0, the wave is said to
pass obliquely.

For « # 0 two mdependent cases of polarisation must be dlstmgmshed
In one, the vector E is perpendicular to the plane of propagation of the wave
(i.e. it is in the y-direction), and the magnetic field H accordingly lies in
that plane. Equation (68.1) becomes

PE  few?
ot (%— KZ)E = 0. (68.3)

In the other case, the field H is in the y-direction, and E lies in the plane of
propagation. Here it is more convenient to start from equation (68.2),

which gives
10H" w? K2
( ) + (~ - —)H 0. (68.4)
0z

€ 02 2 €

We shall call these two types of wave E waves and H waves respectively.

The equations can be solved in a general form in the important case where
the conditions of propagation approximate to those of geometrical optics.
In what follows we shall assume that the function «(z) is real.t In equation
(68.3) the quantity 2m/+/f, where f(2) = ek2—x2, plays the part of a
“wavelength” in the z-direction. The approximation of geometrical optics
corresponds to the inequality

d 1 | 68.5
a—z‘\;}< (68.5)

1 Equation (68.3) bears a formal resemblance to Schrédinger’s equation for one-dimen-
sional motion of a particle in quantum mechanics, and the approximation of geometrical
optics corresponds to the quasi-classical case. Here we shall give the final results; their
(ligglganon may be found in Quantum Mechanics, Chapter VII, Pergamon Press, London
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and the two independent solutions of equation (68.3) are of the form

constant
f S

eHiIVfdz, (68.6)

The condition (68.5) is certainly not fulfilled near any point where f = 0.
Let 2 = 0 be such a point, with f > 0 for 2 < 0 and f < 0 for 2 > 0. At
sufficiently great distances on either side of & = 0, the solution of equation
(68.3) is of the form (68.6), but to establish the relation between the coeffi-
cients in the solutions for 2 > 0 and 2 < 0 it is necessary to examine the
exact solution of equation (68.3) near 2 = 0. In the neighbourhood of this

point, f(z) can be expanded as a power series in 2: f = —az. The solution
of the equation d2E/d22—azE = 0 which is finite for all z is

E = (A4/1/8)D(atz), (68.7)
where

D(¢) = L cos (3uB + uf)du
v

is the Airy function; we everywhere omit the factor e#t+iz in E. The
asymptotic form of the solution of equation (68.3) for large 2] is

z
A
E=Fcos(fodz+%w) for 2 < 0,
0

(68.8)

E=—2§—I;exp(— f\/lfldz) for z > 0,
0

with the same coeflicient 4 as in (68.7). The first of these expressions
represents the stationary wave obtained by superposing the wave incident in
the positive z-direction and the wave reflected from the plane z = 0. The
amplitudes of these waves are both equal to $4/f%, i.e. the reflection coeffi-
cient is unity. Only an exponentially damped field penetrates into the region
z> 0. ,

As the reflection point is approached, the wave amplitude increases, as is
shown by the factor f* in the denominators in (68.8). To determine the
field in the immediate vicinity of that point, the expression (68.7) must
be used. This function decreases monotonically into the region & > 0 and
oscillates in the region z < 0, the successive maxima of |E| continually
decreasing. The first and highest maximum is reached at atz = —1-02,
and its value is E = 0-949A4a~1/6,
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So far we have spoken of solutions for E waves. It is easy to see that, in
the approximation of geometrical optics, entirely similar formulae are valid
for H waves. If we substitute in equation (68.4) H = u4/¢, the derivatives
of ¢ appear as products with u, but not with #'; neglecting therefore the
terms containing these derivatives, which are small by (68.5), we obtain for
the function #(z) the equation

d2u cw . 0
a2t (7_'()“_ ’

which is of the same form as (68.3). Hence the formulae for H differ from
(68.6)—(68.8) only by a factor 4/e.

A curious difference in the behaviour of the two types of wave occurs
when an obliquely incident wave (x 5 0) is reflected from a layer in which
€(z) passes through zero. The reflection takes place from the plane on which
f(z) = ek2—«2 = 0, i.e. the wave ‘““does not reach” the plane where € = 0.
The E wave penetrates beyond the latter plane only as an exponentially
damped field. When an H wave is reflected, however, there is superposed
on a similar damped field a strong local field near the plane on which e = 0
(see Problem 1).1

PROBLEMS

ProBLEM 1. Determine the electric field near the point where € = 0 when an obliquely
(x # 0) incident H wave is reflected.

SoLuTioN. Let € = 0 at the point z = 0. Near this point, we write € = a2, and equation
(68.4) takes the form

d2H 1dH
de? - ;E +(ak22’—K2)H =0.

According to the general theory of linear differential equations, one of the solutions of this
equation, which we call Hy(2), has no singularity at 2 = 0, and its expansion in powers of
2 begins with 22:

1 1
Hy(z) = 22+ §K224— Eakzz5+ e

The other independent solution has a logarithmic singularity, ‘and its expansion is

2k%a

3 234+ ...

The field H(z) is made up of these two solutions, and therefore tends to a constant Hé, say,
as 2 = 0. The leading terms in the electric field components are

i oH ix®Hy

2
Hy(z) = Hi(2) logkz+ =

Ep—= —— T
“ ek oz ak log «z,
i °H k_  «Ho

Tk ax ek akz’

and become infinite as  — 0. In reality, of course, the absorption which must be present
in the medium, even though slight (i.e. the fact that the imaginary part of € is not exactly

+ It should be noted that this point is a singularity of equation (68.4), and the approxi-
mation of geometrical optics is therefore invalid near it, even though f (z) does not vanish
and the condition (68.5) may hold.



288 The Propagation of Electromagnetic Waves §69

zero), means that the field attains large but not infinite values compared with the weak field
in the adjoining regions.

ProBLEM 2. A “‘surface’” H wave can be propagated along a plane boundary between
two media whose dielectric permeabilities €; and —|es| are of opposite signs. The wave is
damped in both media. Determine the relation between the frequency and the wave number.

SoLutioN. We take the boundary surface as the xy-plane, the wave being propagated in
the x-direction and the field H being in the y-direction. Let the half-space 2 > 0 contain
the medium with the positive permeability €1, and the half-space = < 0 that with the nega-
tive permeability e2. We seek the field in the wave damped as z — = o in the form

Hi = Hyetkz—12, k1 = y/(k2—wle1/c?) for z > 0,
Hy = Hgetkzt¥az, K2 = 1/ (k%4 w?|e2]/c?) for 2 < 0,

where &, k1 and «g are real. The boundary condition that Hy = H is continuous is already
satisfied, and the continuity condition on E; gives (1/e1) 8Hi/8z = (1/e2) dHz/ 2z for z = 0,
or «i1/e1 = «sf|ez]. This equation can be satisfied if €1 < |es| (and if e1ea << 0, as has been
assumed). The relation between k and w is k%2 = w?e1|ez]/c?(|es| —e1).

It is easily seen that “surface’ E waves cannot be propagated.

§69. The reciprocity principle

The emission of electromagnetic waves (of a single frequency) from a
source consisting of a thin wire in an arbitrary medium is described by the
equations

curlE = in/c, curlH = — iwD/c + 4njex/c, (69.1)

where jex is the density of periodic currents flowing in the wire which are
extraneous to the medium.

Let two different sources (of the same frequency) be placed in the medium;
we denote by the suffixes 1 and 2 the fields due to these sources separately.
"The medium may be inhomogeneous and anisotropic. The only assumption
which we shall make concerning the properties of the medium is that the
linear relations D; = exEx, B; = uiHy hold, the tensors e and pi being
symmetrical. Under these conditions it is possible to derive a relation
between the fields of the two sources and the extraneous currents in them.

We take the scalar products of the two equations curl E; = ikB;,
curl Hy = —¢kDj+ 47jex 1/c with Hp and Eg respectively, and of the corres-
ponding equations for E; and Hy with —H; and —E;. Adding all four
together, we obtain

(Hz-curl E; — E;-curlHp) + (Ez-curlH; — H;-curl Ep)
= (iw/c)(Bl'H2 — Hi- Bz) + (fw/c)(E1+-De — D1+ Eg) +
+ (47/c)(Jex,1- E2 — jex,2+ E).
But B;-Hs = FaikHlkHZi = H;+Bg, and E;-Ds = D;-Eg, so that the first two
terms on the right-hand side are zero. The left-hand side can be trans-
formed by a formula of vector analysis, and the result is
diV [E]_ X HZ - E2 X Hl] = (4‘77/6')(jex,]_’E2 - jexyg‘El).

We integrate this equation over all space; the integral on the left-hand side
can be transformed into one over an infinitely remote surface, and is zero.
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Thus we have

f Jex,1-E2dVy = fjex,z E;dVoe. (69-2)

The integrals are taken only over the volumes of sources 1 and 2 respec-
tively, since the currents jex1 and jex 2 are zero elsewhere. Since the wires
are thin, the effect of each on the field of the other may be neglected, and
therefore E; and E; in formula (69.2) are the fields due to each of the two
sources at the position of the other. Formula (69.2) is the required relation;
it is called the reciprocity theorem.
~ If the dimensions of the sources are small compared with the Wavelength
and with the distance between them, this formula can be simplified. The
field of each source varies only slightly over the dimensions of the other, and
in (69.2) we can take E; and E; outside the integrals and replace them by
E;(2) and Eg(1), 1 and 2 signifying the positions of the two sources:

Ex(1)- [ jex1dV1 = Ex(2)- [ jexzdVe.

The integral | jex dV is just the time derivative of the total dipole moment
P of the source. Since # = —iw#P, we have finally

Ex(1)-21 = Ey(2)- 2. (69.3)

This form of the reciprocity theorem applies, of course, only to dipole
emission. If the dipole moment of the source is zero, or very small, the
approximation made in going from the general formula (69.2) to (69. 3) is
inadequate; see Problem 1.

PROBLEMS

ProBLEM 1. Derive the reciprocity theorem for quadrupole emitters and for magnetic
dipole emitters.

SoLuTION. If fjexdV = 0, the next terms in the expansion must be taken in the
integrals (69.2):

oF:
fjvEs == f xgu A1
OX¥

1/9E; 3E;
= —( d 2k) f(xkj1¢+xijlk) d+

4\ 9xy %y
1(/0Ex  9Ex ) )
Z( axe ax‘) f(xkllt xij1x) dV1;

we omit the suffix ex for brevity. The quadrupole moment tensor and the magnetic moment
tensor are defined by

Du = —iwDg = [ [3(xije+xxje) —28ur-5] AV,
1
-1 f rxj dV.

Using the equation curl E = {w B/c and assummg that € = constant near the sources (and
so div E = 0), we obtain

B  OF
el gk)Dl,lk-I—inz(l)-.ﬂl.

iw
Ijl EodV = —-1—2(

oxXx . Oxi
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Hence we see that for quadrupole emitters the reciprocity theorem is
(3E2.'(1) L 3E2k(1)) (aEu(z) i 0E12) )
o s )T T om o ) o

and for magnetic dipole emitters

' Be(1) M1 = Bu(2)+ M.
ProBLEM 2. Determine the intensity of emission from a dipole source immersed in a
homogeneous isotropic medium as a function of the permeabilities € and u of the medium.

SoLuTION. By substituting E = +/(p/e)E’, H = H’, w = w’[1/(ep), equations (69.1) are
brought to the form curl B’ = iw'H’/c, curl H' = —iwE’/c+4mjex/c, which do not in-
volve € or u. The solution of these equations for dipole emission gives a vector field potential
in the wave regiont A’ = (1/cRo)fjex dV, where Ry is the distance from the source; the
phase factors are omitted, since they do not affect the calculation of the intensity. Hence
we see that, for given jex, we can put A’ = Ay, where the suffix 0 signifies the value for the
source field in a vacuum. The values of H’ and E’ are

H' = ik’xA’ = i+/(e)kXxAo = +/(Ho, E =H',
Hence H = +/(e)Hy, E = pEg and I = Iou®/2¢1/2. This is the required solution.

§70. Electromagnetic oscillations in hollow resonators

Let us consider the electric field in a hollow evacuated resonator with
perfectly conducting walls. The equations of the field (of a single frequency)
in the vacuum are

curlE = iwH/c, curlH = — iwE/c. (70.1)

The boundary conditions on the surface of a perfect conductor (i.e. one
whose impedance { = 0) are

E;=0, H,=0. (70.2)

To solve the problem, it suffices to consider either E or H. For instance,
eliminating H from equations (70.1), we find that E satisfies the wave
equation
AE + (0?/c2)E = 0, (70.3)
together with the equation
divE =0, (70.4)

which does not follow from (70.3). Solving these equations with the boundary
condition E; = 0, we find the field E, and then H can be derived from the
first of (70.1). The boundary condition H, = 0 is automatically satisfied.
When the shape and size of the cavity are given, equations (70.3) and
(70.4) have solutions only for certain values of w, called the eigenfrequencies
of the electromagnetic oscillations of the resonator concerned.} For { = 0

t See The Classical Theory of Fields, §9-2.

I The formulae for a resonator filled with a non-absorbing dielectric for which € and p
differ from unity are obtained from those for an evacuated resonator by replacing », E and
Hby w+/(ep), v/ €E and 4/ pH respectively. This is seen from the fact that the transformation
just given converts equations (70.1) into the correct Maxwell’s equations for the medium:
curlE = twpH/c, curlH = — {weE/c. In particular, the presence of the medium reduces
each eigenfrequency by a factor 1/(ep).
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the electromagnetic field does not penetrate into the metal, and no loss
occurs there. All the characteristic oscillations are therefore undamped,
and all the eigenfrequencies are real. The latter are infinite in number, and
the order of magnitude of the lowest eigenfrequency w; is ¢/l, where [ is the
linear dimension of the cavity. This follows immediately from dimensional
considerations, since [ is the only dimensional parameter characterising the
problem if the shape of the resonator is given. The high eigenfrequencies
(w > ¢/l) lie very close together, and the number of them per unit range of
w is Vw?2[272c3, which depends on the volume V of the resonator but not on
its shape.t

The (time) average values of the electric and magnetic field energies in
the resonator are respectively % [([E[2/8w) dV and } [([H[?/8m) dV. We
shall show that they are equal. Using the first equation (70.1), we write
fH-H* dV = (?/«?) [curl E.curl E* dV. The second integral can be
integrated by parts:

f curl E-curl E*dV = ff curl E*.df x E + f E-curl curl E*dV.

Since E; = 0 on the boundary of the volume considered, the surface integral
is zero, leaving

2
[pay = c—zf E-curl curl E*dV
w

= — (?/w?) fE-AE*dV
or, by (70.3),
[HzdV = [|EEdV. (70.5)

This completes the proof.}

Undamped oscillations in a resonator are obtained if the impedance of its
walls is assumed to be zero. Let us now ascertain the effect on the eigen-
frequencies if the impedance of the walls is small but not zero.

The (time) average energy dissipated in the walls of the resonator in unit
time can be calculated as the flux of energy into the walls from the electro-
magnetic field in the cavity. Using the boundary condition (67.6) on the
surface of a body with impedance {, we write the normal component of the
energy flux density as S, = (c/87) re (E; x H;*) = ¢{'|H;[2/8n, where (' is
the real part of {. In this expression, which already contains the small
factor {’, we can as a first approximation take H to be the field obtained

t See The Classical Theory of Fields, §6-9.

1 By E and H we always mean the fields corresponding to a particular eigenfrequency.
It is not difficult to show that the fields corresponding to two different eigenfrequencies wq
and wp are orthogonal:

JEa" Ep*av = [H, Hp*dV = 0.
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by solving the problem with { = 0. The total energy dissipated is given by
the integral

Sc—ﬂ ff ¢'[H|2df, (70.6)

taken over the internal surface of the resonator. The field amplitude is
damped in time with a decrement obtained by dividing (70.6) by twice the
total energy of the field, namely } [(|E2+ [H|2) dV/87 = [|H|2 dV/8n.

The damping decrement is determined by the imaginary part |»”| of the
complex .frequency w = w’'+iw’”.f Writing the formula in the complex
form

v $C|H[2df
w—wy = — IH[de (70.7)
w and wp being the frequencies with and without allowance for {, we can
determine not only the damping decrement but also the change in the eigen-
frequencies themselves. The latter is seen to be determined by the imaginary
part of {. We have mentioned in §67 that usually {" < 0, and the eigen-
frequencies are then reduced.

In actual calculations, it may be more convenient to transform the volume
integral in the denominator of (70.7) into one over the surface. The result
isi

[HdV = 3§(H[2 - |E[)r-df. (70.8)

PROBLEMS
ProBLEM 1. Determine the eigenfrequencies of a cuboidal resonator with perfectly con-
ducting walls.
SoLuTioN. We take the axes of x, y, = along three concurrent edges of the cuboid; let
the lengths of these edges be a1, az, as. The solutions of equations (70.3) and (70.4) which
satisfy the boundary condition E¢ = 0 are

Ez = A1 cos kzx sin kyy sin kzz. e~iot (1)

+ In radio engineering the quality of the resonator, defined as the ratio w'/2|w”], is
generally used instead of the damping decrement.
1 Since the vector H is tangential to the surface, we have 1dent1cally

FHH*)(r-df) = $E-H*)(r-df) — GE-r)(H*-df) — $E*-r)(H-df).

The integrals on the right are transformed by putting df — dV grad, and using (70.1) we
obtain

$(H-H*)(r-df) = ik[r-(Hx E* — H* xE)dV + [H-H*dV.

Similarly, using the identity r X (E X df) = E(r-df) — (r-E)df = 0 (by the boundary
condition E; = 0), we have

$(E-E*)(r-df) = — §(E-E*)(r-df) + $(E-r)(E*-df) + $(E* -r)(E-df)
= ik[r-(H X E* — H* xE)dV — [E.E*dV.

Subtracting and using (70.5), we obtain formula (70.8).
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and similarly for Ey, E:, where
ke = mm/ay, ky = man/az, k. = ngnjas )
(m1, n2, ns being positive integers). The constants A1, A2, A3 are related by
Askz+ Asky+Ask: = 0, 3

and the eigenfrequencies are w? = c2(kz2+ky2+k22).
The magnetic field is calculated from (1):

H; = —(ic]w)(Asky—Azkz) sin kzx cos kyy cos kzz-e~i0t,

and similarly for Hy, H,.

If two or all of the numbers 71, n3, n3 are zero, E = 0. Hence the lowest frequency corres-.
ponds to an oscillation in which one of these numbers is 0 and the other two are 1.

Since the relation (3) holds, the solution (1) (with given non-zero n1, n2, n3) involves only
two independent arbitrary constants, i.e. each eigenfrequency is doubly degenerate. The
frequencies for which one of 71, n2, n3 is zero are not degenerate.

ProBLEM 2. Determine the frequencies of electric dipole and magnetic dipole oscillations
in a spherical resonator of radius a.

SorLuTIiON. In a stationary spherical electric dipole wave, the fields E and H are of the
form{

sin kr

sin kr
E = e-iot curl curl ( b), H = —ijkeivt curl ( ! b),
r
where b is a constant vector and 2 = w/c. The boundary condition nXE = 0 at »r = a
gives cot ka = (ka)"'—ka. 'The smallest root of this equation is ka = 2:74. The frequency
. w = 2:74 c/a is the lowest eigenfrequency of a spherical resonator.
In a stationary spherical magnetic dipole wave, we have

. o B
E = jke—10t curl (sm krb), H = ¢t curl curl (sm rb).
r r

The boundary condition on E gives the equation tan ka = ka, whose smallest root is
ka = 4-49.

. §71. The propagation of elecfromagnetic waves in waveguides

A waveguide is a hollow pipef of infinite length, i.e. a cavity infinite in

one direction, whereas the resonators discussed in §70 are of finite volume.

" The characteristic oscillations in a resonator are stationary waves, but those
in a waveguide are ‘‘stationary’’ only in the transverse directions; waves
travelling in the direction along the pipe can be propagated.

Let us consider a straight waveguide of any (simply-connected) cross-
section uniform along its length. We shall first suppose that the walls of the
waveguide are perfectly conducting, and take the z-axis along the waveguide.
In a travelling wave propagated in the z-direction, all quantities depend on 2
through a factor exp (ik.2), with k; a constant.

The electromagnetic waves possible in such a waveguide can be divided
into two types: in one, H, = 0, and in the other E, = 0 (RAavLEIGH, 1897)..

t See The Classical Theory of Fields, §9-6.

I The formulae below hold for an evacuated waveguide. Those for a waveguide filled
with a non-absorbing dielectric are obtained by means of the transformation given in the
first footnote to §70.
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The former type, in which the magnetic field is purely transverse, are called
electric-type waves or E waves. The latter, in which the electric field is
purely transverse, are called magnetic-type waves or H waves.t
Let us first consider E waves. The x and y components of equations
(70.1) give
Fe gy =i, g, = i%H,,
oy ¢ o0x ¢

. .w . .w
th,Hy = i—E, thHy = —i—Ey.
c ¢

‘Hence

ik, OF B tk, OF,

2 ox Yy

z =

(71.1)
iw aEz H iw aEz

= —_— v = -,
Y cx? ox

where «2 = (w?/c?)—k2. Thus, in an E wave, all the transverse compo-
nents of E and H can be expressed in terms of the longitudinal component
of the electric field. This component must be determined by solving the
wave equation, which takes the two-dimensional form

AN2E; + «2E, = 0 (71.2)

(A2 being the two-dimensional Laplacian). The boundary conditions for this
equation are that the tangential components of E should vanish on the walls
of the waveguide, and can be satisfied by putting

E, = 0 on the circumference of the cross-section. (71.3)

According to formulae (71.1), the two-dimensional vector whose components
are E,, Ey is proportional to the two-dimensional gradient of E;. When the
condition (71.3) holds, therefore, the tangential component of E in the
xy-plane is also zero.

Similarly, in an H wave the transverse components of E and H can be
expressed in terms of the longitudinal component of the magnetic field:
ik, 0H, H ik, OH,

c= e M aay
. . (71.4)
iw 0H, iw 0H,
cx? 3;’ Y e dx

t These types are also known as TM (transverse-magnetic) and TE (transverse-electric)
waves.
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The longitudinal field H is given by the solution of the equation
NeH, + «*H, = 0 (71.5)
with the boundary condition
OH,/9n = 0 on the circumference of the cross-section. (71.6)

According to formulae (71.4), this condition ensures that the normal compo-
nent of H is zero.

Thus the problem of determining the electromagnetic field in a waveguide -
reduces to that of finding solutions of the two-dimensional wave equation
Asf+x?f = 0, with the boundary condition f = 0 or df /on = 0 on the
circumference of the cross-section. For a given cross-section, such solutions
exist only for certain definite eigenvalues of the parameter «2.

For each eigenvalue «2 we have the relation

w? = (k2 + k2) (71.7)
between the frequency w and the wave number k; of the wave. The velocity
of propagation of the wave along the waveguide is given by the derivative

2
U, = o = ke = c—ff (71.8)
ok;  V/(k2+ Kk?) w
For given «, this varies from 0 to ¢ when k; varies from 0 to co.
The (time) average energy flux density along the waveguide is given by the
z-component of the Poynting vector. A simple calculation, using formulae
(71.1), gives for an E wave

wk 2z
87TK4

The total energy flux ¢ is obtained by integrating .S, over the cross-section
of the waveguide. We have

oF,
[lgradz B2 df = §EA——dl - [E* AoE, df.
on

c
Sz = 8_ re (E X H*)z = lgrad2Ez|2.
T

The first integral is taken along the circumference of the cross-section, and
is zero on account of the boundary condition E, = 0. In the second integral
we replace AE; by —«2E;, and the result is

wky
P f |E[2df. (71.9)

The expression obtained for an H wave is the same with H, instead of E,.
The electromagnetic energy density W (per unit length of the waveguide)

may be calculated similarly. It is simpler, however, to derive W directly

from ¢, since we must have ¢ = Wu,. From (71.8) and (71.9), therefore,

g f B2 df. (71.10)

8mx2c2

q=

W =

20



296 The Propagation of Electromagnetic Waves §71

It follows from (71.7) that, for each type of wave (for a given value of «2)
there is a minimum possible frequency, namely cx. At lower frequencies
the propagation of waves of the type concerned is not possible. There is a
smallest eigenvalue xkmin, which is not zero (see below). We therefore con-
clude that there is a frequency wmin = ¢kmin below which no waves can be
propagated along the waveguide. The order of magnitude of wmin is ¢/a,
where a is the transverse dimension of the pipe.

This statement is valid, however, only for waveguides in which the cross-
section is simply connected (as we have hitherto assumed). When the
cross-section is multiply connected, the situation is quite different. In such
waveguides not only the E and H waves described above but also another
type of wave, whose frequency is subject to no restriction, can be propa-
gated. Such waves (called principal waves) are characterised by the fact that
k; = k (i.e. « = 0); the velocity of propagation is equal to the velocity
of light ¢. We shall derive the chief properties of such waves, and shall see
why such waves cannot occur when the cross-section of the waveguide is
simply connected.

All the field components in a principal wave satisfy the two-dimensional
Laplace’s equation, Agf = 0. With the boundary condition f = 0, the only
solution of this equation regular throughout the cross-section (whether or not
multiply connected) is f = 0. Hence we have E, = 0 in a principal wave.

With the boundary condition f/on = 0, a regular solution is
f = constant. It is easy to see, however, that when f is H, the constant
must be zero (by a ‘“‘constant’, of course, we mean a quantity independent
of x and y, and depending on 2 and ¢ through the factor exp (ik.2z —iwt)).
For, integrating the equation

0H, oH, iw

divH = + 25, -0
c

Ox oy

over the cross-section, we obtain §H, d/+ (iw/c) [H, df = 0; since H, = 0
on the circumference of the cross-section and H, is constant over its area,
it follows that H, = 0.

Thus a principal wave is purely transverse. For E, = H; = 0, the x and
y components of equations (70.1) give

i.e. the fields E and H are perpendicular and equal in magnitude. They are
determined by the equations
0E; OEy . o0E, OE,

divE = —+ — =0, 1E), = ——— =0,
al Ox * oy (curl E), ox Oy

with the boundary condition E; = 0.

T For example, the space between two pipes one inside the other, or the space outside
two parallel pipes.
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We see that the dependence of E, and therefore of H, on x and y is given
by the solution of a two-dimensional electrostatic problem: E = —grad; ¢,
where the potential ¢ satisfies the equation A2 = 0 with the boundary
condition ¢ = constant. In a simply-connected region, this boundary con-
dition means that ¢ = constant (and so E = 0) is the only solution regular
throughout the region. This shows that waves of this type cannot be propa-
gated along a waveguide whose cross-section is simply connected. In a
multiply-connected region, on the other hand, the constant in the boundary
condition need not be the same on the various separate parts of the boundary,
and so Laplace’s equation has solutions which are not trivial. The electric-
field distribution over the cross-section of the waveguide is the same as the
two-dimensional electrostatic field between the plates of a condenser at a
given potential difference.

So far we have assumed the walls of the waveguide to be perfectly con-
ducting.t If the walls have a small but finite impedance, losses occur and
the wave is therefore damped as it is propagated along the waveguide. The
damping coefficient can be calculated in the same way as for the damping in
time of electromagnetic oscillations in a resonator (§70).

The amount of energy dissipated in unit time per unit length of the walls
of the waveguide is given by the integral (¢/87){'§|H]2 d/, taken along the
circumference of the cross-section; H is the magnetic field calculated on the
assumption that { = 0. Dividing this expression by twice the energy flux ¢
along the waveguide, we obtain the required damping coefficient . With
this definition, « gives the rate of damping of the wave amplitude, which
decreases along the waveguide as e—22.

Expressing all quantities in terms of E, or H, by means of formulae
(71.1) or (71.4), we obtain the following formulae for the absorption coeffi-
cients: for an E wave

ol flgrad Epdl
“= v fERY (71.12)

and for an H wave
cx2l’ §{|H|2 + (k:2[x*)|grads H,[2} d]
oL =
2k,w [|H,2df

In an actual calculation it may be convenient to transform the surface integ-
rals in the denominators into integrals along the circumference. The neces-
sary formulae, whose derivation is similar to that of (70.8), are

1
| f |Es[2df — —§(n.r)|grad2Ez|2dz,
2x2

(71.13)

1 (71.14)
f |2 df = ﬁf(n.r){xzmz[z — |grade H 2} dl.

t In particular, this assumption is necessary for a rigorous separation of waves with
E; = 0 and those with H, = 0.
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When k, - 0, ie. the frequency w — ck, the expressions (71.12) and
(71.13) become infinite, but they are then no longer applicable, because their
derivation presupposes that « is small compared with k.

Formulae (71.12) and (71.13) are not valid for a principal wave (in a
waveguide with a multiply-connected cross-section), in which E,, H, and
k are all zero. In this case all the field components can be expressed in
terms of the scalar potential ¢. Using the fact that the fields H and

E = —grads ¢ in a principal wave are perpendicular and equal in magni-
tude, we obtain the absorption coeflicient
‘§|grads $[2d]
_ Lilgradyd| (71.15)

7 2flgradz g2 df”

The propagation of a principal wave along a waveguide can be relatively
simply discussed when its absorption coefficient is not small (so that formula
(71.15) is inapplicable) but the wavelength ¢/w is large compared with the
transverse dimension of the waveguide.

As has been mentioned, the transverse electric field in a principal wave at
any instant corresponds to the electrostatic field in a condenser formed by
the walls of the waveguide carrying equal and opposite charges. Let these
charges be +e(z) per unit length. They are related to the currents + J(2)
flowing on the walls by the “equation of continuity” de/dt = —9]/0z, or,
for a field of a single frequency, iwe = 0]/9z. Next, let C be the capacity
per unit length of the waveguide. The ‘“‘potential difference” ¢a—¢1 be-
tween its walls is ¢/C; differentiating this with respect to 2, we obtain the
e.m.f. which maintains the current on the walls. (When absorption is
present, the field is not purely transverse.) Equating the e.m.f. to Z/, where
Z is the impedance per unit length, we have

4e)-
or

Substituting Z = R—iwL/c?, where R and L are the resistance and self-
inductance per unit length of the waveguide, we can return from the single-
frequency current components to currents which are arbitrary functions of
time. Assuming the capacity C to be constant along the waveguide, we
arrive at the telegrapher’s equation:

1 0% 9] L 2]

S _RY S, 71.17
Co2 ot o2 or (71.17)
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If there is no resistance (R = 0), this equation reduces, as it should, to
the wave equation with a velocity of wave propagation 4/(c2/LC) = c.t

PROBLEMS

ProBLEM 1. Find the values of « for waves propagated in a waveguide whose cross-section
is a rectangle of sides @ and b. Find the damping coefficients.

SoLutioN. In E waves! E: = constant Xsin kzx sin kyy, where ky = minfa, ky = nan/b,
with 73 and n2 positive integers. In H waves H; = constant X cos kzx cos kyy, and one of
n1 and ng may be zero. In both types of wave xk2 = ki2-+ky? = n%(m2/a®+n22[b%). The
smallest value of « corresponds to an Hip wave (the suffixes show the values of n1 and n2)
and is «,;, = =/a (we assume that a > b).

The damping coefficients are calculated from formulae (71.12) and (71.13) and are: for
E waves « = 2{’ w(kz?b+ky?a)/ck?kzab, for Hn 0 waves

Cw 2x2
ckzab (a+ Fb) ’

[a+b+ ——(k,2a+k,,2b)]

and for Hp,n, waves (n1,n2 7 0)
2cx2l

wkzab

ProBLEM 2. The same as Problem 1, but for a waveguide whose cross-section is a circle
of radius a.

SoLuTION. Solving the wave equation in polar co-ordinates 7, ¢, we have for E waves

E; = constant X Ja(«r) &I sm né

with the condition Jn(xa) = 0, which gives the value of «. In H waves the value of H; is
given by the same formula, but « is determined by the condition Ja’(xa) = 0. The smallest
value of « occurs for the Hi wave, and is «,, = 1-84/a.

The damping coefficient is calculated from formulae (71.12)—(71.14). For E waves it is
a = wl’[cakz, and for H waves

_ cl'x? [ 1 n2w? ]

wkza e2x(a2x2—n?)]

§72. The scattering of electromagnetic waves by small particles

Let us consider the scattering of electromagnetic waves by macroscopic
particles whose dimensions are small compared with the wavelength A ~ ¢/w
of the wave undergoing scattering (RAYLEIGH, 1871). When this condition
holds, the electromagnetic field near the particle may be supposed uniform.
Being in a uniform field periodic in time, each particle acquires definite
electric and magnetic moments # and #, whose dependence on time is
given by factors of the form e~ The scattered wave can be described as
being the result of emission by these variable moments. At distances R from

t The equation LC = 1 follows from the mathematical equivalence of the problems of
determining 1/C and L for a given cross-section. The electric and magnetic fields between
perfectly conducting surfaces are perpendicular and equal in magnitude (see (71.11)), and
if this magnitude is given on the surfaces the charge density and the current density are
respectively determined. Hence the coefficients of proportionality (1/C and L) between the
field energy and the squared charge and current respectively are the same.

I We everywhere omit the factor exp(tk.z — iwt).
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the particle which are large compared with A (the wave region), the fields in
the scattered wave are given byt
w

E'=H'xn, (72.1)
where the unit vector n gives the direction of scattering, and the values of
# and A at the time ¢— R/c must be taken. We denote the fields in the
scattered wave by primed letters and those in the incident wave by unprimed
letters. 'The (time) average intensity of radiation scattered into a solid angle
do is dI = }c/H'|2R? do/4w; dividing by the energy flux density in the
incident wave c[H[2/87 = c|E[2/87, we obtain the effective scattering cross-
section.

The calculation of # and J is particularly simple if the dimensions of
the particle are small in comparison not only with A but also with the “wave-
length” 8 corresponding to the frequency w in the material of the particle.
In this case we can calculate the polarisability of the particle from the
formulae for an external uniform static field, the only difference being, of
course, that the values taken for € and p are those corresponding to the given
frequency w, and not the static values. If, as usually happens, p is close to
unity, the magnetic dipole term in formula (72.1) may be omitted.

For a spherical particle of volume ¥ we have (see (8.9))

P = VoE, a=3(c— 1)/4n(c + 2), - (722)

and the effective scattering cross-section is
do = (w/c)}«|2V2 sin2 6 do, (72.3)

where 0 is the angle between the scattering direction n and the direction of
the electric field E in the linearly polarised incident wave. The total effective

cross-section is
o = 8m|af2wtV?/3c (72.49)

The frequency dependence of the effective cross-section is determined by
the factor w? and by the polarisability. At frequencies so low that « shows
no dispersion, the scattering is proportional to w?. It may be noted also that
the effective cross-section is proportional to the square of the volume of
the particle.

If the incident wave is unpolarised (natural light) then the differential
effective cross-section must be obtained by averaging (72.3) over all direc-
tions of the vector E in a plane perpendicular to the direction of propagation
of the incident wave (i.e. perpendicular to its wave vector k). Denoting by $

t See The Classical Theory of Fields, §9-12.
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and ¢ the polar angle and the azimuth of the direction of n relative to k (¢
being measured from the plane of k and E), we have cos § = sin 9 cos ¢
(Fig. 31), so that

do = (w/c)¥«|2V%(1 — sin2$ cos?¢) do. (72.5)

On averaging over ¢, we obtain the following formula for the effective cross-
section for scattering of an unpolarised wave:}

do = }(w/c)Y«|2V23(1 + cos29)do, (72.6)
where & is the angle between the directions of incidence and scattering.
k
n
|
|
I
¥ |
.' .
N ] i
N
\\ '
E N
Fic. 31

From formula (72.5) we can easily find the degree of depolarisation of the
scattered light. To do so, we notice that, for a given direction of E, E’ lies
in the plane of E and n. The direction of the electric field E’ in the scattered
wave therefore lies in the plane of k and n (the plane of scattering) or perpen-
dicular to that plane, according as the azimuth ¢ of the vector E, measured
from the plane of k and n, is 0 or }=. Let I, and I, be the intensities of
scattered radiation having these two polarisations. The degree of depolari-
sation is defined as the ratio of the smaller to the larger of these quantities.
By (72.5) we have

I,/1, = cos?¥. (72.7)
If the scattering particle has a large dielectric permeability,
8 ~ clwy/|e] €A

The dimensions of the particle may then be small compared with A but not
small compared with 8. In the first approximation with respect to 1/e, the
electric moment of the particle may be calculated as simply the moment of
a conductor (¢ —> c0) in a uniform constant external field. In calculating the
magnetic moment, however, the induced currents in the particle are of

t For future reference we may note the formula sin% 6 = 4(1 + cos? 9).
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importance, and the problem cannot be taken as static; instead, we must
seek a solution of equation (63.2) (with p = 1):

AH + c?H/c? = 0 (72.8)

which becomes the field of the incident wave far from the particle. The
magnetic and electric moments are of the same order of magnitude, and both
terms in formula (72.1) must be retained. The angular distribution and
amount of scattering are different from those discussed above (see Problem
2).

PROBLEMS

ProBLEM 1. Linearly polarised light is scattered by randomly oriented small particles
whose electric polarisability tensor has three different principal values. Determine the
depolarisation coefficient for the scattered light.

SorutioN. Neglecting, as above, the magnetic moment, we have from (72.1)
E = (0?/c2R)(n X #) X n.

The required depolarisation coefficient is given by the ratio of the principal values of the
two-dimensional tensor Iyg = E’,E’g*, where the bar denotes an averaging over orienta-
tions of the scattering particle for a given direction of scattering m, and the suffixes « and
B take two values in the plane perpendicular to n.t It is more convenient, however, to aver-
age the three-dimensional tensor #;%;* and then project it on the plane perpendicular to
n; these components of the tensor £;P;* are proportional to the corresponding compo-
nents I,g. Substituting #; = oxEik, we have

PiPr* = oaqexm*E1Em*.
In effecting the averaging we use the formula

ogxogm® = Aduwdim+ B(81:8km -+ Sim k).

This is the most general tensor of rank four which is symmetrical in 7, k and /, m and contains
only scalar constants. These constants are determined from two equations obtained by
contracting the tensor, firstly with respect to i, k and /, m, secondly with respect to £, [ and
k, m. They are

2Japl2—|ox|?2 1

4= —L“%M = pglloal®+laaf*+asl?+dre(aros® + aroa® +azaa®)l,
3joup|2—fou|2 1

B = _Iﬁ’f%b_li‘il_ = E{|Ol1|2+|°‘2|2+|¢3i2—re(a1aa*+¢1¢a*+¢2¢3*)},

where a1, ag, a3 are the principal values of the tensor wi.
In a linearly polarised wave, the field amplitude E() (we omit the time factor e~®f) can
always be defined so as to be real. Then we have

P Pg* = (A+B)E:Ex+ BouE?. )

Let the z-axis be in the direction of n, and the xz-plane contain the directions of n and E;
these axes are the principal axes of the tensor J,g. Taking the appropriate components of
the tensor (1), we find the depolarisation coefficient Iy/I; = B|[(A+-B) sin2 § 4 B], where 0
is the angle between E and n.

PrOBLEM 2. Determine the effective cross-section for scattering by a sphere of radius a,
for which e is large; it is assumed that A>> a~38.

t See The Classical Theory of Fields, §6~7.
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SoLuTioN. The problem of calculating the magnetic moment acquired by a sphere with
given € (and p = 1) in a variable magnetic field H is the same as that solved in §45, Problem
1, except that % in the formulae derived there must be replaced by wy/e/c. Thus
M = —ayH, where

- 1(1+ 3 ot ka— — )
2V 2 kay?)"

The electric moment can be calculated, in the first approximation with respect to 1/e, as
simply the moment of a conducting (¢ — o) sphere in a uniform constant electric field:
? = a%E.

Taking into account the fact that E and H are perpendicular, we have after a simple
calculation, using (72.1), the following formula for the effective scattering cross-section:

do = (a®w?/ch{|y|? cos® ¢+sin? ¢ —(y+y*) cos &+ cos® H(cos? ¢+ |y|? sin? ¢)} do,
where ¢ and 9 are the angles shown in Fig. 31. In scattering of unpolarised light we have
do = (abw?/c)){3{1+|yI2][1+cos? 8]—(¥+¥*) cos 8} do,

and the degree of depolarisation of the scattered light is I,/I, = |(y—cos 9)/(1—y cos 9)|2.
The total scattering cross-section is ¢ = 8maSw?(1-+|y|?)/3c%.

In the limit ka2 — oo (i.e. when A>> a> 8) we have y = %, corresponding to scattering
by a perfectly reflecting sphere into which neither the electric nor the magnetic field
penetrates.

§73. The absorption of electromagnetic waves by small particles

The scattering of electromagnetic waves by particles is accompanied by
absorption. The effective absorption cross-section is given by the ratio of
the mean energy Q dissipated in a particle per unit time to the incident
energy flux density. To calculate Q we can use the formula

Q=-2.€-H-9, (73.1)

where 2 and J are the total electric and magnetic moments of the particle,
and the external fields € and §) are replaced by the fields E and H in the
scattered wave; cf. (45.21).

Using the complex representation of quantities, we can write (see the
penultimate footnote to §45)

= —}re(P-E* + M-H¥) = oV (2" + an')|EJ,

where o, and oy, are the electric and magnetic polarisabilities of the particle.
Dividing by the incident energy flux, we obtain

o = 4rwV (o’ + am'’)c. (73.2)

Let us apply this formula to absorption by a sphere of radius a < 2,
assuming it non-magnetic (4 = 1). The nature of the absorption depends
considerably on the magnitude of the dielectric permeability.

If € is small, then we have both @ < Aand a < 8. In this case the magnetic
polarisability may be neglected in comparison with the electric polarisability.
With the latter given by (72.2), we have

o = 12nwade"’[c[(' + 2)2 + (€'')?]. (73.3)

If, on the other hand, |¢| > 1, the electric part of the absorption becomes
small, and the magnetic absorption may be important even if we still have
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8 > a. When this last condition holds (i.e. |ka| < 1), the magnetic
polarisability is oy = (ka)2/40m = a2w2e/40mc2 and the effective absorption
cross-section is

127wade’’ [ 1 w?a?

==+ —). (734
’ c (142 90c2> (73.4)

When e increases further, the electric part of the absorption becomes
small compared with the magnetic part. In the limit § < a (i.e. |ka| > 1,
cot ka - —i) we have oy = 9i/8mka = %ic{/8nwa, where { = 1/4/€ is the
surface impedance of the sphere. Hence

o = 6ma2l"". (73.5)

It may be noticed that this formula could have been obtained more directly,
without using the general expression for the magnetic polarisability om(w)
of the sphere. When ({ is small, the energy dissipation QO can be calculated
by “integrating’’ the mean Poynting vector (67.4) over the surface of the
sphere, the distribution of the magnetic field over the surface being given
by the solution (42 3) of the problem of a superconducting ({ = 0) sphere in
a uniform magnetic field.

Knowing the effective absorption cross-section of the sphere, we can
immediately determine the intensity of the thermal radiation emitted from
the sphere. According to Kirchhoff’s law,} the intensity dJ in a frequency
range dw is given in terms of o(w) by dI = 4nco(w)eo(w) dw, where
eo(w) = hwd/4m3c3 [exp (hw/T)—1] is the spectral density of black-body
radiation per unit volume and unit solid angle.

§74. Diffraction by a wedge

The ordinary approximate theory of diffractiont is based on the assump-
tion that the deviations from geometrical optics are small. It is thereby
assumed, firstly, that all dimensions are large compared with the wavelength;
this applies both to dimensions of bodies (screens) or apertures and to
distances of bodies from the points of emission and observation of the light.
Secondly, only small angles of diffraction are considered, i.e. the distri-
bution of light is examined only in directions close to the edge of the geo-
metrical shadow. Under these conditions, the actual optical properties of
the substances involved are of no importance; all that matters is that they
are opaque.

If these conditions are not fulfilled, the solution of the diffraction problem
requires an exact solution of the wave equation, taking into account the
appropriate boundary conditions on the surfaces of the bodies, which depend
on their properties. The finding of such solutions offers exceptional mathe-
matical difficulties, and has been effected for only a small number of prob-
lems. A simplifying assumption is usually made concerning the properties

t See Statistical Physics, §60, Pergamon Press, London, 1958.
1 See The Classical Theory of Ftelds, §§7-7 to 7-9.
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of the body at which the diffraction occurs, namely that it is perfectly con-
ducting, and therefore perfectly reflecting.

The following remark may be made here. It might seem reasonable to
solve the diffraction problem on the assumption that the surface of the body
is “black”, i.e. completely absorbs light incident on it. In reality, however,
such an assumption concerning the body in stating the exact problem of
diffraction would involve a contradiction. The reason is that, if the sub-
stance of the body is strongly absorbing, the coefficient of reflection is not
small but, on the contrary, almost unity (see §67)). Hence a reflection
coeflicient close to zero implies a weakly absorbing substance and a thickness
of the body which is large compared with the wavelength. In the exact
theory of diffraction, parts of the surface of the body at a distance from its
edge of the order of the wavelength are necessarily of importance; but the
thickness of the body near its edge is always small, so that the assumption
that it is “black” is certainly untenable.

Considerable theoretical interest attaches to the exact solution (first
obtained by A. SOMMERFELD, 1894) of the problem of diffraction at the edge
of a perfectly conducting wedge bounded by two intersecting semi-infinite
planes. A complete exposition of the very complex mathematical theory,
which involves the use of special devices, is beyond the scope of this book.
Here we shall give, for reference, the final results.t

We take the edge of the wedge as the z-axis in a system of cylindrical
co-ordinates 7, ¢, 2. The front surface (O4 in Fig. 32) corresponds to

Bry= 7
\

Fic. 32

1 A detailed account of the calculations is given by A. SOMMERFELD, Optics, Academic
Press, New York, 1954; P. FRANK and R. voN Mises, Differential and Integral Equations in
Physics (Differential- und Integralgleichungen der Physik), part 2, Chapter XX, 2nd ed.,
Vieweg, Brunswick, 1935. Another method of solution, due to M. I. KONTOROVICH and
N. N. LEBEDEV, is given by G. A. GRINBERG, Selected Problems in the Mathematical Theory
of Electric and Magnetic Phenomena (Izbrannye voprosy matematicheskot teorii élektricheskikh
i magnitnykh yavlenii), Chapter XXII, Moscow, 1948.

A modified solution for diffraction of a cylindrical wave emitted by a line source parallel
to the edge of the wedge has been given by H. S. CArRsLAW, Proceedings of the London Mathe-
matical Society 30, 121, 1899.
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é = 0, and the rear surface (OB) to ¢ = y, where 27—y is the angle of
the wedge, the region outside it being 0 < ¢ < y. Let a plane wave of a
single frequency and unit amplitude be incident in the r¢-plane on the
front surface at an angle ¢ to the surface; by symmetry, it is sufficient to
consider angles ¢9 < 4y. We shall distinguish two independent modes of
polarisation of the incident wave, and therefore of the diffracted wave also:
the edge of the wedge (the z-axis) may be parallel to either E or H. The
letter # will denote E, and H, respectively.

The electromagnetic field is then given in all space by the formula (the
time factor e~ being everywhere omitted)

u(r, $) = o(r, b — o) F (1, ¢ + o), (74.1)
where the upper and lower signs correspond to the polarisations with E and

H respectively in the z-direction, and the function o(r, ) is given by the
complex integral

1 dg
= — ~ik [ S —

wni = o f e (74.2)
c

where k = w/c. The path of integration C in the {-plane consists of the
two loops C1 and Cz shown in Fig. 33. The ends of these loops are at infinity

in parts of the {-plane (shaded in Fig. 33) where im cos { < 0, and so the
factor e—#krcos{ tends to zero at infinity. ‘The integrand in (74.2) has poles
on the real {-axis at the points { = —i+ 2ny, where n is any integer. The
integration may be taken along a path D = D;+ Ds (Fig. 33) instead of C,
adding to the integral the residues of the integrand at the poles, if any, in
the range —7 < { < 7. We write v as

o(r, ) = vo(r, ) + va(r, ), (74.3)

where v, is the integral (74.2) taken along the path D, and v is the contri-
bution from the residues at these poles. Each pole gives rise to a term
exp [ —ikr cos ( —2ny)] in vo, which represents either the incident wave or
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one of the waves reflected from the surface of the wedge in accordance with
the laws of geometrical optics. The function ¢4 represents the diffractive
distortion of the wave. The field at distances from the edge of the wedge
large compared with the wavelength is of the greatest interest. When
kr > 1, the asymptotic formulat

m ) sin (72[y)
) = il + 1m) 74.4
) = ) cos (w2f) — cos (i) (744

holds, provided that the angle ¢ satisfies the condition
[cos (72]y) — cos (mif/y)]2 > 1/kr. (74.5)

The dependence on 7 of the function 94, and therefore of the field
ua(r, ¢) = va(r, d— o) Fva(r, d+¢o), is given by a factor etér/4/7, i.e. this
field resembles a cylindrical wave emitted by the edge of the wedge.

In the form given above, (74.1)~(74.5) are valid for any angles y and .
The more detailed discussion of these formulae will be effected on the
assumption (for definiteness) that the angles ¢o and y are so related
(y > m+¢o) that, in geometrical optics, two boundaries are formed: the
boundary Ob of the complete shadow (region III in Fig. 32), and the boun-
dary Oa of the “shadow” of the wave reflected from the surface OA4.1

In regions I, II, III the function ug(r, $) = vo(7, ¢ — o) F vo(7, ¢+ $o) has
the following forms:

Region I Uy = e—ikr cos(¢p — ¢0) .T. e'—i’ﬂ‘ cos (¢ + ¢u)’
Region II: uy = e—thkrcos @ —¢o,

Region III: %y = 0.

(74.6)

These expressions, which do not vanish as k7 — oo, describe the incident
(region II) or incident and reflected (region I) waves, undistorted by dif-
fraction. The diffractive distortion of the field is given by formula (74.4),
but the condition (74.5) ceases to hold when ¢ approaches = and the dif-
ference | — | is no longer large compared with 1/4/(kr).

The values ¢ F¢p = 7 correspond to the geometrical boundaries of the
shadow; for ¢ —¢o = = we have the boundary of the complete shadow, and
for ¢+ o = = that of the shadow of the reflected wave. In the immediate
neighbourhood of these values a different asymptotic expression must be
used, which is valid if the inequality |y—=| € 1 holds. This condition,

+ The next terms in this asymptotic expansion have been given by W. PauLi, Physical
Review 54, 924, 1938.

1 In Fig. 32, ¢o < 37 If ¢o > 3=, the boundary Oa lies to the right of the direction of
the incident wave.

If y < 7 + ¢o, there is no region of complete shadow, and reflection (single or multiple)
takes place from both sides of the wedge.
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together with kr > 1, ensures the validity of the usual approximate theory
of Fresnel diffraction.t Accordingly we have near the boundary Ob of the
complete shadow the asymptotic expression

. w
u(r) ¢) = e—tkrcos($ —¢o ! ; : f etn? d"),
@m ).

w = — (¢~ do— mV(Ekr).

Similarly, near the boundary Oa of the ‘“‘shadow’’ of the reflected wave

(74.7)

w

1—1
u(r, ) = ethrcos¢—9o) 4 gikrcos (@ + 4o f eir2 dy,
V(2m) J

74.8
W= b+ do =m0 ) 79
In this approximation the diffraction pattern is independent of the angle of
the wedge and of the direction of polarisation of the wave.
The ranges of applicability of formulae (74.4) and (74.7), (74.8) partly
overlap. For example, near the boundary of the complete shadow the com-
mon range of applicability is given by

1> ¢ —do— | > 1y/(Rr),

and in this range

1
T ei(kr+i7r)_______.____._¢ s (74.9)

with o given by (74.6). This expression can be obtained from (74.7) by
using the asymptotic formulae for the Fresnel integral with large |w|:

u(r, $) = uo(r,$) +

w

f endy = (1 + i)y/(n) + e®*[2w  for w > 0,

—0

w
f e’ dy = et®|2iw forw < 0.

—~00

§75. Diffraction by a plane screen

The exact formula (74.2) for diffraction by a wedge can be brought to a
comparatively simple form in the particular case of diffraction by a half-

t See The Classical Theory of Fields, §7-8.
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plane (y = 2x).1 The complex integral in (74.2) can be reduced to a Fresnel
integral:

w
1
o(r, ) = :/;e—i(kr cosy +im) f eindy,

-

w = /(2kr) cos .

This formula holds for any values of 7 and . For kr > 1 and angles
[ —~m| > 1/4/(kr) the asymptotic expression :
1

va(r, ) = — ellr+in ) s g (75.2)

(75.1)

(formula (74.4) with y = 27) holds.1

Using formula (75.2), the solution of the problem of diffraction by a plane
perfectly conducting screen of any shape can be obtained in closed form.
The only assumptions are that the dimensions of the screen and the distance
from it are large compared with the wavelength, and that the angles of
diffraction are moderately large (this region overlaps the region of small
angles in which the ordinary Fresnel-diffraction formulae are valid). The
result is in the form of an integral along the edge of the screen, analogously
to the expression of the diffraction field, in the ordinary approximate theory,||
as an integral over a surface spanning the aperture in a screen. We shall not
pause to give the calculations here. ,

In the exact theory of diffraction by plane perfectly conducting screens,
there is a theorem (due to L. I. MANDEL’sHTAM and M. A. LEONTOVICH) in
some ways analogous to Babinet’s theorem in the approximate theory.

Let us consider a plane screen with an aperture of any shape, and take the
plane of the screen as 2 = 0. Let an electromagnetic wave be incident from
the side 2 < 0, and let Eg, Hy be the total fields in the incident wave and the
wave which would be reflected from the screen if there were no aperture.
We assume the field continued beyond the screen (¢ > 0). Since H, = 0,
E; = 0 for 2 = 0 (by the boundary conditions at a perfectly conducting
surface), the values of Eg and Hp for 2 > 0 and 2 < 0 are related by

EOz(x, Y, 2’) = EOz(x, Y, — 2’), Eﬂt(xy y, 2’) = - Eot(x) Yy, — 2’)
HOz(x, Y, 2’) = - HOz(x, Y, —2’), Hot(x) y, 2’) = H()t(x) y, — z)'

Next, let E’ and H' be the fields which would occur if a flat plate corres-
ponding to the aperture in size, shape and position, and having infinite

’(75.3)

t See the references quoted in the second footnote to §74.

I Yu. V. VanNpoakurov (Zhurnal éksperimental’noi i teoreticheskoi fiziki 26, 3, 1954) has
obtained the exact solution of the three-dimensional problem of the diffraction by a half-
plane of electromagnetic waves emitted from an arbitrarily oriented electric or magnetic
dipole at a finite distance from the edge of the half-plane.

|| See The Classical Theory of Fields, §7-7.
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magnetic permeability, were placed in the field Eg, Hy. Then the solution
of the diffraction problem for the aperture in the screen is given by

E=}E+E) H=4%§H+H) forz<00,
E=}E—-E) H=4}H—H) forz>0.
To show this, we notice that the fields E’, H have the same symmetry

(expressed by formulae (75.3)) as the fields Eg, Ho. They therefore satisfy
on the plane 2 = 0 the conditions

E;= 0, H,=0 outside the aperture,

E'yn = — E'g, H';y = — H'z on the aperture,

(75.4)

the suffixes 1 and 2 corresponding to & — 0+. They also satisfy the further
conditions

E,=0, H'; = 0 on the aperture,

since the boundary conditions on the surface of a body with u = oo are
obtained from those for a perfectly conducting body (e = o) by inter-
changing E and H. Hence it is clear that the fields (75.4) satisfy the necessary
conditions E; = 0, H, = 0 on the surface of the screen (2 - 0—) outside
the aperture, and are continuous on the aperture. Finally, since E’, H'
tend to Eo, Hp at infinity, the fields (75.4) tend to Eg, Ho as 2 - — oo and
to zero as - + 0. They therefore satisfy all the conditions of the problem.
This proves the theorem.

Thus the problem of diffraction by an aperture in a screen with € = o
is equivalent to a problem of diffraction by a complementary screen with

g = co.

PROBLEMS

ProBLEM 1. A plane wave of a single frequency is incident normally on a slit cut in a
perfectly conducting screen, the width 2a of the slit being large compared with the wave-
length. Determine the distribution of light intensity beyond the slit, at large distances from
it and for large angles of diffraction. .

SoLutioN. For a> A, the diffraction field beyond the slit can be regarded as a super-
position of fields arising from independent diffraction at each of the two edges of the slit
and determined by means of the asymptotic formula (75.2). When the distances AP =1
and BP = 75 from the edges of the slit to the point of observation (Fig. 34) are large com-
pared with a, we can put, in the factors e*r1 and &7, 71 = r—asin x, r2 = r+asinx, and
elsewhere 71 & ra = r; the angles between the z-axis and AP, OP, BP can all be taken as
the angle of diffraction yx. .

The result is

elbr+m) (sin (ka sin ) | .cos (ka sin x) }
u .

= A/ (2mkr) | sindx =" cos3x

Hence the intensity of light diffracted into an angle dx is (relative to the total intensity of
light incident on the slit)

1 ([sin (ka sin x)]2 [cos (ka sin x) ]2’ dx

dr = 4nkal sin 3x cos ¥y
ka([sin (ka sin x)]z 1 }
_ra T A —_—} dx.
A x| X" Tka cos 1ap ¥




§75 Diffraction by a plane screen 311

For small y this expression becomes the formula for Fraunhofer diffraction by the slit:

1 sin? kay
= ——"dy.
wka X2

ProBLEM 2. A plane wave is incident on a perfectly conducting plane with a circular
aperture whose radius a is small compared with the wavelength. Determine the intensity
of diffracted light passing through the aperture (RaYLEIGH, 1897).

SoLUTION. As stated above, this problem is equivalent to that of diffraction by a circular
disc with p = 0, and, since a <€ A, we have the case of scattering by a small particle.
According to §72, in order to solve the latter problem it is necessary to determine the static
electric and magnetic polarisabilities of the disc. The field Ep is perpendicular to the plane
of the disc, and the boundary condition E’; = 0 is formally identical with the condition in
electrostatics at the boundary of a body with € = 0. The field Ho is parallel to the disc,
and the boundary condition H’; = 0 corresponds to a magnetostatic problem with p = c0.
Hence the electric and magnetic moments of the disc are (see §4, Problem 4, and §42, Prob-
lem) # = —2a3Eo/3w, M = 4a3Ho/3w. In going to the problem of diffraction by an aper-
ture we must, in accordance with formulae (75.4), divide these expressions by 2 and then
substitute them in the scattering formula (72.1).

A o o a B
X 2
7,
,l
P
z
Fic. 34

Thus the intensity of radiation diffracted into a solid angle do ist

0ma
41r924
c

~in 9713 4
The total diffracted intensity is obtained by integration over a hemisphere, and is

———{nxEi—2nx (HoXn)} do

{(n X Eo)2-+4(n x Ho)2+4nHo x Eo} do.

¢ 4wiab
- o 2
o 2 O
The “effective diffraction cross-section’ may be defined as the ratio of the intensity of dif-
fracted radiation to the energy flux density in the incident wave cE2%/4nw (letters without
suffixes refer to the incident wave). Two modes of polarisation of the incident wave may be
distinguished:
(a) the vector E in the incident wave is perpendicular to the plane of incidence (the x2-
plane), i.e. it is parallel to the plane of the screen (the xy-plane). The sum of the fields in
the incident and reflected waves at the surface of the screen is

Eo =0, Hoz = 2H cos a = 2E cos a

t The factor et is omitted ; E and H are real.
21
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@ being the angle of incidence). Hence

1648w
92t

do = cos2a (1 —sin? & cos2 ¢) do,

where 9 is the angle between the direction of diffraction n and the normal to the screen (the
z-axis), and ¢ is the azimuth of the vector n with respect to the plane of incidence. The
total cross-section is ¢ = (64w*a8/27mc%) cos® «.

(b) the vector E lies in the plane of incidence. Then Egy = E¢; = —2F sin«,
= Hoy = 2H = 2E. The differential effective cross-section is
16aswt . . . .
de = cos28+-sin29 (cos? $+1 sin? &) —sin & sin « cos ¢} do,

9mce

and the total cross-section is ¢ = (64w%a®/277ct)(1+% sin? «).
For natural incident light ¢ = (64w%a8/277c%)(1 —§ sin? «).




CHAPTER XI
ELECTROMAGNETIC WAVES IN ANISOTROPIC MEDIA

§76. The dielectric permeability of crystals

THE properties of an anisotropic medium with respect to electromagnetic
waves are defined by the tensors e;(w) and pq(w), which give the relation
between the inductions and the fields:t D; = e(w)Eg, B = pi(w)Hg. In
what follows we shall, for definiteness, consider the electric field and the
tensor ex; all the results obtained are valid for the tensor ug also.

As w — 0, the ¢ tend to their static values, which have been shown in
§13 to be symmetrical with respect to ¢ and k. The proof was thermo-
dynamical, and therefore holds only for states of thermodynamic equili-
brium. In a variable field, a substance is of course not in equilibrium, and
the proof in §13 is consequently invalid. To ascertain the properties of the
tensor ¢ we must use the generalised principle of the symmetry of the
kinetic coeflicients.

It is easy to see that the components of the tensor e come under the
general definition of the quantities a,4p:1 the rate of change of the energy
in a variable electric field is given by the integral

1_ dD
f —E.—dV. (76.1)
4 Ot

A comparison with SP (124.7) shows that, if the components of the vector E
at each point are taken as the quantities x4, the corresponding quantities f;
will be the components of D. (The suffix a takes a continuous series of values,
denumerating both the components of the vectors and the points in the
body.) The coeflicients agp are then the components of the tensor e 1.
The symmetry properties of ey are, of course, identical with those of
its inverse. ' ’

It should be noted that the components of the polarisability tensor for the
whole body, i.e. the coefficients in the equations &; = VG, also come
under the general definition. For the rate of change of the energy of a body
placed in a variable external field @ is

— P.dE/dz. (76.2)

t It should be recalled that these quantities refer to the variable fields in the wave; the
possible presence of a constant induction (in a pyroelectric or ferromagnetic crystal) is
irrelevant to this discussion.

1 See Statistical Physics, §124, Pergamon Press, London, 1958. Formulae in this book
will be referred to by means of the prefix SP.

313
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Hence we see that, if the x, are the three components of the vector £, then
the corresponding f; are those of the vector &, so that the coefficients agy are
in this case Vag.

Thus we can use the generalised principle of the symmetry of the kinetic
coefficients (SP (124.13)) to deduce that the tensor e; is symmetrical:

€ik = €ki- (76.3)

Here it is assumed that the body is not in an external magnetic field.t
Repeating for the anisotropic case the derivation of formula (61.4), we
find that the electric losses are given by

iw
”8;(51216* — exi) EEx*. (76.4)

The condition that absorption is absent is e* = ex; = €, 1.€. the e must
be real, as in an isotropic medium.

When absorption is absent, the internal electromagnetic energy per unit
volume can be defined as shown in §61. The formula for an anisotropic
medium corresponding to (61.9) is

. 1 d
= ——— E*Ey. .
U ™ dw(wem) i*Ex (76.5)

In §67 we used the surface impedance {, in terms of which the boundary
conditions at the surface of a metal can be formulated even if the dielectric
permeability is no longer meaningful. At the surface of an anisotropic body
the boundary condition corresponding to (67.6) is

E, = {,;(H x n), (76.6)

where {,4(w) is a two-dimensional tensor on the surface of the body. It
should be borne in mind that the value of this tensor depends, in
general, on the crystallographic direction of the surface concerned.

The energy flux into the body is (¢/4m)ExH:n = (c/47)E-Hxn
= (¢/4w)E, (Hxn),. (Here E and H are real.) Hence we see that if, in
applying the principle of the symmetry of the kinetic coefficients, we take
the components E, as the x4, then the corresponding f; will be —(Hxn),,
i.e. fo will be —(i/w)(Hxn), (returning to the complex form). The coeffi-
cients ogp are therefore the same, apart from a factor, as the components
{ap» and we conclude that

bas = Lpu (76.7)

in the absence of an external magnetic field.

t The properties of the tensor ek in the presence of an external magnetic field will be
discussed in §82.
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PROBLEM
Express the components of the tensor [,g in terms of those of 743 = €145, assuming
that the latter exists and that the body is non-magnetic (pir = dix)-

SoLutioN. In an anisotropic medium, the equation {2 = 1/e (67.2) becomes {yylyg = 744.
In components this givest
812+ Li2do1 = ma, {202+ 12821 = 722,
Lio(liat L) = ma,  Laa(l1 +Geo) = g

The solution of these equations is

l12 = maf¢, fo1 = n21/§,
L11 = [n11 £ v/ (quma2 —man21)]/€, Loz = [n22 %+ v/(m11m2a—n12m21)]/€,
£2 = m11+ 92+ 24/ (n1122 —Man21).

The choice of signs is determined by the condition that the absorption of energy must be
positive.

§77. A plane wave in an anisotropic medium

In studying the optics of anisotropic bodies (crystals) we shal]l take only
the most important case, where the medium may be supposed non-magnetic
and transparent in a given range of frequencies. Accordingly, the relation
between the electric and magnetic fields and inductions is

D; = ewB, B=H. (77.1)

The components of the dielectric tensor e are all real, and its principal
values are positive. '
Maxwell’s equations for the field of a wave of a single frequency w are

iwH = ccurlE, i{wD = — ccurlH. (77.2)

In a plane wave propagated in a transparent medium all quantities are pro-
portional to efk'r, with a real wave vector k. Effecting the differentiation
with respect to the co-ordinates, we obtain

wH/c =k xE, wDjc= —k xH. (77.3)

Hence we see, first of all, that the three vectors k, D, H are mutually
perpendicular. Moreover, H is perpendicular to E, and so the three vectors
D, E, k, being all perpendicular to H, must be coplanar. Fig. 35 shows the
relative position of all these vectors. With respect to the direction of the
wave vector D and H are transverse, but E is not. The diagram shows also
the direction of the energy flux S in the wave. It is given by the vector
product ExH, i.e. it is perpendicular to both E and H. The direction of S
is not the same as that of k, unlike what happens for an isotropic medium.

a i]’d We do not assume {12 = {21,and thereby allow for the presence of an external magnetic
eld.
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Clearly the vector S is coplanar with E, D and k, and the angle between S
and k is equal to that between E and D.
We can define a vector n by

k = wnjc. (77.4)
The magnitude of this vector in an anisotropic medium depends on its

direction, whereas in an isotropic medium 7z = 4/¢ depends only on the
frequency.t Using (77.4), we can write the fundamental formulae (77.3) as

H=nxE, D= -nxH. (77.5)
£ 2
. S
a
>k
H
Fic. 35

The energy flux vector in a plane wave is
S = ¢E x H/4r = (c/4n){E?n — (E-n)E}; (77.6)
in this formula E and H are real.
So far we have not used the relation (77.1) which involves the constants
e characterising the material. This relation, together with equations (77.5),

determines the function w(k).
Substituting the first equation (77.5) in the second, we have

D = n x (E x n) = n2E — (n-E)n. (77.7)

If we equate the components of this vector to € Ey in accordance with (77.1),

we obtain three linear homogeneous equations for the three components of

E: ang—nmkEk = eikEk or

(n284 — ning — eix)Ex = 0. (77.8)

The compatibility condition for these equations is that the determinant of
their coefficients should vanish: :

|n28m — ning — Gikl = 0. (779)

In practice, this determinant is conveniently evaluated by taking as the

axes of x, y, z the principal axes of the tensor g (called the principal di-
electric axes). Let the principal values of the tensor be @, ), 2.

t The magnitude n is still called the refractive index, although it no longer bears the
same simple relation to the law of refraction as in isotropic bodies.
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Then a simple calculation gives
n2(€Png? + W2 + In2) — [n 2DV + @) 4
+ mPEU(eD + @) + 12D + W)] 4 DeWD = 0, (77.10)

The sixth-order terms cancel when the determinant is expanded; this is, of
course, no accident and is due ultimately to the fact that the wave has two,
not three, independent directions of polarisation.

Equation (77.10), called Fresnel’s equation, is one of the fundamental
equations of crystal optics. It determines implicitly the dispersion relation,
i.e. the frequency as a function of the wave vector. (It should be recalled
that the principal values € are functions of frequency, and so are, in some
cases (see §79), the directions of the principal axes of the tensor e;.) For
waves of a single frequency, however, w, and therefore all the 9, are usually
given constants, and equation (77.10) then gives the magnitude of the wave
vector as a function of its direction. When the direction of n is given,
(77.10) is a quadratic equation, for #2, with real coefficients. Hence two dif-
ferent magnitudes of the wave vector correspond, in general, to each direc-
tion of n.

Equation (77.10) (with constant coefficients ¢?) defines in the co-ordinates
nz, ny, n; the ‘“wave-vector surface’”.t In general this is a surface of the
fourth order, whose properties will be discussed in detail in the following
sections. Here we shall mention some general properties of this surface.

We first introduce another quantity characterising the propagation of light
in an anisotropic medium. The direction of the light rays (in geometrical
optics) is given by the group velocity vector dw/dk. In an isotropic medium,
the direction of this vector is always the same as that of the wave vector, but
in an anisotropic medium the two do not in general coincide. The rays may
be characterised by a vector s, whose direction is that of the group velocity,
while its magnitude is given by '

n.s = 1. (77.11)

We shall call s the ray vector. Its significance is as follows.

Let us consider a beam of rays (of a single frequency) propagated in all
directions from some point. The value of the eikonal (which is, apart from
a factor w/c, the wave phase; see §65) at any point is given by the integral
{n-.dl taken along the ray. Using the vector s which determines the direc-
tion of the ray, we can put = fn.dl = f(n-s/s)dl = [dlfs. In a homo-
geneous medium, s is constant along the ray, so that ¢y = L/s, where L is
the length of the ray segment concerned. Hence we see that, if a segment
equal (or proportional) to s is taken along each ray from the centre, the
resulting surface is such that the phase of the rays is the same at every
point. This is called the ray surface.

t A much less convenient concept called the ““surface of normals’’ or “surface of indices”
ggs often been used; it is obtained by taking a point at a distance 1/n (instéad of ) in each
irection.
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The wave-vector surface and the ray surface are in a certain dual relation-
ship. Let the equation of the wave-vector surface be written f(kz, ky, k2, w)
= 0. Then the components of the group velocity vector are

/i (77.12)

i.e. they are proportional to the derivatives df/dk;, or, what is the same thing
(since the derivatives are taken for constant w), to the derivatives of/dn;.
The components of the ray vector, therefore, are also proportional to
of/ons.t But the vector 9f/on is normal to the surface f = 0. Thus we
conclude that the direction of the ray vector of a wave with given n is that
of the normal at the corresponding point of the wave-vector surface.

It is easy to see that the reverse is also true: the normal to the ray surface
gives the direction of the corresponding wave vectors. For the equation
s-dn = 0, where &n is an arbitrary infinitesimal change in n (for given w),
i.e. the vector of an infinitesimal displacement on the surface, expresses the
fact that s is perpendicular to the wave-vector surface. Differentiating
(again for given w) the equation n-s = 1, we obtain n-8s+s-dn = 0, and
therefore n.8s = 0, which proves the above statement.

This relation between the surfaces of n and s can be made more precise..
Let ng be the radius vector of a point on the wave-vector surface, and sp
the corresponding ray vector. The equation (in co-ordinates 7z, 1y, nz) of
the tangent plane at this point is so+(n—mng) = 0, which states that s is
perpendicular to any vector n—mng in the plane. Since so and ng are related
by so-ng = 1, we can write the equation as

sorn = 1. (77.13)

Hence it follows that 1/s is the length of the perpendicular from the origin
to the tangent plane to the wave-vector surface at the point no.

Conversely, the length of the perpendicular from the origin to the tangent
plane to the ray surface at a point s is 1/np.

To ascertain the location of the ray vector relative to the field vectors in
the wave, we notice that the group velocity is always in the same direction
as the (time) average energy flux vector. For let us consider a wave packet,
occupying a small region of space. When the packet moves, the energy
concentrated in it must evidently move with it, and the direction of the

t Differentiating the left-hand side of equation (77.10) with respect to 7; and determining
from the condition n-s = 1 the proportionality coefficient between s; and &f/oni, we obtain
the following relations between the components of 8 and n:

E(z)(e(u) + €l2)) — 2e@)p2 — (e(z) + e(y))nyz — (E(z) + g(z)),, 2
52 = May @ewea — n2@(eW) £ €2)) — 1, 2eW)(e®) + (D)) = n 2e(2N(el®) + W)Y
(77.12a)

and similarly for sy, sz.
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energy flux is therefore the same as the direction of the velocity of the
packet, i.e. the group velocity. t

Since the Poynting vector is perpendicular to H and E, the same is true
of s:

s:H =0, s-E=0. (77.14)
A direct calculation, using formulae (77.5), (77.11) and (77.14), gives
H=sxD, E=—-sxH. (77.15)

For example, sxH = sx(nxE) = n(s-E)—E(n-s) = —E.
If we compare formulae (77.15) and (77.5), we see that they differ by the
interchange of

E and D, n and s, eir and e 1y (77.16)

(the relation n-s = 1 remaining valid, of course). The last of these pairs
must be included in order that the relation (77.1) between D and E should
remain valid. Thus the following useful rule may be formulated: an
equation valid for one set of quantities can be converted into one valid for
another set by means of the interchanges (77.16).

In particular, the application of this rule to (77.10) gives immediately an
analogous equation for s:

32(€(y)€(z)s 2+ e(:1:)5(5)“-?/2 + 6(x)e(y)szZ) —_
— 1522(eW + @) + syZ(e(x) + @) + s2(e® + @)+ 1 = 0. (77.17)

This equation gives the form of the ray surface. Like the wave-vector sur-
face, it is of the fourth order. When the direction of s is given, (77.17) is a
quadratic equation for s2, which in general has two different real roots.
Thus two rays with different wave vectors can be propagated in any direc-
tion in the crystal.

Let us now consider the polarisation of waves propagated in an aniso-
tropic medium. Equations (77.8), from which Fresnel’s equation has been
derived, are unsuitable for this, because they involve the field E, whereas
it is the induction D which is transverse (to the given n) in the wave. In
order to take account immediately of the fact that D is transverse, we use
for the time being a new co-ordinate system with one axis in the direction

t It is easy to demonstrate mathematically that the group velocity is in the same direction"
as the Poynting vector. Differentiating formulae (77.5) (for given w), we obtain

8D = SHxn + H X én, 6H = nX 3E + on X E.
We take the scalar product of the first equation with E and of the second with H, obtaining
E.5D = H.3H + EXx H:0n, H.-3H = D.6E + EX H-4n.

But D 8E = €ixExSE; = E-8D, and so, adding the two equations, we have EX H.8n = 0,
i.e. the vector E X H is normal to the wave-vector surface. This is the required result.
The result thus obtained relates to the instantaneous, as well as to the average, energy
flux. In this proof, however, the symmetry of the tensor e is vital. The result is therefore
not valid in the above form for media in which € is not symmetrical (gyrotropic media,
§82). The statement is still valid, however, for the average value of the Poynting vector.
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of the wave vector, and denote the two transverse axes by Greek suffixes,
which take the values 1 and 2. The transverse components of equation
(77.7) give D, = n?E,, ; substituting E, = €1,,D,, where -1, is a component
of the tensor inverse to ez, we have D, —n21,,D, = 0, or

1
(;58“5 - e-laﬁ)Dﬁ = 0. (77.18)

The condition for the two equations (x =1, 2) in the two unknowns Dj,
D3 to be compatible is that their determinant should be zero. This condi-
tion is, of course, the same as Fresnel’s equation, which was written in the
original co-ordinates x, y, 2. We now see also, however, that the vectors D
corresponding to the two values of # are along the principal axes of the sym-
metrical two-dimensional tensor of rank two 1,5 According to general
theorems it follows that these two vectors are perpendicular. Thus, in the
two waves with the wave vector in the same direction, the electric induction
vectors are linearly polarised in two perpendicular planes.

Equations (77.18) have a simple geometrical interpretation. Let us draw.
the tensor ellipsoid corresponding the tensor ¢~14, returning to the principal
dielectric axes, i.e. the surface

X2 y2 g2

=1 (77.19)

“Lipxgxy = — + —
Tk =5+t %

(Fig. 36). Let this ellipsoid be cut by a plane through its centre perpendicular
to the given direction of n. The section is in general an ellipse; the lengths
of its axes determine the values of 7, and their directions determine the
directions of the oscillations, i.e. the vectors D.

FiG. 36

From this construction (with, in general, €@), e@), ¢@ different) we see at
- once, in particular, that, if the wave vector is in (say) the x-direction, the
directions of polarisation (D) will be the y and 2 directions. If the vector n
lies in one of the co-ordinate planes, e.g. the xy-plane, one of the directions
of polarisation is also in that plane, and the other is in the 2-direction.

The polarisations of two waves with the ray vector in the same direction
have entirely similar properties. Instead of the directions of the induction
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D, we must now consider those of the vector E, which is transverse to s, and
equations (77.18) are replaced by the analogous equations

1
(FS"“? - e“ﬁ)Eﬂ = 0. (77.20)
The geometrical construction is here based on the tensor ellipsoid
€iEXiXy = €Dy + e(y)yz + 232 = 1, (77.21)

corresponding to the tensor e itself (called the Fresnel ellipsoid).

It should be emphasised that plane waves propagated in an anisotropic
medium are completely linearly polarised in certain planes. In this respect
the optical properties of anisotropic media are very different from those of
isotropic media. A plane wave propagated in an isotropic medium is in
general elliptically polarised, and is linearly polarised only in particular
cases. This important difference arises because the case of complete isotropy
of the medium is in a sense one of degeneracy, in which a single wave vector
corresponds to two directions of polarisation, whereas in an anisotropic
media there are in general two different wave vectors (in the same direction).
The two linearly polarised waves propagated with the same value of n
combine to form one elliptically polarised wave.

§78. Optical properties of uniaxial crystals

The optical properties of a crystal depend primarily on the symmetry of
its dielectric tensor ;. In this respect all crystals fall under three types:
cubic, uniaxial and biaxial (see §13). In a crystal of the cubic system
ex = di, i.e. the three principal values of the tensor are equal, and the
directions of the principal axes are arbitrary. As regards their optical proper-
ties, therefore, cubic crystals are no different from isotropic bodies.

The uniaxial crystals include those of the rhombohedral, tetragonal and
hexagonal systems. Here one of the principal axes of the tensor e coincides
with the axis of symmetry of the third, fourth or sixth order respectively; in
optics, this axis is called the optical axis of the crystal, and in what follows
we shall take it as the z-axis, denoting the corresponding principal value of
e by €,. The directions of the other two principal axes, in a plane per-
pendicular to the optical axis, are arbitrary, and the corresponding principal
values, which we denote by ¢, are equal.

If in Fresnel’s equation (77.10) we put €@ = @) = ¢, €@ = ¢,, the
left-hand side is a product of two quadratic factors:

(n? — e )lesn® + €y (n2® + my?) — €,.¢y] = 0.
In other words, the quartic equation gives the two quadratic equations
n? = ¢, (78.1)

2 2 2
. T (78.2)

€1 €y
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Geometrically, this signifies that the wave-vector surface, which is in general
of the fourth order, becomes two separate surfaces, a sphere and an ellipsoid.
Fig. 37 shows a cross-section of these surfaces. Two cases are possible: if
€, > €, the sphere lies outside the ellipsoid, but if ¢, < €, it lies inside.
In the first case we speak of a megative uniaxial crystal, and in the second
case of a positive one. The two surfaces touch at opposite poles on the 7.~
axis. The direction of the optical axis therefore corresponds to only one
value of the wave vector.

n, Nz

TN (R
NP

The ray surface is exactly similar in form. By the rule (77.16), its equation
is obtained from (78.1) and (78.2) by replacing n by s and ¢ by 1/e:
s2 = 1/e,, (78.3)
€52 + € (s2® + 52 = 1. (78.4)
In a positive crystal the ellipsoid lies within the sphere, and in a negative
one outside.

Thus we see that two types of wave can be propagated in a uniaxial crystal.
With respect to one type, called ordinary waves, the crystal behaves like an
isotropic body of refractive index n = 4/¢,. 'The magnitude of the wave
vector is wn/c whatever its direction, and the direction of the ray vector is
that of n.

In waves of the second type, called extraordinary waves, the magnitude of
the wave vector depends on the angle  which it makes with the optical
axis. By (78.2)

n,
ve, T

(1IN
L

Fic. 37

1 sin2d  cos26

2
n € €

(78.5)

The ray vector in an extraordinary wave is not in the same direction as the
wave vector, but is coplanar with that vector and the optical axis, their com-
mon plane being called the principal section for the given n. Let this be the
zx-plane; the ratio of the derivatives of the left-hand side of (78.2) with
respect to 7, and 7, gives the direction of the ray vector: sp/s; = € ng/e;n,.
Thus the angle 8’ between the ray vector and the optical axis and the angle 6
satisfy the simple relation

tanf’ = (e,/¢,) tané. (78.6)



§78 Optical properties of uniaxial crystals 323

The directions of n and 1 are the same only for waves propagated along or
perpendicular to the optical axis.

The problem of the directions of polarisation ‘of the ordinary and extra-
ordinary waves is very easily solved. It is sufficient to observe that the four
vectors E, D, s and n are always coplanar In the extraordinary wave s and
n are not in the same direction, but lie in the same principal section. This
wave Is therefore polarised so that the vectors E and D lie in the same princi-
pal section as s and n. The vectors D in the ordinary and extraordinary
waves with the same direction of n (or E, with the same direction of s) are
perpendicular. Hence the polarisation of the ordinary wave is such that E
and D lie in a plane perpendicular to the principal section.

An exception is formed by waves propagated in the direction of the optical
axis. In this direction there is no difference between the ordinary and the
extraordinary wave, and so their polarisations combine to give a wave which
is, in general, elliptically polarised.

The refraction of a plane wave incident on the surface of a crystal is dif-
ferent from refraction at a boundary between two isotropic media. The laws
of refraction and reflection are again obtained from the continuity of the
component n; of the wave vector which is tangential to the plane of separa-
tion. The wave vectors of the refracted and reflected waves therefore lie in
the plane of incidence. In a crystal, however, two different refracted waves
are formed, a phenomenon known as double refraction. They correspond to
the two possible values of the normal component 7, which satisfy Fresnel’s
equation for a given tangential component n;. It should also be remembered
that the observed direction of propagation of the rays is determined not by
the wave vector but by the ray vector s, whose direction is different from that
of n and in general does not lie in the plane of incidence.

In a uniaxial crystal, ordinary and extraordinary refracted waves are
formed. The ordinary wave is entirely analogous to the refracted wave in
isotropic bodies; in particular, its ray vector (which is in the same direction
as its wave vector) lies in the plane of incidence. The ray vector of the
extraordinary wave in general does not lie in the plane of incidence.

PROBLEMS

ProBLEM 1. Find the direction of the extraordinary ray when light incident from a vacuum
is incident on a surface of a uniaxial crystal which is perpendicular to its optical axis.

SoLuTiON. In this case the refracted ray lies in the plane of incidence, which we take as
the xz-plane, with the z-axis normal to the surface. The x-component of the wave vector
nz = sin $ (9 being the angle of incidence) is continuous ; the component 7, for the refracted

wave is found from (78.2):
nz—A/( —-—smz&))

The direction of the refracted ray is given by (78.6):
an ¢ = =% _ Ve, sin &
€ Nz V(e —sin?9)] ’

where 9’ is the angle of refraction.
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ProBLEM 2. Find the direction of the extraordinary ray when light is incident normally
on a surface of a uniaxial crystal at any angle to the optical axis.

SoLuTiON. The refracted ray lies in the xz-plane, which passes through the normal to
the surface (the z-axis) and the optical axis. Let « be the angle between these axes. The
ray vector s, whose components are proportional to the derivatives of the left-hand side of
equation (78.2) with respect to the corresponding components of n, is proportional to

n 1 1

2 +@n(—-=),

€ €L €
where 1 is a unit vector in the direction of the optical axis. In the present case the wave
vector n is in the 2-direction, so that

1 1
Sz ~ cos o sin a(—- - —), Sz~
€1 €

sinfa  cos?a
+ .
€ €
Hence we find

(ey—€,) sin 2a

s
tan & = — = .
Sz € +e, +(eg—ey) cos 2«

§79. Biaxial crystals

In biaxial crystals the three principal values of the tensor ey are all dif-
ferent. The crystals of the triclinic, monoclinic and rhombic systems are of
this type. In those of the triclinic system, the position of the principal di-
electric axes is unrelated to any specific crystallographic direction; in
particular, it varies with frequency, as do all the components ;. In crystals
of the monoclinic system, one of the principal dielectric axes is crystallo-
graphically fixed; it coincides with the second-order axis of symmetry, or is
perpendicular to the plane of symmetry. The position of the other two
principal axes depends on the frequency. Finally, in crystals of the rhombic
system, the position of all three principal axes is fixed: they must coincide
with the three mutually perpendicular second-order axes of symmetry.

The study of the optical properties of biaxial crystals involves the con-
sideration of Fresnel’s equation (77.10) in its general form. We shall assume
for definiteness that

€D < ¥ < O, (79.1)
To ascertain the form of the fourth-order surface defined by equation
(77.10), let us begin by finding its intersections with the co-ordinate planes.

Putting in equation (77.10) n, = 0, we find that the left-hand side is the
product of two factors:

(1% — D) (Dny2 + Wny? — D) = 0,
Hence we see that the section by the xy-plane consists of the circle
n?2 = @ (79.2)
and the ellipse

2 2
P Iy, (79.3)

) + @
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and by the assumption (79.1) the ellipse lies inside the circle. Similarly we
find that the sections by the yz and xz planes are also composed of an
ellipse and a circle; in the yz-plane the ellipse lies outside the circle, and in
the xz-plane they intersect. Thus the wave-vector surface intersects itself,
and is as shown in Fig. 38, where one octant is drawn.

n;

1/((}')

4]

Ny

Fic. 38

This surface has four singular points of self-intersection, one in each
quadrant of the xz-plane. The singular points of a surface whose equation
is f(ng, ny, n;) = 0 are given by the vanishing of all three first derivatives of
the function f. Differentiating the left-hand side of (77.10), we obtain the
equations

nx[e(x)(e(y) + e(z:)) — Dp2 (®ng2 + E(y)nyz + E(z)nz2)] =0,
ny[W(eD + @) — Wn? — (D2 + €Wny? + @ 2)] = 0, (79.4)
nz[e(Z)(e(x) + e(1/)) — @2 (E(x)n 22 + €(y)nyz + e("’)nzz)] = 0;

the equation (77.10) itself must, of course, be satisfied also. Since we know

that the required directions of n lie in the x2-plane, we put n, = 0, and the
two remaining equations give immediately

() — @) , € — ) )
2 o —————————— IR me—————————
Tz @ — @ "z @ _ @ (79.5)

The directions of these vectors n are inclined to the z-axis at an angle 8

such that <
N D) — )
—_— = + = —_—

n, tanf = + J DD — W)’ (79.6)

t Itis easy to see that the solution thus found is the only real solution of equations (79.4).
If none of nz, ny, n; is zero, the three equations (79.4) are inconsistent: they then involve
only two unknowns, namely 72 and e®n,% + e¥n,2 + (2n.2. If nz or n: is zero the solutions
are imaginary.
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This formula determines lines in two directions in the xz-plane, each of
which passes through two opposite singular points and is at an angle 8 to
the z-axis. These lines are called the optical axes or binormals of the crystal;
one of them is shown dashed in Fig. 38. The directions of the optical axes
are evidently the only ones for which the wave vector has only one magni-
tude.

The properties of the ray surface are entirely similar. To derive the corres-
ponding formulae, it is sufficient to replace n by s and e by 1/e. In particular,
there are two optical ray axes or biradials, also lying in the xz-plane and at
an angle y to the z-axis, where

) — @) @)
tany = A/ o ztan B. (79.7)
Since €@ < @), y < B.

The directions of corresponding vectors n and s are given by the general
formulae (77.12a). Their directions are the same only for waves propagated
along one of the co-ordinate axes (i.e. the principal dielectric axes). If n lies
in one of the co-ordinate planes, s lies in that plane also. 'This rule, however,
is subject to an important exception for wave vectors in the direction of the
optical axes.

When the values of n given by (79.5) are substituted in formulae (77.12a),
the components of s take the indeterminate form 0/0. The origin and mean-
ing of this indeterminacy are quite evident from the following geometrical
considerations. Near a singular point, the inner and outer parts of the wave-
vector surface are cones with a common vertex. At the vertex, which is the
singular point itself, the direction of the normal to the surface becomes in-
determinate; and the direction of s as given by formulae (77.12a) is just the
direction of the normal. In fact the wave vector along the binormal corres-
ponds to an infinity of ray vectors, whose directions occupy a certain conical
surface, called the cone of internal conical refraction.

To determine this cone of rays, we could investigate the directions of the
normals near the singular point. It is more informative, however, to use a
geometrical construction from the ray surface. '

Fig. 39 shows one quadrant of the intersection of the ray surface with the
xz-plane (continuous curves), and also the intersection of the wave-vector
* surface, on a different scale. The line OS is the biradial, and ON the bi-
normal. Let ny be the wave vector corresponding to the point N. It is
easy to see that the singular point IV on the wave-vector surface corresponds
to a singular tangent plane to the ray surface. This plane is perpendicular to
ON, and touches the ray surface not at one point but along a curve, which is
found to be a circle. In Fig. 39 the trace of this plane is shown by @b. This
follows at once from the geometrical correspondence between the wave-vector

t In the tensor ellipsoid (77.19) the binormals are the directions perpendicular to the
circular sections of the ellipsoid. An ellipsoid has two such sections.
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surface and the ray surface (§77): if the tangent plane is drawn at any point
s of the ray surface, then the perpendicular from the origin to this plane is
in the same direction as the wave vector n corresponding to s, and its length
is 1/n. In our case there must be an infinity of vectors s corresponding to
the single value n = ny; hence the points on the ray surface which repre-
sent these vectors s must lie in one tangent plane, which is perpendicular
to ny. Thus in Fig. 39 the triangle Oab is the section of the cone of internal
conical refraction by the xz-plane.

P4

A

Fic. 39

There is no especial difficulty in carrying out a quantitative calculation
corresponding to this geometrical picture, but we shall not do so here, and
give only the final formulae. The equations of the circle in which the cone
of refraction cuts the ray surface are

(2 — @52 +

+ {sx\/[e(x)(e(z) — E(;y))] — sz\/[e&)(e(y) — e(:c))]} X

®) — €W — )
X ———————— — —— =
(sx J = 52 A/ = ) 0, (79.8)

5oV [€D(e® — €@)] + 5,4/ [€D(@) — ¥)] = 4/[@) — @], (79.9)

The first of these equations is the equation of the cone of refraction if sy,
Sy, §z are regarded as three independent variables. The second is the equa-
tion of the tangent plane to the ray surface. In particular, for s, = 0 equation
(79.8) gives the two equations

Se 'E(z)(e(y) — 6(:t:)) Sz €(:v)(e(y) —_ e(z))
P A/ DD — )’ P A/ DD — )’

which' determine the directions of the extreme rays (respectively Oa and Ob
22
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in Fig. 39) in the section by the xz-plane. The former is along the binormal
(cf. (79.6)), which is perpendicular to the tangent ab.

Similar results hold for the wave vectors corresponding to a given ray
vector. The vector s along the biradial corresponds to an infinity of wave
vectors, whose directions occupy the cone of external conical refraction. In
Fig. 39 the triangle Oa’d’ is the section of this cone by the xz-plane. The
corresponding formulae are again obtained by substituting n for s and 1/e
for € in the formulae (79.8), (79.9), and are

(D) — @2 + [ngn/ (€D — W) — mpn/(eW) — @)] x
X [1z€@4/(® — W) — @y /(€¥) — )] = 0,
/(€9 — @) 4 nan /(D — W) = 4/[W(D — @],

In observations of the internal conical refractiont we can use a flat plate
cut perpendicular to the binormal (Fig. 40). The surface of the plate is
covered by a diaphragm of small aperture, which selects a narrow beam from
a plane light wave (i.e. one whose wave vector is in a definite direction) inci-
dent on the plate. The wave vector in the wave transmitted into the plate
is in the direction of the binormal, and so the rays are on the cone of internal
refraction. The wave vector in the wave leaving the other side of the plate
is the same as in the incident wave, and so the rays are on a circular cylinder.

F1c. 40

To observe the external conical refraction, the plate must be cut per-
pendicular to the biradial, and both its surfaces must be covered by dia-
phragms having small apertures in exactly opposite positions. When the
plate is illuminated by a convergent beam (i.e. one containing rays with all
possible values of n), the diaphragms admit to the plate rays with s along
the biradial, and therefore with directions of n occupying the surface of the
cone of external conical refraction. The light leaving the second aperture
is therefore on a conical surface, although this does not exactly coincide with
the cone of external refraction, on account of the refraction on leaving the
plate.

The laws of refraction at the surface of a biaxial crystal for an arbitrary direc-
tion of incidence are extremely complex, and we shall not pause to discuss

t We shall describe only the principle of the experiment.
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them here,} but only mention that, unlike what happens for a uniaxial
crystal, both refracted waves are “extraordinary’” and, in particular, the
rays of neither lie in the plane of incidence.

§80. Double refraction in an electric field

An isotropic body becomes optically anisotropic when placed in a constant
electric field. This anisotropy may be regarded as the result of a change in
the dielectric constant due to the constant field. Although this change is
relatively very slight, it is important here because it leads to a qualitative
change in the optical properties of bodies.

In this section we denote by E the constant electric field in the body,}
and expand the dielectric tensor ¢ in powers of E. In an isotropic body in
the zero-order approximation, we have e = €©)3;;. There can be no terms
in g which are of the first order in the field, since in an isotropic body there
is no constant vector with which a tensor of rank two linear in E could be
constructed. The next terms in the expansion of e; must therefore be
quadratic in the field. From the components of the vector E we can form
two symmetrical tensors of rank two, E28;; and E;E;. The former does not
alter the symmetry of the tensor €8, and the addition of it amounts to a
small correction in the scalar constant ¢©, which evidently does not result
in optical anisotropy and is therefore of no interest. Thus we arrive at the
following form of the dielectric tensor as a function of the field:

cik = €%y + aFiEy, (80.1)

where o is a scalar constant.
One of the principal axes of this tensor coincides with the direction of the
electric field, and the corresponding principal value is *

e, = 0 + qF2 (80.2)
The other two principal values are both equal to
€, = €0, (80.3)

and the position of the corresponding principal axes in a plane perpendicular
to the field is arbitrary. Thus an isotropic body in an electric field behaves
optically as a uniaxial crystal (the Kerr effect).

'The change in optical symmetry in an electric field may occur in a crystal
also (for example, an optically uniaxial crystal may become biaxial, and a
cubic crystal may cease to be optically isotropic), and here the effect may be
of the first order in the field. This linear effect corresponds to a dielectric
tensor of the form ey = €@+ ayEi, where the coefficients oy form a
tensor of rank three symmetrical in the suffixes 7 and & (aypy = oxs1). The

t A detailed account of the calculations may be found in the article by G. Sz1vEssy,
Handbuch der Physik, vol. XX, Chapter 11, Springer, Berlin, 1928.
1 Not to be confused with the variable field of the wave, which is usually very weak.
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symmetry of this tensor is the same as that of the piezoelectric tensor. The
effect in question therefore occurs in the twenty crystal classes which admit
piezoelectricity.

§81. Mechanical-optical effects

Besides the Kerr effect discussed in §80, there are other ways in which the
optical symmetry of a medium can be changed by external agencies. These
include, first of all, the effect of elastic deformations on the optical properties
of solids. In particular, such deformations may render an isotropic solid body
optically anisotropic. Such phenomena are described by the inclusion in
eir(w) of additional terms proportional to the components of the deforma-
tion tensor. The corresponding formulae are exactly the same as (16.1) and
(16.6) for the static dielectric permeability, except that the coefficients are
now functions of frequency. In the deformation of an isotropic body, for
example, we have

e = €08 + ayux + asupdix. (81.1)

The coeflicients a1(w) and as(w) are called elastic—optical constants.

Another case is the occurrence of optical anisotropy in a moving fluid.
Here we do not refer to the relativistic effects described by the equations
of §57; the effects to be considered are due to the presence of velocity
gradients in the fluid. The corresponding general expression for the
dielectric tensor is

0v;  Ovg ov; Oy
— 03 Ml — + _) + A (_— - ——), 81.2
€ik €Yo + 1( o s 2 oxn o ( )

and represents the first terms in an expansion of e in powers of the deriva-
tives of the velocity. In an incompressible fluid dv;/ox; = divv = 0, and
the last two terms in (81.2) give zero on contraction; © is the dielectric
permeability of the fluid at rest.} The second and third terms in (81.2)
are respectively symmetrical and antisymmetrical in the suffixes 7 and &.
For uniform rotation of the fluid we have v = Qxr, where & is the angu-
lar velocity of rotation, and the symmetrical term is zero.}

These phenomena are of practical importance only in such systems as
suspensions and colloidal solutions of anisotropically shaped particles.

t To avoid misunderstanding, it should be emphasised that the symmetry relations dis-
cussed in Statistical Physics §124 (the generalised principle of symmetry of the kinetic
coefficients) do not apply to the expression (81.2). These relations are derived on the assump-
tion that the processes corresponding to the coefficients under consideration are the only
cause of energy dissipation in the system. In the present case, however, besides the dissipation
in the variable electromagnetic field in the wave, there is another mode of dissipation, which
is unrelated to the field, namely the internal friction in the non-uniform fluid stream.

1 See §82 for the optical properties resulting from the antisymmetrical part of the
tensor €.
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In this case the effect (called the Maxwell effect) is due primarily to the
orienting of particles suspended in the fluid by the action of the velocity
gradients. Since a uniform rotation cannot orient the particles, it follows
that A2 <€ A1, and we can write simply

ooi ivl‘) (81.3)

eixr = €D + N (— +
oxp  Oxy

§82. Magnetic-optical effects

In the presence of a constant magnetic field H,t the tensor e is no longer
symmetrical. The generalised principle of symmetry of the kinetic coeffi-
cients given by SP (124.14) requires that

eir(H) = exi(— H). (82.1)
The condition that absorption is absent requires that the tensor should be
Hermitian:
ik = ex®, (82.2)
as is seen from (76.4), but not that it should be real. Equation (82.2) implies
only that the real and imaginary parts of e; must be respectively symmetrical
and antisymmetrical : ~
e’ = exi’, er’ = —eni’. (82.3)
Using (82.1), we have
e’ (H) = en’(H) = enx’(— H),
e’ (H) = — ex’”’(H) = — e’/ (— H),
i.e. in a non-absorbing medium e’ is an even function of H, and €z an
odd function.
The inverse tensor el evidently has the same symmetry properties,

and is more convenient for use in the following calculations. To simplify
the notation we shall writet

(82.4)

Ly = nix = i’ + i’ (82.5)

Any antisymmetrical tensor of rank two is equivalent (dual) to some axial
vector; let the vector corresponding to the tensor 7'’ be G. Using the anti-
symmetrical unit tensor e, we can write the relation between the compo-
nents 74"’ and Gy as

niK” = emGy, (82.6)

t Not to be confused with the weak variable field of the electromagnetic wave.
T Of course, 74’ and 7"’ are not the tensors inverse to eix” and e’
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or, in components, 7z’ = Gz, 7z = Gy, 1y = Gz. The relation
E; = ny.Dy between the electric field and induction becomes

E; = ("]ik’ -+ z'emG;)Dk = 'r]ik'Dk + i(D b4 G)i. (82.7)

A medium in which the relation between E and D is of this form is said to be
gyrotropic.t '

We may give a general discussion of the nature of waves propagated in
an arbitrary gyrotropic medium, assumed anisotropic, with no restriction on
the magnitude of the magnetic field.}

We take the direction of the wave vector as the z-axis. Then equations
(77.18) become

1 T |
(naﬁ - ﬁsaﬂ)Dﬂ = ("laﬂ' s — Esaﬁ)Dﬂ =0, (828)
where the suffixes «, B take the values x, y. The directions of the x and y
axes are taken along the principal axes of the two-dimensional tensor 7,,’; and
we denote the corresponding principal values of this tensor by 1/ng;2 and
1/ng22. Then the equations become

1 1
(— - ‘—)Dx + iGsz = 0,

n012 n?
(82.9)

1 1
—leDz"' _’_"‘—Dy=0.

The condition that the determinant of these equations vanishes gives an
equation quadratic in 72:
! 1)(1 l) G2 (82.10)
(;2 AR .

whose roots give the two values of # for a given direction of n:||

1 1/ 1 1 1/1 1\2
— = -(—— + —-) + A/["(_“ -~ —-) + GzZ]. (82.11)
n?  2\np?®  neo® 4\np12  nog®
t The gyration vector is the vector g in the opposite relation
D; = eir’Ex + i(EX 2)1. (82.7a)

The coefficients in (82.7) and (82.7a) are related as follows (cf. §21, Problem):

’

e’ = {l¢'|e T — gigel/lel,

82.7b
Gi = — eu'gullel, ¢ )

where |¢| and |¢’| are the determinants of the tensors e and e’

1 The medium is again assumed non-magnetic with respect to the variable field of the
electromagnetic wave, i.e. wu(w) = dix. This, however, does not exclude a constant field
magnetising the medium (i.e. the static permeability may differ from unity).

The properties derived for e;x(w) are equally applicable to the tensor wix(w) in a frequency
range where the dispersion of the magnetic permeability is of importance.

|| When there is no field, G = 0 and n = no1 or no2. It should be remembered, however,
that when the field is present no; and 7oz in equation (82.10) are not in general the values
of n for H = 0, since not only G but also the components 7iz” depend on the field.
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Substituting these values in equations (82.9), we find the corresponding
ratios Dy/Dy:

p, i1 1 11 1 )2
ot ) s [ —=-— +G2“. 82.12
D; G, {2(11012 71022) * A/ [4(71012 ng2? ¢ ( )

The purely imaginary value of the ratio Dy/D, signifies that the waves
are elliptically polarised, and the principal axes of the ellipses are the x and y
axes. The product of the two values of the ratio is easily seen to be unity.
Thus, if in one wave Dy = ipDy, where the real quantity p is the ratio of the
axes of the polarisation ellipse, then in the other wave Dy = —iDy/p. This
means that the polarisation ellipses of the two waves have the same axis
ratio, but are 90° apart, and the directions of rotation are opposite (Fig. 41).}

)y
AN

Fic. 41

The components G; and 7" are functions of the magnetic field. If, as
usually happens, the magnetic field is fairly weak, we can expand in powers
of the field. The vector G is zero in the absence of the field, and so for a
weak field we can put

Gi = fuHy, (82.13)

where f is a tensor of rank two, in general not symmetrical. This dependence
is in accordance with the general rule (82.4) whereby;, in a transparent medium,
the components of the antisymmetrical tensor 7" (and e;’’) must be odd
functions of H. The symmetrical components 7’ are even functions of the
magnetic field. The first correction terms (which do not appear in the
absence of the field) in 74" are therefore quadratic in the field.}

In the general case of an arbitrarily directed wave vector, the magnetic
field has little effect on the propagation of light in the crystal, causing only

t If the vectors D in the two waves are denoted by D; and Dg, these relations may be
written Dy+Da* = DyzDa,* + DiyDay* = 0. This is a general property of the eigenvectors
on reduction to the principal axes of a Hermitian tensor (in this case, the tensor 74a").

" 1 When second-order quantities are neglected, formulae (82.7b) reduce to the simpler
orms

' = €y, Gi = — ew'gi/l€]. (82.13a)
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a slight ellipticity of the oscillations, with an axis ratio of the polarisation
ellipse which is small (of the first order with respect to the field).

The directions of the optical axes (and neighbouring directions) form an
exception. The two values of # are equal in the absence of the field when
the wave vector is along one of these axes. The roots of equation (82.10)
then differ from these values by first-order quantities,{ and the resulting
effects are analogous to those in isotropic bodies, which we shall now con-
sider.

The magnetic-optical effect in isotropic bodies (and in crystals of the
cubic system) is of particular interest on account of its nature and its com-
paratively large magnitude.

Neglecting second-order quantities, we have 7’ = €183, where e is the
dielectric permeability of the isotropic medium in the absence of the magnetic
field. The relation between D and E is

1
=-D+i:D x G, (82.14)
€
or
D =¢E+:Exg; (82.15)
in the same approximation, the vectors g and G are related by
G = —g/& (82.16)

The dependence of g (or G) on the external field reduces in an isotropic
medium to simple proportionality:

g =fH, (82.17)

in which the scalar constant f may be either positive or negative.

In equation (82.10) we now have ng = nmo2 = np = 4/¢, the refractive
index in the absence of the field. Hence 1/n2 = F G+ 1/ng? or, to the same
accuracy,

n:F2 = n02 -_t n04Gz = n02 ¢g2~ . (82.18)

Since the z-axis is in the direction of n, we can write this formula, to the same
accuracy, in the vector form

1 \2

(n + —g) = mg’. (82.19)
2no

Hence we see that the wave-vector surface in this case consists of two spheres

of radius ng, whose centres are at distances =+ g/2no from the origin in the

direction of G.

t It should be noticed that the two roots of (82.10) do not become equal. The geometrical
significance of this is that the two parts of the wave-vector surface are separated.
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A different polarisation of the wave corresponds to each of the two values
of n: we have

D, = TiDy, (82.20)

where the signs correspond to those in (82.18). The equality of the magni-
tudes of D, and Dy, and their phase difference of F 4w, signify a circular
polarisation of the wave, with the direction of rotation of the vector D respec-
tively anticlockwise and clockwise looking along the wave vector (or, to use
the customary expressions, with right-hand and left-hand polarisation
respectively).

The difference between the refractive indices in the left-hand and right-
hand polarised waves has the result that two circularly polarised refracted
waves are formed at the surface of a gyrotropic body. This phenomenon is
called double circular refraction.

Let a linearly polarised plane wave be incident normally on a slab of thick-
ness /. We take the direction of incidence as the 2-axis, and that of the vector
E (= D) in the incident wave as the x-axis. The linear oscillation can be
represented as the sum of two circular oscillations with opposite directions
of rotation, which are then propagated through the slab with different wave
vectors k, = wnyfc. Arbitrarily taking the wave amplitude as unity, we
have D; = §[exp (tk,2)+exp (tk-2)], Dy = §i[ —exp (ik, ) +exp (k-2)], or,
putting & = }(k, +k_) and k = {(k, — k),

Dy = }eikz(eixz 4 ¢=ik2) = ¢ikz cos Kz,

Dy = Yietkz(— ¢ixz 4 g=ik2) = ¢ikz sin k2.

When the wave leaves the slab we have Dy/D, = tan «/ = tan (lwg/2cno).
Since this ratio is real, the wave remains linearly polarised, but the direc-
tion of polarisation is changed (the Faraday effect). The angle through which
the plane of polarisation is rotated is proportional to the path traversed by
the wave; the angle per unit length in the direction of the wave vector is
(wg/2cnp) cos 6, where 8 is the angle between n and g.

It should be noticed that, when the direction of the magnetic field is
given, the direction of rotation of the plane of polarisation (with respect to
the direction of n) is reversed (left-hand becoming right-hand, and wvice
versa) when the sign of n is changed. If the ray traverses the same path twice
in opposite directions, the total rotation of the plane of polarisation is there-
fore double the value resulting from a single traversal.

For 0 = }n (the wave vector perpendicular to the.magnetic field), the
effect linear in the field given by formulae (82.18) disappears, in accordance
with the general rule stated above that only the component of g in the direc-
tion of n affects the propagation of light. For angles 8 close to 37 we must
therefore take account of the terms proportional to the square of the field,
and in particular these terms must be included in the tensor n’. By virtue
of the axial symmetry about the direction of the field, two principal
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values of the symmetrical tensor 7y’ are equal, as for a uniaxial crystal. We
shall take the x-axis in the direction of the field, and denote by %, and 7,
the principal values of 7’ in the directions parallel and perpendicular to
the magnetic field. The difference n, —», is proportional to H2.

Let us consider the purely quadratic effect (called the Cotton-Mouton
effect) which occurs when n and g are perpendicular. In equations (82.9)
and (82.10) we have G, = 0, and 1/np2, 1/mge? are respectively 7,, 71..
Thus in one wave we have 1/n2 = 7,, Dy = 0; this wave is linearly polarised,
and the vector D is parallel to the x-axis. In the other wave 1/n2 = 7,
Dy = 0, i.e. D is parallel to the y-axis. Let linearly polarised light be inci-
dent normally on a slab in a magnetic field parallel to its surface. The two
components in the slab (with vectors D in the xz and yz planes) are propa-
gated with different values of #. Consequently the light leaving the slab is
elliptically polarised.

PROBLEMS

ProBLEM 1. Determine the directions of the rays when a'ray incident from a vacuum is
refracted at the surface of an isotropic body in a magnetic field.

SoLuTioN. The direction of the ray vector 8 is given by the normal to the wave-vector
surface. Differentiating the left-hand side of equation (82.19) with respect to the compo-
nents of the vector n, we find that s is proportional to n+g/2n. The square of the latter
expression is 702, and so the unit vector in the direction of the ray is given by

2= (a5 e). 0
s nm 2no
Let the angle of incidence be 8. The refracted rays do not in general lie in the plane of
incidence, and their directions are given by the angle 6’ to the normal to the surface and the
azimuth ¢’ measured from the plane of incidence. We take the latter as the xz-plane, with
the z-axis perpendicular to the surface. The components 7z and ny of the wave vector are
unaltered by refraction. In the incident ray they are nz = sin 8, ny = 0. Substituting these
values in (1), we find the x and ¥ components of the unit vector s/s, which give immediately
the directions of the refracted rays:

1
sin 0’ cos ¢’ = — sin 0+ 82,
no

2no2

1
sin @’ sin ¢’ = + ——gy.
2np2

‘When the angle of incidence is not small, the azimuth ¢’ is small, and we can write
¢" = Fgy/2ng sin 6,
sin 0 + gz :
no 2n0?

For normal incidence (§ = 0) we take the xz-plane through the vector G; then ¢’ = 0,
and 0’ & sin 0’ = +gz/2n0%. Although this formula does not involve gz, it is not valid if
gz = 0, since the approximation linear in the field is inadequate when n and g are perpen-
dicular.

PrROBLEM 2. -Determine the polarisation of the reflected light when a linearly polarised
wave is incident normally from a vacuum on the surface of a body rendered anisotropic by

a magnetic field.
SoLuTioN. For normal incidence the direction of the wave vector is unaltered by the
passage of the wave into the medium. In all three waves (incident, reflected and refracted)

sin 8 =
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the vectors H are therefore parallel to the surface (the xy-plane). The electric vector E in
the incident and reflected waves is also parallel to the xy-plane; in the refracted wave
E; # 0, but the relation between the x and y components of E and H is the same as in an
isotropic body (Hz = —nEy, Hy = nE;). If the polarisation of the incident wave is the
same as that of one of the two types of wave which can be propagated in the anisotropic
medium concerned, with the given direction of n, then there is only one refracted wave,
which has this polarisation. The problem is then formally identical with that of reflection
from an isotropic body, and the fields E; and Eo in the reflected and incident waves are re-
lated by '

‘ E1 = (1—-n)Eo/(1+n), )
where 7 is the refractive index corresponding to this polarisation.

The linear polarisation can be regarded as resulting from the superposition of two circular
polarisations with opposite directions of rotation. If E¢ in the incident field is in the x-
direction, we put Eo = Eo*+Eo~, where Eot; = iEoty = 4Fo, Eo—z = —iEo"y = }Eo.
Using formula (1) for each wave, with n,. given by (82.18), we obtain

1—ny 1—n_7 1—np
Ez = 3E — | = )
1z = 3Fo 1+4ny + 1+n_] o1 +no
B E 1—n_ 1 —n+] s gcosb
= _—— = l " £
R N e 1+mn, no(1 +mno)?

where @ is the angle between the direction of the incidence and the vector g. Hence we see
that the reflected wave is elliptically polarised, the major axis of the ellipse being in the
x-direction, and the ratio of the minor and major axes being (g cos 6)/no(ne2—1).

ProBLEM 3. Determine the limiting form of the frequency dependence of the gyration
vector at high frequencies.

SoruTioN. The calculations are similar to those in §59, except that the electron equation
of motion must include the Lorentz force due to the constant external magnetic field H:

dv’
dt

If w> eH|mc, this equation can be solved by successive approximations. As far as terms
of the first order in H we have

m = eEpetut+ev' X H/c.

ie e?
v = —E—
mw m2w?c

ExH,

and the induction is then
D = «w)E+if(w)EXH,
where ¢(w) is given by (59.1) and f(w) = —4nNe?/cm2w3.

§83. Natural optical activity

The frequency dispersion of the dielectric (and magnetic) permeability
results from the dependence of the macroscopic properties of matter on the
time variation of the electromagnetic field. The dependence on its spatial
variation has been ignored up to this point. The condition for this treatment
to be valid is that the atomic dimension a should be small compared with the
wavelength A (see §58).

The inequality @ < A is a necessary condition for the macroscopic theory
to be applicable at all. When the quantities involving the small ratio a/A
are entirely neglected, however, certain kinds of effect are overlooked which
make their appearance when the next terms in @/A after the zero-order
approximation are included. We shall now discuss these effects.
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The expansion in powers of a/A corresponds, in the macroscopic theory,
to an expansion of the induction D in powers of the spatial derivatives of the
field E as well as of E itself. Taking only the first-order terms, we must
include terms proportional to the first powers of the first-order derivatives.
For a field of a single frequency « we can write the expansion as

D; = ex®Eg + yia0Ex/0x, (83.1)

where €@ and y; are functions of frequency.

Before proceeding to investigate this expression, we should make the
following remark. To the accuracy used here there is no physical significance
in separating the mean value of the microscopic current density pV into the
two parts oP/0f and ¢ curl M. In the present theory, therefore, it is appro-
priate to write Maxwell’s equations as

10B
curlE = — —
c o (83.2)
10D
curlB = -——
c ot

without introducing H as well as the mean microscopic magnetic field h = B.
Instead, all terms resulting from the averaging of the microscopic currents
are supposed included in the definition of D.

The symmetry properties of the tensor ys in (83.1) are determined by
applying the generalised principle of symmetry of the kinetic coefficients,
as was done in §76 for the tensor . We saw in §76 that, if the components
of the vector E at each point in the body are taken as the quantities x4, then
the corresponding f; will be the components of the vector D. The presence
of the spatial derivatives in the relations (83.1), however, interferes with the
direct application of the symmetry principle, which is best used as follows.
Let x, and x5 be two different sets of values of the x4, and f3, f'5 the corres-
ponding sets of values of the f;. By the symmetry (xq» = qp) of the coeffi-
cients in the relations

Xg = %“abfb‘ x'g = E‘“abf’b

we have
Zxa,f,a = Zx'a,fa. ) (83.3)
a a
In the present case, this equation takes the form [ED';dV = (E'{D;dV.
Substituting (83.1) and using the known symmetry of ¢©, we obtain

oE' OF,
J ‘}’ilclEi_de = f wsz'i——de
Oxy Oxy
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or, integrating by parts on one side of the equation,
OE' OE’; OE’;
f yiEr——dV = — f yiaBy——dV = — f yreuEi——dV.
ox; Oxy Ox;

Since the functions E and E’ are arbitrary, we therefore have the required
symmetry property:

Yikl = — Ykil- (83.4)

We shall also suppose that no absorption takes place in the medium. Let
us ascertain what conditions are thereby imposed on the tensor y;. The
dissipation of energy in a periodic field is given by the (time) average value
of the integral —(1/4w) [E«(dD/ot)dV. Here E and D are real; if we
use the complex representation, the integral to be averaged can be written

lf(E D™ E*aD)dV— i (" E.D* — E*.D)dV
167 a TE )V = ) ¢ )dv.

Substituting(83.1)and using the fact that €©)y is real in a transparent medium,
we obtain

iw ( E OEL* B 3E}c) a
Ton yikt L o viriLi o
) ( *Ec?Ek* o 3E¢*) dv
= " 1on vkt Eq ™ vikily .
_ f( * 4 Bk 4y
= 16 Yikl YEil) &g o, .
This expression is zero identically if yg* = ~vgu = v Thus we con-

clude that, if absorption is absent, the tensor y;; must be real.
For a plane wave, with wave vector k = wn/c, we have 0Ey/ox;
= {wEgn/c, so that D; = e;Ey, where

cir = O + iwymfc (83.5)

is the dielectric permeability tensor, which now exhibits dispersion with
respect to both frequency and wave vector.

Instead of the antisymmetrical tensor of rank two ygun;, we shall use the
gyration vector g, which is dual to it. This vector is given by

wyiamfc = eig, (83.6)
1.e.

i = O + tesagr, (83.7)

t When w — 0 the quantities yixz, which do not pertain to the expansion in powers of

o, tend to constants. The imaginary part of e therefore tends to zero as the first power of
the frequency. .



340 Electromagnetic Waves in Anisotropic Media §83

which is formally the same as the expression used in §82. The only difference
is that in §82 the vector g depended only on the properties of the medium
(and on the applied magnetic field), whereas here the gyration vector depends
also on the wave vector of the field. According to (83.6) the components of
this vector are linear functions of the components of n, i.e.

& = gixlk- (83.8)

Substituting (83.8) in (83.6), we find wymim/c = ewmgmini, or, since n is
arbitrary,
wyirlf/¢ = eikmgmi, (83.9)

which gives the relation between the components of the tensor y;; of rank
three and the pseudotensor gy of rank two.?t

The particular crystallographic symmetry of the body places certain restric-
tions on the components of the tensor yg; (or gix) and, in particular, may have
the result that all the components are zero. For example, the tensor yg
cannot exist in bodies having a centre of symmetry: when the sign of each
co-ordinate is changed (inversion), all the components of a tensor of rank
three (and of a pseudotensor of rank two) change sign, whereas by the sym-
metry of the body they must remain unchanged by this transformation.

Bodies in which the tensor gix is not zero are said to have natural optical
activity. Thus the existence of optical activity certainly implies that the
body has no centre of symmetry. '

Let us first consider the natural optical activity of isotropic bodies. If a
liquid or gas consists of a substance having no stereoisomer, it is symmetrical
not only with respect to any rotation but also with respect to reflection (inver-
sion) about any point, and can have no optical activity. Such activity can
occur only in fluids having two stereoisomeric forms, and the two forms must
be present in different quantities. The fluid then has no centre of symmetry.

In an isotropic body, and in crystals of the cubic system, the pseudotensor
gix reduces to a pseudoscalar:

gix = fou; '(83.10)
the tensor yg is given in terms of f by yui = cfeixi/w. A pseudoscalar is a
quantity which changes sign on inversion of the co-ordinates. The two
stereoisomers are converted into one another by the operation of inversion,
and so their values of f are the same with opposite signs.

Thus, in an optically active isotropic body, the gyration vector g = fn,
and the relation between the electric induction and field in the wave is given
by

D = ¢9E + ifE x n. (83.11)
Since D-n = 0, it follows that E.n = 0. That is, in such a wave not only
the induction D (as in any medium) but also the field E is transverse to the
direction of n.

t In components gzz = Wyyzz/C, 8zy = WYyzylC, Suz = wyzzz/c, etc.
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The change in the refractive index #» when allowance is made for the natural
optical activity is a small quantity. In determining this change we can there-
fore put n = np = 4/€® in the small term Ex g in (83.11). Then the prob-
lem of calculating the difference #—ny is formally identical with that con-
sidered in §82 of the change in 7# due to the magnetic field, except that g
has a different meaning and is always parallel to n (the z-axis in §82). By
analogy with (82.18) we can therefore derive immediately the equation

n2 = ng® + g = ne® + fno. (83.12)

These two valﬁes correspond (cf. (82.20)) to the following ratios of the two
components of E (or D):

E, = +iE,, (83.13)

i.e. to waves which are left-hand and right-hand circularly polarised. It
may also be noted that the magnitude of n is independent of its direction,
and therefore the direction of n is the same as that of the ray vector s.

Thus we see that the optical properties of a naturally active isotropic body
resemble those of an inactive body in a magnetic field: it exhibits double
circular refraction, and when a linearly polarised wave is propagated in it
the plane of polarisation is rotated. The angle of rotation per unit path
length of the ray is wf/2c.

The sign of the constant g, and therefore the direction of rotation, are
opposite for the two stereoisomers, and we therefore speak of dextrorotatory
and laevorotatory stereoisomers.

Unlike the rotation of the plane of polarisation in a magnetic field, the
magnitude and sign of the rotation in naturally active substances do not
depend on the direction of propagation of the ray. Hence, if a linearly
polarised ray traverses the same path in a naturally active medium twice in
opposite directions, the plane of polarisation is unchanged.

Let us now consider naturally active crystals. We shall not give here a
systematic analysis of all possible cases of symmetry (see the Problem),
but simply note that natural activity is impossible if a centre of symmetry
is present, but possible if there is a plane of symmetry or a rotary-reflection
axis. It should be emphasised that the conditions for the existence of natural
activity in crystals are not the same as those which allow the existence of
crystals in two mirror-image (emantiomorphic) forms; the latter conditions
are more stringent, and require the absence of both a centre and a plane of
symmetry. Thus a crystal can be optically active and yet be identical with
its mirror image.

In a naturally active crystal (uniaxial or biaxial), when light is propa-
gated with an arbitrary direction of the wave vector, we have essentially
ordinary double refraction of linearly polarised waves; the allowance for
the activity would amount to replacing the strictly linear polarisation by an
elliptical polarisation with an axis ratio of the first order of smallness.

The only exception is formed by the directions of the optical axes, along
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which, if the activity is neglected, the two roots of Fresnel’s equation coin-
cide. In these directions the phenomenon of natural activity of crystals is
analogous to that of isotropic bodies: double circular refraction of the first
order occurs, with a corresponding rotation of the plane of polarisation of
linearly polarised waves. These phenomena rapidly disappear as the wave
vector deviates from the direction of the optical axis.

For a quantitative calculation of natural activity in crystals it is more
convenient to use, not the expression giving D in terms of E, but the inverse,
as in §82. As far as first-order quantities this is

E; = €9-1;D; + (D x G),, (83.14)

where the vector G is related to the g previously used by G; = — @3/ le“”[

see (82.13a). Owing to the formal correspondence between this expression
and (82.7), the equations (82.9) and (82.10) are again valid. In these equations
G is the component of G in the direction of n. If we write G in the form

G; = Gym, (83.15)
in analogy with (83.8), the component is proportional to
’ n-G = Gmﬂin]c. (83.16)

This quadratic form determines the optical properties of a naturally active
crystal. The tensor Gy itself need not be symmetrical, but if it is separated
into symmetrical and antisymmetrical parts the latter does not appear in
the form (83.16). Thus we conclude that the tensor Gy may be assumed
symmetrical in discussing the optical properties of naturally active crystals,

PROBLEM

Find the restrictions imposed by crystal symmetry on the components of the tensor
Gig.

SoLutioN. Under any rotation, the pseudotensor Gir behaves as a true tensor; in parti-
cular, the presence of an axis of symmetry of order higher than the second results, as for a
true symmetrical tensor of rank two, in complete isotropy in a plane perpendicular to the
axis. The behaviour of the pseudotensor Gir under reflection is determined by the fact
that it is dual to a true tensor of rank three: under any reflection which changes the sign of
a given component of a true tensor of rank two, the corresponding component of Gix remains
unchanged, and wvice versa. For example, on reflection in the yz-plane the components
Gzz, Gyy, Gzz, Gy: change sign, but Gzy, Gzz do not.

We give below the non-vanishing components of the tensor Gix for all crystal classes
which allow natural activity. The z-axis is taken along the axis of symmetry of the third,
fourth or sixth order or (in the classes Cz, C2y) along the only second-order axis of symmetry
or (in the class Cs) perpendicular to the plane of symmetry. When three mutually perpendicu-
lar axes of symmetry are present, they are the co-ordinate axes.

Class C1: all.

Class Ca: Gz, Gyy, Gez, Gy, the last of which may be made to vanish by a suitable

choice of the x and y axes.

Class Cs: Gzz, Gyz, one of which may be made to vanish by a suitable choice of the x

and y axes.

Class Cz2v: Gzy (the x2 and yz planes being planes of symmetry).

Class D2: Gz, Gyy, Gza-

Classes Cs, C4, Cs, Da, D4, DG: Gzz = ny, Gzz.
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Class S3: Gzz = —Gyy, Gzy, one of which may be made to vanish by a suitable choice

of the x and y axes.

Class D24: Gzy (the x and y axes being in vertical planes of symmetry).

Classes T, 0: ze = ny = Gzz.

It may be noted that, in uniaxial crystals of the classes Ss and Daq, the scalar (83.16) is
zero if the vector n is in the z-direction, since G;; = 0. This means that in these crystals
there is no natural-activity effect in the direction of the optical axis.

In a biaxial crystal of the class Czy the optical axes are in one of the planes of symmetry.
For vectors n lying in the x2 or yz plane the scalar (83.16) is again identically zero, so that
here also there is no effect in the direction of the optical axes. The only crystal class which
allows rotation of the plane of polarisation along the optical axis but not enantiomorphism
is the monoclinic class Cs.

23



CHAPTER XII

THE PASSAGE OF FAST PARTICLES THROUGH
MATTER

§84. Ionisation losses by fast particles in matter: the non-relativistic
case

A FasT charged particle, in passing through matter, ionises the atoms and
thereby loses energy.t In gases, the ionisation losses can be regarded as
being due to collisions between the fast particle and individual atoms. In
a solid or liquid medium, however, several atoms interact simultaneously
with the particle. The effect of this on the energy loss by the particle can
be macroscopically regarded as resulting from the dielectric polarisation of
the medium by the charge. Let us first consider this effect for non-relativistic
velocities of the particle. We shall see that the polarisation of the medium
then has only a slight effect on the losses. The derivation of this result is
of interest because the method can be extended to other cases.

Let us first of all ascertain the conditions under which the phenomenon
can be macroscopically considered. The spectral resolution of the field
produced at a distance r from the path of a particle moving with velocity v
consists chiefly of terms whose frequency is of the order v/r (the reciprocal
of the “collision time’’). The ionisation of an atom can be effected by field
components of frequency o = wp, where wp is some mean frequency cor-
responding to the motion of the majority of the electrons in the atom. The
particle therefore interacts simultaneously with many atoms if v/cwp is large
compared with the distances between the atoms. In solids and liquids
these distances are of the same order of magnitude as the dimension a of the
atoms themselves. Thus we obtain the condition v > awy, i.e. the velocity
of the ionising particle must be large compared with the velocities of the
atomic electrons (or at least of the majority of them).}

Let us now determine the field produced by a charged particle moving
through matter. In the non-relativistic case it is sufficient to consider only
the electric field, defined by the scalar potential ¢. This potential satisfies
Poisson’s equation

ENP = — 4med(r — i), (84.1)

t We speak, as is customary, of “ionisation losses’’, but these are, of course, understood
to include losses due to the excitation of atoms to discrete energy levels.

1 The corresponding condition for the energy E of the particle is E>> MI/m, where M is
the mass of the particle, m that of the electron, and I some mean ionisation energy for the
majority of the electrons in the atom.

344
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in which the ‘“dielectric constant” is written as an operator, and the expres-
sion e§(r— vt) on the right-hand side is the density due to a point charge e
moving with constant velocity v.}

We expand ¢ as a Fourier space integral:

¢ = T ¢k exp (ik-r)dk. . (84.2)

Taking the Laplacian of this equation, we have

A$ = — [ $uk? exp (ik-1) dk,

whence it is seen that the Fourier component of Ad is (Ad)x = —k%dy.
Taking the Fourier component of equation (84.1) gives

Ak = — (—2—177—)-:; I 4med(r — vt) exp (— ik-r)dV

e -

= —Eﬂ—zexp(—-ztv-k). .
Thus &y = (e¢/2n2k?) exp (—itv-k), and ¢, therefore depends on time
through a factor exp (—itv-k). The operator € acting on a function exp ( —iwt)
multiplies it by e(w). Hence

e
= ~ itv-k).
P iy P (V)

The Fourier components of the field and of the potential are related by

Ey exp (ik-r) = —grad [¢y exp (ik-r)] = —ikéy exp (ik 1), or E, = —ikg,.
Thus

ek
2n%k2(k-v)
The total field strength is obtained by inverting the Fourier transform:

Ex = — exp(— itv-k). S (843)

E = [ Exexp(ik-r)dk. (84.4)

The energy loss by the moving particle is just the work done by
the force ¢E exerted on the particle by the field which it produces. Taking
the value of the field at the point occupied by the particle, namely

t We assume that the particle moves in a straight line, and thereby neglect scattering, as
is always permissible in problems of this type.

If the charge on the particle is ze, then all the formulae pertaining to energy loss in this
and the following sections should be multiplied by 22.
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r = Vi, we obtain in the integrand in (84.4) a factor exp (itv-k) which
cancels with the factor exp (—7tv-k) in the expression (84.3) for E,. Hence
the force F is

ie?
Zﬂzf R2e(k- V)

It is evident that the direction of the force F is opposite to that of the
velocity v; let the latter be the x-direction. Puttingk,v = w,q = 4/(ky2+k.2)
and replacing dkydk, by 27g dg, we can write the magnitude of F as

ze2 gwdgdw
f f @)@+ ) (542)

F =

The choice of ¢p is discussed below.

The following remark should be made concerning the integration with
respect to w in formula (84.5). As w — co the function €(w) — 1, and the
integral is logarithmically divergent. This happens because we ought to
have subtracted from the field E the field which would be present if the
particle were moving in a vacuum (i.e. if € = 1); this field evidently does
not affect the energy lost by the particle in matter.

If this subtraction were effected, 1/e in the integrand of (84.5) would
be diminished by unity, and the integral would converge. The same result
can be obtained by taking the integration from — R to + R and then letting
R tend to infinity. Since the function €'(w) is even, the real part of the
integrand is an odd function of the frequency, and gives zero. The integral
of the imaginary part of the integrand converges.

In what follows we shall sometimes find it convenient to use the notation

le(w) = n(w) = 7" + 2", (84.6)
with 7'(w) and 7’( @) respectively even and odd functions, and n"" = —¢&'’/|¢|?
< 0. Formula (84.5) can be rewritten in the explicitly real form

2 2 r
i f f g @) g, (84.7)
(g% + wz)

The energy loss per unit path length is the work done by the force over
that distance, which is just F; it is called the stopping power of the substance
with respect to the particle.

According to the general rules of quantum mechanics, the Fourier com-
ponent of the field whose wave vector is k transmits to the 3-electron released
in ionisation a momentum #%k. For sufficiently large ¢ (> wo/v) we have
k2 = g2+ w?[v? & g2, so that the momentum transferred is approximately
hq. A given value of q corresponds to collisions with impact parameter
~ 1/g. Hence the condition for the macroscopic treatment to be valid is
1/g > a. Accordingly, we take as the upper limit of integration a value go
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such thap wo/v € go < 1/a. The quantity F(qo) is the energy loss of a fast
particle with transfer of momentum not exceeding 7go to the atomic electron.
Integrating with respect to ¢ in (84.7), we obtain

2e2 . qov
F(go) = — f wln”'(w)] log™— dw. (84.8)
™ 3 w

This formula cannot be further transformed in a general manner, but it
can be written in a more convenient form as follows. We first calculate the
integral

a0

Tw’q"(w)dw = —§i [ (o)) do.
0

—a0

To do so, we notice that, if the integration is taken in the complex w-plane
along a contour consisting of the real axis and a very large semicircle ¢ in
the upper half-plane, the integral is zero, since the integrand has no poles
in the upper half-plane. For large values of w, the function ¢(w) is given by
formula (59.1):

4me2N

mw?

w)=1-

(84.9)

The integration along the large semicircle ¢ can be carried out by using this
formula, and the result ist

r 27iNe? [ dw
- f wn(@)do = =T [ 2 = 2eNem, (84.10)
0 o

We define a mean frequency of the motion of the atomic electrons by

f wn''(w) logwdw
0

loga =
fan)"(w) dow
0

o]

m
- f wl’()] log o dew. (84.11)
0

t This is the same as the value of the integral
o

fwe"(w) do
[}
(see (62.14)), as it should be, since, as |w| = o, [¢] > 1 and 5" - — ¢”.
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-

Then formula (84.8) can be written
F(qo) = (4nNeA/mw?) log (qov/®). (84.12)

The following remark should be made here. It might seem from the form
of (84.7) or (84.11) that the main contribution to the ionisation losses
(84.12) comes from frequencies at which there is considerable absorption.
This is not so; these formulae may contain a considerable contribution
from ranges in which €'’ is small. The reason is that in such ranges the
function e(w) & €'(w) may pass through zero. It is seen from formula
(84.5) that the zeros of ¢(w) are poles of the integrand. In reality, of course,
¢'’(w) is not exactly zero, and so the zeros of «(w) are not on the real axis but
just below it. Hence, when the expression used for ¢(w) is real and passes
through zero, the contour must be indented upwards at the pole of the
integrand, and so a contribution to the integral occurs. For example, if the
function ¢(w) is given by (64.5), the contribution to the retarclation (84.12)
from the poles + w; (where ¢(w;) = 0) is easily seen, by direct calculation
from (84.7), to be (4wNet/mv?a2) log (q1v]w1).

In order to find the energy loss F(q1) with transfer of momentum not
exceeding some value fg; > figo, we must “join’ formula (84.12) to that
given by the quantum theory of collisions, corresponding to energy loss by
collisions with single atoms. This can be done by using the fact that the
ranges of applicability of the two formulae overlap. As we krnow from the
theory of collisions, the energy loss with transfer of momentum in a range

of kdg is
dF = (4nNet/mv?)dq/q, (84.13)

and this formula is applicable (in the non-relativistic case) for any value of
g > wo/v which is compatible with the laws of conservation of momentum
and energy, provided that the energy transferred is small compared with
the initial energy. of the fast particle.t The energy loss with all values of ¢
between go and qi is accordingly (4w Ne/mv?) log (g1/q0). When this quantity
is added to formula (84.12), ¢o is replaced by g1, so that

F(q1) = (4= Netjmv?) log (qio]). (84.14)

If a momentum 7#g; large compared with the atomic momenta is given to
an atomic electron, its energy is E1 = h2¢12/2m. Thus we can write

F(Ey) = (2nNet/mv?) log (2mv2Ey [i2@?). (84.15)

t See Quantum Mechanics, §121, Pergamon Press, London, 1958. The “effective retarda-
tion”’ used there differs from F by a factor N. .

Formula (84.13) applies to collisions with free electrons. Its range of applicability as
hitherto determined (¢ wo/v), however, extends to values of ¢ for wkich the atomic
electrons cannot be regarded as free. The condition for this is ¢ >> wo/ve, where vo is the
order of magnitude of the velocity of the majority of the atomic electrons; the energy 5%¢%/2m
of the 8-electron is then large compared with atomic energies.
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This formula gives the energy loss of a fast particle (an electron, for
example) by ionisation with a transfer of energy not exceeding Ej. It differs
from the usual formula derived from a microscopic discussion of collisions,
neglecting interactions between atoms, T only by the definition of the ‘“‘ionisa-
tion energy”’, which is here represented by %4@. The mean (with respect to
the electrons) ionisation energy of an atom is usually almost independent
of its interaction with other atoms, being determined mainly by the electrons
of the inner shells, which are almost unaffected by that interaction. More-
over, this quantity appears here only in a logarithm, and so the exact definition
of it has even less effect on the magnitude of the energy loss.

The maximum energy which can be transmitted to an atomic electron in
its interaction with a fast heavy particle is 2me2, and is small compared with
the original energy of the heavy particle.f Substituting this value for E;
in (84.15), we obtain the total ionisation losses of a heavy particle:

F = (4nNet/mv2) log (2mv2/li). (84.16)

This differs from the usual formula|| only in the definition of the ionisation
energy as fiw.

§85. Ionisation losses by fast particles in matter: the relativistic case

At velocities comparable with that of light, the effect of the polarisation
of the medium on its stopping power with respect to a fast particle may
become very important even in gases. }t

To derive the appropriate formulae, we use a method analogous to that
used in §84, but it is now necessary to begin from the complete Maxwell’s
equations. When extraneous charges are present with volume density pex,
and extraneous currents with density jex, these equatiohs areil

, 1 H
divH = 0, curlE = — ——, (85.1)
c ot’
186E 4
diveE = 4mpex,  curlH = —gt— + jex (85.2)
C

In the present case the extraneous charge and current distribution are
given by
pex = €0(r — Vi),  Jex = ev 3(r — vi). (85.3)

t See Quantum Mechanics, formula (121.13).

1 When a heavy particle collides with an electron, the maximum transferable momentum
figmax is small compared with the momentum Mwv of the heavy particle. The change in the
energy of this particle is therefore v+ #iq, and equating this to the electron energy we have
#2q2[2m = hv-q < hvg, whence figmsx = 2mv, Ej,max = 2mv2.

| See Quantum Mechanics, formula (122.10).

t1 This effect was pointed out by E. FErM1 (1940), who performed the calculation for the
particular case of a gas whose atoms are regarded as harmonic oscillators. The general
derivation given here is due to L.. LANDAU.

1 We put u(w) = 1, since matter does not exhlblt magnetic properties at the frequencies
important as regards ionisation losses.
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We introduce scalar and vector potentials, with the usual definitions:
1
H = curlA, = —-—— —grad ¢, (85.4)
¢ Ot
so that equations (85.1) are satisfied identically. The additional condition

12
diva + 1%

=0 (85.5)

is imposed on the potentials A and qS;' this is a generalisation of the usual
Lorentz condition in the theory of radiation. Then, substituting (85.4) in
(85.2), we obtain the following equations for the potentials: .
& ”A 4
A-""2 — —ev §(r — Vi),
2 o2 c (85.6)
(28-S 7%) = ~treste— v |
———] = — 4me §(r — vi).
2 0t?
We expand A and ¢ as Fourier space integrals. Taking the Fourier com-
ponents of equations (85.6), we have (cf. §84)

e 32Ak ev .
k2Ax + T 27Tzcexp( - itv-k),
€ 32¢k e
(k2¢k Ry ) = —Z—Eexp(-— itv-k).

Hence we see that A, and ¢, depend on time through a factor exp (—itv-k).
We again put o = k.v = k;, and obtain
e v
Ak = e'iwt’
2m%c k2 — wle(w)/c?
e 1
dx = e~tot,
2m2e(w) k2 — w2e(w)/c?
The Fourier component of the electric field is
Ex = iwAy/c — ik, (85.8)

From these formulae the force F = ¢E acting on the particle is found in
the same way as in §84.1 Using the same notation, we now have

(85.7)

182 v o ——— wqdqdw
. 85.9
J\ 2 4 w2 JR i ( )
q '112 c?

t The magnetic force ev X H/c is seen by symmetry to be zero, and in any case is per-
pendicular to the velocity of the particle and so does no work on it.
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As ¢ — oo this formula tends, of course, to (84.5).

Let us first carry out the integration with respect to frequency. In order
to effect an integration in the complex w-plane, we first ascertain the poles
of the integrand in the upper half-plane. The function e(w) has no singu-
larity and no zero in this half-plane, and so the required poles can only be
the zeros of the expression

We shall show that, for any value of the positive real quantity g2, this expres-
sion vanishes for only one value of w.
The proof is as follows. Let

flw) =t

Lt e

We consider the integral

do f(w)-— a

taken along a contour C consisting of the real axis and a large semicircle
(Fig. 42). The function f(w) has no pole in the upper half-plane or on the
real axis;} the integral in question therefore gives the number of zeros of
the function f(w)—a in the upper half-plane. To calculate its value, we
write it as

1 df

2mi ) f—a
mc,fa

(85.10)

-0

)
\”@
W,

F1c. 42

t For metals €(w) has a pole at w = 0, but w?e always tends to zero with w.
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For w = 0, f = 0. For positive real » we have im f > 0, and for negative
real w imf < 0. At infinity f tends to — w?[(1/02)—(1/c2)], and therefore
Jf goes round a large circle when w goes round the large semicircle. Hence
we see that the path of integration C” in the f-plane is of the kind shown
in Fig. 42. Let a = ¢2 be a positive real number, as in Fig. 42. Then,
in going round C’, the argument of the complex number f—a changes by
2m, and the integral (85.10) is equal to unity. This completes the proof.t
Furthermore, it is easy to see that this single root of the equation
f(w)—¢? = 0 lies on the imaginary w-axis: for purely imaginary  the
function f(w), like €(w), is real and takes all values from 0 to oo, including ¢2.
Let us now return to the integral with respect to w in (85.9):

1 1
JEREL

J ev? 2
£ — a? (i - L)
—00 62 1)2

This can be written as the difference between the integral along the contour
C and that along the large semicircle. The latter is [dw/w = ¢m, and the
former is 27 times the residue of the integrand at its only pole. Let w(q)
be the function defined by the equation

wz(i _ l) s (85.11)

Then, since the residue of an expression f(z)/¢(z) at a pole z = 2o is
f(20)/¢'(=0), the integral along C is
1 1 )
ol— - =
. (67)2 c?

1 1)
wof — — —
(efoz c?

O

dw 2 o2

Collecting these expressions and substituting in (85.9), we have

t If a is negative the argument of f — a changes by 47 on going round C’, so that the
integral (85.10) is equal to 2, i.e. the function f (w) 4 |a| has two zeros in the upper half-

plane.
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or, replacing the integration with respect to ¢ in the first term by one with
respect to w,

o(q0)

1 1
F=e¢ — — | wdw + $€2qe®
v2e(w) c2]w L

w(q0)

e [ ! 1] do + Betgo? +
= — - w
22 e(w) @ %

1 1
+ 3e? (—— - —) [w(g0) — «?(0)]. (85.12)
o2 2/
Large values of g correspond to large absolute values w of the root of equa-
tion (85.11). Using therefore the expression (84.9) for «(w), we find
47 Ne? )

mc?

2( )__i( 2
wi Qo) = Bz%

where we have put 8 = 4/[1—v2/c2]. Substitution in (85.12) gives

{vgo/g
e2

! ] 2iNet OB 20y, (85.13)

mc? 202

in the integral, only the leading term #vgo/B need be retained in w(qo).

The integration in (85.13) is over purely imaginary values of w. We use
the real variable o’/ = w/i, with the lower limit ¢ = «(0)/i, and again put
1/e = 1 (84.6). The required integral is

vg/8
= [ [(iw") - 1]o” do".
4

The values of the function 7(w) on the imaginary axis can be expressed in
terms of its imaginary part on the real axis:

. 2 (" an(®)

(cf. (62.17)). Hence the integral is (if we neglect x in comparison with vqo)

© vqo/8

f f wln ()]0 do” dx 1
o ¢

quOZ

——-—-——-—Bz o £2)dx.

1N

=~ [ sl 1og

%2+ w''2 T
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We substitute this result in (85.13), and for simplicity put
log Q = % log(w? + &), (85.14)

where the bar denotes an averaging with weight w|y’’ (w)|, as in (84.11).
Then

4mNet Qv 2nNet 22
F(q) = g log—— — &2

(85.15)

Two cases must be considered in the further examination of this formula.
Let us first suppose that the medium is a dielectric, and that the velocity of
the particle satisfies the condition

22 < c2/ep, (85.16)

where €y = ¢(0) is the electrostatic value of the dielectric permeability. On
the imaginary axis the function e(w) decreases monotonically from ¢ > 1
for o = 0 to 1 for @ = 0. The expression on the left-hand side of equa-
tion (85.11) therefore increases monotonically from 0 to co, and for ¢ = 0
(85.11) gives w = 0. Thus we must put £ = 0 in (85.15); then Q becomes
the mean atomic frequency & (84.11), and

F 4w Net gv 2
() mv? [ °8 Bo 22 ] )
For v < ¢ this formula becomes (84.12), as it should.

The value of g is such that go < 1/a, where a is the order of magnitude
of the distances between the atoms (in solids and liquids equal to the dimen-
sion of the atoms). In order to extend the formula to higher values of the
transferred momentum and energy, it must be “joined” to-the formulae
of the ordinary theory of collisions, as in §84, but the joining must now be
carried out in two stages. First, using formula (84.13), we enter the range
of ¢ corresponding to energy transfers large compared with atomic energies
but not yet relativistic. Formula (85.17) is unchanged in form, but now
involves the 8-electron energy #2¢2/2m. Calling this Ej, we have

2nNe4[ 2mv2E, -2;2]

og iy
mo? B2 2

(85.17)

F(Ey) = (85.18)

We can now go on to the relativistic values of E; by using a formula of relati-
vistic collision theory, according to which the stopping power with energy
transfer between E’ and E’+dE’ is

(2mNetjme?) dE'|E/ | (85.19)

if E’ is small compared with the maximum transfer Ej max compatible with
the laws of conservation of momentum and energy for a collision between
the fast particle concerned and a free electron. (In the non-relativistic
case, this formula is the same as (84.13).) Since the integration of (85.19)
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gives a term in log E', it is clear that formula (85.18) is unchanged in form,
and it is therefore valid for all E; € Ej max.

The maximum energy transfer to an electron from a heavy particle ist
Eimax ~ 2mo2[B2. If Eymex is small compared with the total energy E of
the fast particle (ie. if E < M2c?/m), the differential expression for the
energy lost by free electrons is :

2
2nNeét ( 1 B ) dE"

mo?

E 2mc?

for all E’, whatever the kind of heavy particle concerned. The energy loss

additional to (85.18), with energy transfer from Ej to FEimax (with

E1 € Ej max) is then

27 Net 1 E1 max BzEl,max) 2w Net (l 2mv? fvz)
( °8 E; " 2me? h

(85.20)

og BE @ .

Adding this to (85.18), we find the total stopping power with respect to the
heavy particle:

mo? mv2

F =

log— — — (85.21)

Bho 2
Formulae (85.18) and (85.21) differ from those of the usual theory only in
that the ‘“‘ionisation energy’’ is d.

Let us now turn to the second case, namely that where

22 > 2/eq, (85.22)

which, in particular, always holds for metals, where ¢p = oo. The expression
w?(e/c2—1/v?) on the left-hand side of equation (85.11) then has two zeros
on the imaginary w-axis, one at o = 0 and the other at w = #£, where £ is
defined by

4-77Ne4( . 2mv2 1)2)

mo2

e(if) = c?[v2. (85.23)
In the range from 0 to i¢ the expression w?(e/c— 1/22) is negative, and for
|w| > £ it takes all positive values from 0 to co. As ¢ =0, therefore, the
root of equation (85.11) in this case tends to £, which is the value to be
substituted in (85.14) and (85.15).

Two limiting cases may be considered. If £ is small compared with the
atomic frequencies wp, then the last term in (85.15) may be neglected, and
Q ~ @. Thus we return to formula (85.17). The opposite limiting case,
where £ > wo, is of particular interest. Since, for large ¢, the function
e(#€) tends to 1, it is evident from (85.23) that this case corresponds to
ultra-relativistic velocities of the particle. Using formula (84.9) for ¢(w), we
can write equation (85.23) as 1+ 4mNe?/mé2 = c%[v2, whence

£2 = 4nNe2v2/mc?p? ~ 4mwNe?/mB2.

t See The Classical Theory of Fields, §2-5, Addisoh-Wesley Press, Cambridge (Mass.),
1951; Pergamon Press, London, 1959.
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As the velocity of the particle increases, the condition & > wg is ulti-
mately fulfilled in any medium, i.e. whatever the electron density N (even
in a gas). The velocity required is, however, the greater, the smaller N, i.e.
the more rarefied the medium.

From (85.14) we then have simply Q ~ £. Putting also v ~ ¢, we find
that the last two terms in (85.15) cancel, leaving

F(qo) = (2nNe*[mc?) log (mc2qo2/4mNe?).

Extending this formula, in the same manner as above, to large values of
the momentum and energy transfer, we find the following expression for
the energy loss of an ultra-relativistic particle with an energy transfer not
exceeding Ey (< Ej max):

F(Ey) = (2nNet/me?) log (m?cEy 2z Ne?h2). (85.24)

This result is considerably different from that obtained in the ordinary
collision theory, which neglects the polarisation of the medium. According to
that theory, in the ultra-relativistic range the stopping power F(E;) continues
to increase (though only logarithmically) with the energy of the particle.
The polarisation of the medium results in a screening of the charge, and
the increase in the losses is thereby finally stopped; it tends to the
constant value (independent of 8) given by formula (85.24).

For heavy particles a formula can also be derived for the total stopping
power with any energy transfer up to Ej max (if the latter is small compared
with the energy of the particle itself). Again using the expression (85.20), in
which we can now put v = ¢, we find
2nNet m3c4 )

[ Rz ]
We see that the total stopping power continues to increase with the velocity of
the particle, owing to “‘close” collisions with a large energy transfer, for
which the polarisation of the medium has no screening effect. This increase,
however, is rather slower than that given by the theory when the polarisation
is neglected.

It may also be noted that the presence of the electron density NV in the
argument of the logarithm in formulae (85.24) and (85.25) results in the
following property of energy losses of ultra-relativistic particles: when such a
particle passes through different substances containing the same number of
electrons per unit surface area, the losses are smaller in media with
larger N.

Finally, we may point out that a measurement of the energy losses of fast
particles in matter makes possible, in principle, the determination of the
function €(z§) for the substance concerned. It is easy to show that the exact
expression for F for the case (85.22) is such that

d[(F — Fo)v?] _ e2g2
d@?) 22

F= (85.25)

mc?

(85.26)
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where Fy is the quantity given by formula (85.18) or (85.21). Fis measured;
the derivative d(Fov2)/d(2?) contains only the known quantities N and , and
can be calculated. Thus, using (85.26), each value of § can be related to a
value of v, and the value of «(&£) can then be calculated from (85.23).

§86. Cherenkov radiation

A charged particle moving in a transparent medium emits, in certain cir-
cumstances, an unusual type of radiation, first observed by P. A. CHERENKOV
and S. I. VaviLov, and theoretically interpreted by I. E. Tamm and I. M.
FRANK (1937). It must be emphasised that this radiation is entirely unrelated
to the bremsstrahlung which is almost always emitted by a rapidly moving
electron. The latter radiation is emitted by the moving electron itself when
it collides with atoms. The Cherenkov effect, however, involves radiation
emitted by the medium under the action of the field of the particle moving
in it. The distinction between the two types of radiation appears with
particular clarity when the particle has a very large mass: the bremsstrahlung
disappears, but the Cherenkov radiation is unaffected.

The wave vector and frequency of an electromagnetic wave propagated
in a transparent medium are related by k = nw/c, where n = 4/ is the
refractive index, which is real.t We have seen that the frequency of the
Fourier component of the field of a particle moving uniformly in the x- direction
in a medium is related to the x-component of the wave vector by w = ksv.
If this component is a freely propagated wave, these two relations must be
consistent. Since k2 > kg, it follows that we must have

v > c/n(w). (86.1)

Thus radiation of frequency w occurs if the velocity of the particle exceeds
the phase velocity of waves of that frequency in the medium concerned.

Let 0 be the angle between the direction of motion of the particle and
the direction of emission. We have k; = k cos 8 = (nw/c) cos 6 and, since
ky = w/[v, we find that

cosf = c/nv. (86.2)

Thus a definite value of the angle 6 corresponds to radiation of a given fre-
quency. That is, the radiation of each frequency is emitted forwards, and
is distributed over the surface of a cone of vertical angle 26, where 0 is
given by (86.2). The distributions of the radiation in angle and in frequency
are thus related in a definite manner.

+ We again suppose the medium isotropic and non-magnetic. The Cherenkov radiation
in an anisotropic medium has been discussed by V. L. GINzBURG, Zhurnal éksperimental’not
i teoreticheskoi fiziki 10, 608, 1940; A. A. KoLomensk11, Doklady Akademii Nauk SSSR 86,
1097, 1952; M. 1. Kacanov, Zhurnal tekhnicheskof fiziki 23, 507, 1953.

A review of various cases in the theory of Cherenkov radiation and an extensive biblio-
graphy is given by B. M. BoroTovskil, Uspekhi fizicheskikh nauk 67, 201, 1957.
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The emission of electromagnetic waves, if it occurs, involves a loss of
energy by the moving particle. This loss forms part, through a small part,
of the total losses calculated in §85.1 In this sense the name ‘‘ionisation
losses” is not quite accurate. We shall now find the corresponding part of
the total losses, and thus determine the intensity of the Cherenkov radiation.

According to (85.9), the energy loss in the frequency interval dw is

1e2 1 1 d
dF = —dw—zw(—————) chi ,
T 2 ev? € 1
et
2 o2

where the summation is over terms with w = +|w|. We introduce as a

€ 1

Then

e 1 1\ d
dF=-—dw;i w(————) ¢

T 2 ev? f—

In integrating along the real ¢-axis we must pass round the singular point
¢ = 0 (for which ¢2+k,2 = k2?) in some manner, which is determined by
the fact that, although we suppose ¢(w) real (the medium being trans-
parent), it actually has a small imaginary part, which is positive for o > 0
and negative for w < 0. Accordingly, £ has a small negative or positive
imaginary part, and the path of integration ought to pass below or above
the real axis respectively. This means that, when the path of integration is
displaced to the real axis, we must pass below or above the singular point
respectively. This gives a contribution to dF, and the real parts cancel in
the sum. Indenting the path of integration with infinitesimal semicircles,
we find

ijdg/f = 2inw.
Thus the final formula is

2 2
aF = & (1 - —c~—)wdw, (86.3)

2 2n2

which gives the intensity of the radiation in a frequency interval dw.
According to (86.2), this radiation is emitted in an angle interval

c dn

6 = (86.4)

on?sinf dw

+ The bremsstrahlung is not included therein.
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The total intensity of the radiation is obtained by integrating (86.3) over
all frequencies for which the medium is transparent.

It is easy to determine the polarisation of the Cherenkov radiation. As
we see from (85.7) the vector potential of the radiation field is parallel to
the velocity v. The magnetic field H, = ikx A, is therefore perpendicular
to the plane containing v and the ray direction k. The electric field (in the
“‘wave region”’) is perpendicular to the magnetic field, and therefore lies in
that plane.

In connection with our discussion of the radiation emitted by a particle
moving in matter, we may mention another effect whose existence has been
deduced by V. L. GINzBURG and I. M. FRANK: a particle must emit radiation
on passing from one medium to another. This “transition” radiation is in
principle different from the Cherenkov radiation, in that it must occur for
any velocity of the particle, not necessarily exceeding the phase velocity of
light in the medium. It is also unrelated to the bremsstrahlung which also
occurs when charged particles are incident on a surface separating two
media. As with Cherenkov radiation, the distinction is particularly clear
for a particle of infinite mass, for which the bremsstrahlung is zero but the
transition radiation is not.t

1 A simple derivation of the formulae for the transition radiation is given by G. M.

GARIBYAN, Zhurnal éksperimental’nof i teoreticheskof fiziki 33, 1403, 1957; Sovi ?
JETD 6 Gy, 1079, Gote, not i teoreticheskoi fizi A , ; Soviet Physics

24



CHAPTER XIII
ELECTROMAGNETIC FLUCTUATIONS

§87. Current fluctuations in linear circuits

WE MAY apply the general theory of fluctuations? to the interesting problem
of current fluctuations in linear electric circuits, first considered by H.
Nyquist (1928).

The current fluctuations are free electrical oscillations in the conductor
(i.e. they occur in the absence of any externally applied e.m.f.). In a closed
linear circuit the oscillations of greatest interest are, of course, those in
which a non-zero total current J flows in the conductor. In what follows
we shall assume that the condition for a quasi-steady state holds: the dimen-
sions of the circuit are small compared with the wavelength A ~ ¢/w. Then
the total current ] is the same at every point in the circuit, and is a function
of time only.

In order to find the spectral resolution of the current fluctuations, we take
J as the quantity x which appears in the general formulae of SP §124. In
order to ascertain the corresponding meaning of «, let us suppose that an
external e.m.f. & acts on the circuit. Then the rate of dissipation of energy
in the circuitis Q = J&. A comparison with SP (124.7) shows thatf = — &,
or, if in this linear relation we take f and & proportional to e, & = iof.
But the current and the e.m.f. in a linear circuit are related by & = Z]J,
where Z(w) is the impedance of the circuit; see §47. Hence J = &/Z
= iwf/Z, whence we conclude that a(w) = fw/Z(w). Its imaginary part is
@'’ = im ({w/Z) = wR[|Z|2, where R(w) = re Z(w). The formulae below
do not depend on the particular nature of the phenomena which result in
the dispersion of the circuit resistance.

From SP (123.8) we now find for the required current fluctuations

%o =

fiw hw

R coth —.

27| Z|2 2T

This formula can be written in another form by regarding the current

fluctuation as the result of a “random” e.m.f. &, = Z(w)/J,. This is given
by :

(87.1)

fw

e (87.2)

ok
(6%, = ——R(w) coth
2

t+ See Statistical Physics, §123, Pergamon Press, London, 1958. Sections and formulae
in this book will be referred to by means of the prefix SP.

360
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In the classical case (Aw < T') we have
(6?), = TR(w)/n. (87.3)

§88. Electromagnetic field fluctuations

The electromagnetic quantities E, H, . . . which appear in macroscopic elec-
trodynamics are obtained by an averaging process, which can be regarded
as consisting of two operations. If we take, for clarity, the classical view,
then we have the averaging over a physically infinitesimal volume, the particles
in that volume being in fixed positions, followed by the averaging with
respect to the motion of the particles. In considering electromagnetic fluc-
tuations we are concerned with the oscillations in time of quantities averaged
over physically infinitesimal volumes, and the quantities discussed below
will be of this kind. )

It should be noted that, if we take the quantum view, we can consider the
volume average of the operator of a quantity, but not that of the quantity
itself, and the second stage in the averaging consists in determining the
expectation value of this operator by the use of quantum probabilities.
Strictly speaking, therefore, the quantities E, H, . . . mentioned below should
be regarded as operators of quantum mechanics, but this does not affect the
final results, and to simplify the formulae we shall regard E, H, . . . as classi-
cal quantities.

As a result of fluctuations in the position and motion of the charges in a
body, spontaneous local electric and magnetic moments occur in it; let the
values of these moments per unit volume be respectively K/4ar and L/4w.
They are in a sense analogous to the spontaneous polarisation of pyroelec- |
trics and the spontaneous magnetisation of ferromagnetics, but of course
differ in that they give zero on averaging. The relation between the induc-
tion and the field for these electric and magnetic fluctuations is given by

D; = éxEr + Ky, By = purHy + Ly, (88.1)
and their “Fourier components’ are

Dy, = ei(w)Exo + Kiw,

88.2
Biy = pu(w)Hpo + Lig. (8.2)
Maxwell’s equations are
(curlE,); = ((w/c)(uixHro + Liy), (88.3)
(curle)i = — (iw/c)(e,;kEkw + Ki,,,). (88.4)

We call K and L the extraneous fluctuating inductions, but this name is, of
course, conventional and refers to the way in which these quantities are
formally defined rather than to their physical nature.

In order to use the general formulae derived in SP §124 we must establish
the relations between the electromagnetic quantities under consideration and
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the quantities x4, f which appear in the general theory. This is done as
follows. We suppose, in a purely formal manner, that the quantities K and
L are not spontaneously arising moments but the result of an external action,
namely the placing of certain extraneous electric charges and currents in the
body, and calculate the consequent change in the energy of the body.

To do this we observe that the equation of conservation of energy, in the
form which follows from Maxwell’s equations, is

f1=E3D+HaBd ¢ $ExH.df
I [y 8t} _—4_7755 X Hedh

or, substituting from (88.1),

1 Vi 0
—E—(&iE, H donH,
f 4'”{ iat(iik x) + ia(l-btk k)}
. .
- —i§§ExH.df——”E-fE+H-—3£}dV.
4 4 ot ot

Hence we see that the change in energy due to the “external action’ con-
sidered is

1 oK JL
_— {E. +H.—

4 ot ot

In SP §124 we considered a discrete series of fluctuating quantities x4,
whereas here we have a continuous series (the values of the fields at every
point in the body). We shall evade this unimportant difficulty in a purely
formal manner, by dividing the volume of the body into small but finite
portions AV and taking some mean values of the fields in each portion; the
passage to infinitesimal portions will be made in the final formulae. Thus the
integral in (88.5) is replaced by the sum

12{E8K AN
- o’ az} ’

:dV. (88.5)

taken over all the portions AV.

Comparing this expression with SP (124.7), we see that, if the x,; are
taken to be the components of the vectors EAV/4w, HAV /4= in each portion
AV, then the corresponding f; will be the components of the vectors K and
L:

x4 — EAV /47, HAV [4w;
fo > K, L.

The relations SP (124.11)

(88.6)

fao = Zatap(w)xpe (88.7)
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which give the relation between f,, and #,, correspond to Maxwell’s equations
(88.3), (88.4), and so we have

K’iw = — GmE]g‘,, + (zc/w)(curl Hw)i,
Lio) = — Hikam — (ic/w)(curlE,,)i.

The coefficients a1, are found by comparing (88.8) with (88.7), using the
definitions (88.6); the suffixes @ and b denumerate both the components of the
vectors E, H and the portions AV.

The curl operators in (88.8) are to be regarded as difference operators,
defined with respect to a discrete set of points (say the centres of the portions
AV). The actual form of these operators is, however, of no importance,
since it is here sufficient to note that the operators acting on H, and E, in
(88.8) are purely imaginary and differ only in sign. This means that the
relations a1y = (alpg)* are satisfied by the coefficients «~15;, which relate
the values of K and L at a given point to those of H and E respectively at
various points.

According to the general formula SP (124.12) it therefore follows at once
that

(88.8)

(KinLg2), = 0, (88.9)

where the suffixes 1 and 2 signify that the quantities are taken at the points
r; and rp respectively. Formula (88.9) is valid whether r; = rs or not.
Next, from the first equation (88.8), using (88.6), we see that the coefficients
a1, which relate K;, and Ey, are — e 4n/AV if K, and E, refer to the
same point in space, and zero otherwise. By SP (124.12) we therefore have

(KiuKp2), = 0 (r1 # r2),

1
(KiKk), = th(ers* — ex) NG

Passing now to the limit AV — 0, we can evidently write both these
formulae together as

(KiKia), = ih(ers* — ) 3(rz — r1) coth (hiw/2T), (88.10)

where r; and r; refer to any two points in the body. In what follows we shall
assume that the body is not in an external magnetic field. Then e = e,
and (88.10) can be written ‘

coth (fiw/2T).

(Ki1Kx2), = 2k’ 8(rz — r1) coth (w/2T). (88.11)
In an entirely similar manner we may derive the formula
(LinLg2), = 2huu’’ 8(rs — 11) coth (hw/2T). (88.12)

Thus the fluctuations of the “extraneous’ inductions at two points in the
body are correlated only in the limit when the two points coincide (rz — r;).
This limit, of course, must be taken in the macroscopic sense, and the
above statement really means that the correlation extends only to distances
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comparable with the dimension of the atoms. It is most important to observe
that the correlation formulae for the extraneous inductions do not depend
on the shape of the body; in this sense the formulae are universally valid.
Formulae (88.11) and (88.12) can be put in another form for fairly low
frequencies (the quasi-static range), when the tensor e can be expressed in
terms of the constant (frequency-independent) conductivity tensor oy by

ix = 4miop/w. (88.13)
We then introduce the quantity j = (1/4=)JK/ot, or
Jo = — oK, [4m. (88.14)

The significance of this quantity is seen from the resulting form of equation
(88.4): '

(curl H,); = (4n/c)(0wEio + jiu)- (88.15)

From this we find that the total fluctuation of the current density is owEx + i,
so that the vector j is the “extraneous’ current which is not related to the
electric field E. For frequencies at which (88.13) holds and not too low
temperatures we have T > hw, so that coth (Aw/2T) ~ 2T/kiw. Formula
(88.11) thus becomes

(jajuz)e = (T/m)owd(r2 — 11). (88.16)

Formula (88.16) was derived, in another manner, by M. A. LEONTOVICH
and S. M. Ryrov (1952), and formulae (88.11) and (88.12) by S. M. RyTov
(1953). Together with equations (88.3) and (88.4), these equations in prin-
ciple solve the problem of calculating the electromagnetic fluctuations in
any body. The solution proceeds as follows. Regarding K, and L, as
known functions of the co-ordinates, we solve equations (88.3), (88.4) for
E, and H,, taking into account the appropriate boundary conditions: the
tangential components of E, and H,, are continuous at the surface of the
body (outside the body, of course, K = L = 0, but E and H are not zero).
We thus obtain E, and H,, as linear functionals of K, and L,. Accordingly,
any quantity quadratic (or bilinear) in E, and H,, can be expressed in terms
of quadratic functionals of K, and L, and the mean values are calculated
from formulae (88.11), (88.12); K, and L, do not appear in the final result.

As an example, let us consider electromagnetic fluctuations in an infinite
isotropic medium (S. M. Ryrtov, 1953). We assume the magnetic per-
meability of the medium to be unity. Then p” = 0, and we must put L = 0

also. Thus equations (88.3) and (88.4) become
curlE, = i‘*’H'w/C’ (88.17)
curlH, = —iw(E, + K,)/c,

and
(KaKiz)y = 2k’ 8y 8(r2 — 11) coth (Aw/2T). (88.18)
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We write K, as a spatial Fourier integral:

K,(r) = [ g.(p) exp(ip-r)dp. - (88.19)

Then

gw(p) f Kw(r) €Xp ( - lP l') dr,

(27 )3
gw*(p) = g—w(_ p)

Let us determine the correlation function for the components g,(p). To
do so, we write the product g4,(p)gk.-(p’) as a double integral:

8io(P)gr(P")
1
(2m)S

J‘ J‘ Ki,,,(rl)Kk(,,(rg) €xXp [—- l(p r -+ p 1‘2)] dr; drs.

Averaging by means of the formula

K1) Kiu(r2) = (KinKi2), 8(w + o),

substituting (88.18) and effecting the integration over either r; or ra, we
obtain, on account of the factor §(rz—r;) in the integrand,

2i,(P)gro(P’) = 2he" §(w + ') Sy coth (hw/2T) x

1 :
x (—w)éfexp[-— i(p + p’)-rldr

or, finally,
N
£i(P)gru(P) = ;<" dud(w + ') 8(p + p’) coth (hw/2T). (88.20)

Equations (88.17) may be solved by Fourier’s method. As well as repre-
senting K, as the integral (88.19), we put

E, = [ a(p) exp (ip-r) dp,

—©

1 [o o]
—fp x a exp (ip-r) dp.

-0



366 : Electromagnetic Fluctuations §88

Then the first equation (88.17) is satisfied, and substitution in the second
equation gives px(pxa) = —k%(ca+g), whence
a = [K2g — (p-g)P)/<(p? — <)
Using this expression and formula (88.20), we obtain for the correlation
of the Fourier components of the electric field
hell k

ai(P)ars(P’) = pRCINE 8p +p)dw+ ) cothé% x
k4528 - k2 e* — H2
o Fel20u = PpulR¥e + %) = 2] g 51
7~ R

Finally, the spatial correlation of the fluctuation of the electric field is obtained
by inverting the Fourier transformation:

E(r1)Exo*(r2)

o0 oo

= [ | aw@®ar(®) explifp-r1 + p'-r2)] dpdp'.

—o0 —00

One integration can be effected immediately, because of the delta function
in (88.21). To carry out the second integration we must expand (88.21) in
partial fractions, and then use the formulae
[ exp (ip-1) o
ip-r e
fgcp_ﬁ.__dp = 2772___’
P+ K2 r

° y ) 62 e KT
Pipx exp (ip-r) dp = — 2n2 ( )
P2+ K2 Oxi0xp \ 1
—00
The first of these is obtained by taking the Fourier component of the well-
known relation

e—Kr

(A-w)——= - 4md(x), (88.22)

and the second by differentiating the first.
The result is

k B (B2
(EilEkZ)w = ; coth%{T(e—kN—e — —krv—e*) Sk +
1
2
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where 7 = |rp—r3|, and the root 4/ —e is taken with the sign for which
re4/ —e > 0. In particular, contracting with respect to the suffixes 7 and &
and using the relation (88.22), we find
i how (2R?
(Elo Ez)w = z’;i- Coth _z_f{T(e_k“/_s f e—kf*/—e*) +
8arie’’
|¢l?

We can similarly calculate the correlation of the various components H,,
both among themselves and with the E,, but shall not pause to do so here.

+

S(r)}. (88.24)

§89. Black-body radiation in a transparent medium

The presence of the factors ¢’ and p'’ in formulae (88.11) and (88.12)
empbhasises the relation between electromagnetic fluctuations and absorption
in 2 medium. If we take the limit as ¢’ — 0 (with ¢ > 0) in formulae
(88.23) and (88.24), the result is not zero. This arises from a difference in
the order of passage to two limits, those of infinite medium and zero €.
Since, in an infinite medium, any non-zero value of ¢'’, no matter how small,
causes absorption, the result obtained by passing to the limits in our order
pertains to a transparent medium in which, as in any actual medium, there
is in fact some absorption.

For example, let us find the limiting form of formula (88.24). To do so, we
note that, for small ¢’’, 4/ —e = 1/(—€ —ie"’) & —ir/(1+3i"’[€), o/ —€*
= /(=€ +ie’") m iy/(1—}ie’’[¢'). The choice of signs is determined by
the condition that the real part should be positive. In the limit €'’ >0,
therefore,
w2k sin wnrfc hw

————coth—,
w2 r 2T
where n = 4/« is the refractive index. Since there is no delta-function term,
this expression remains finite when r; = ra:

(E?), = (w3hn/nc3) coth (hw/2T). (89.1)

The spectral density of the electric field energy per unit volume is (cf. (61.10)
and SP (118.6))

(El ° Ez)w =

1 d(n?
1 e, d0%)
87 dw

Substituting (89.1), we have

w3hin d(r2w) h fiw
423 deo 2T
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The mean square of the magnetic field can be calculated similarly. It is found
that (H2), = ¢(E2?),, and so the magnetic energy is

3k
— ( ?), = ——— coth—.

We shall not give the detailed calculations here, since the final result which is
obtained below is in any case obvious.
Thus the total spectral density of the electromagnetic energy density in
the fluctuation fields is
w3k ( d(n2w)
23\" do

+ 3) th ho
n C —_—
T

hw )w2n2 d
1

N (%hw * erolT — 2¢3 ?1_( “)

The first term in the parentheses relates to the zero-order oscillations of the
field; the second term gives the energy of thermodynamic-equilibrium
electromagnetic radiation in a transparent medium (i.e. the energy of black-
body radiation):

Ao w22 d
T — 1 %3 dw e

This formula could also be obtained, without considering fluctuations,
by an appropriate generalisation of Planck’s formula for black-body radia-
tion in a vacuum. According to this formula, the energy of black-body radia-
tion per unit volume having wave-vector components in an interval dk,
dky, dk; is

)- : (89.2)

hw zdkxdkydkz .
T _ 1 (228

the factor 2 arises because of the two directions of polarisation. To obtain
the spectral energy density, we must replace dk, dk, dk, by 4=k%dk and
substitute k = w/c. To go from a vacuum to a transparent medium it is
sufficient to put k = nw/c instead of k = w/c, i.e. k2dk = k¥(dk/dw) dw

= (w?n?/c3) d(nw)/dw, which gives formula (89.2). It should be noted that
this formula remains valid even if g # 1, provided that # is interpreted as

V().

§90. Forces of molecular attraction between solid bodies

The theory of electromagnetic fluctuations can be used to calculate the
forces of interaction between any two macroscopic bodies whose surfaces
are a very short distance apart (E M. LiFsHITZ, 1954). In what follows we
assume only that this distance is large compared with those between the
atoms. In this case the problem can be treated macroscopically.
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We may consider the interaction between bodies as resulting from the
fluctuations of the electromagnetic field which always occur in an absorbing
medium and also outside it. If the space between the surfaces is a vacuum,
this means of interaction is evidently the only one.

Let us regard the interacting bodies as two media occupying half-spaces
with plane parallel boundaries at a distance / apart. The fluctuations of the
electromagnetic field in the two media and in the space between them can be
found by solving equations (88.17)1 with the appropriate boundary condi-
tions (continuity of the tangential components of E, and H,) at the two
surfaces. The solution is most conveniently effected by expanding the
required functions (and the quantity K,) as Fourier integrals with respect
to the transverse co-ordinates y, z (the x-axis being normal to the surfaces);
this gives a system of linear inhomogeneous ordinary differential equations
to determine the ficlds as functions of x. Solving these equations, we obtain
integral expressions for E, and H,, whose integrands contain the ‘“‘external”
fluctuation fields Ky, and Ky, in the two media. Actually, it is sufficient
to obtain the explicit forms of E, and H, in the space between the media,
since the mutual attraction force F, per unit area of either surface can be
calculated as the xx-component of the Maxwell stress tensor, statistically
averaged in accordance with formula (88.18). Since the calculations involve
only the spectral components of the fields, the required total attraction force
F must be obtained by integrating F, over all frequencies.}

The calculations are somewhat laborious; we shall not go through them
here, but give only the final result. The force is||

AT ho ([(s1+ ) (s2 + D) -1
Fe— 2 RTOr T P2 T F) o sipwre_
271‘zcal'e;)’. fp w3 coth ZT{[(sl Y _p)e po /e 1] +

[(81 + e1p) (s2 + ‘2P)e—zipmz/c _
(51— e1p) (s2 — <2p)

where e)(w), ez(w) are the dielectric permeabilities of the two media, and
s1 = V[a(w) = 1+2],  s2 = 1[exw) — 1+p%] (90.2)

the signs of the roots being taken so that the imaginary parts of s1 and sz
are positive.tt The paths of integration are shown in Fig. 43a. The integra-

1]_1} dpdw, (90.1)

+ The magnetic permeabilities of the two bodies are assumed to be unity.

1 The value of F,, resulting from the calculation includes a term which diverges on
integration with respect to w. This term, however, is independent of /, and represents the
pressure exerted on the surface by the black-body radiation in the vacuum. In an actual
problem these forces act on all sides of a body and cancel out, so that the term in question
does not relate to the mutual attraction under consideration, and must be omitted.

|| See E. M. Lirsurtz, Zhurnal éksperimental’nof i teoreticheskol fiziki 29, 94, 1955; Soviet
Physics JETP 2, 73, 1956.

1t Since the imaginary part of the radicand (¢”’) is positive, im s > O implies re s > 0.



370 Electromagnetic Fluctuations §90

tion with respect to w is over real values from 0 to oo ; that with respect to p
is- along the real axis from 1 to 0, and thence along the imaginary axis
to 700.

If the temperature of the bodies may be taken as zero (see below),
coth (5w/2T) in (90.1) is replaced by unity. We shall begin by discussing
formula (90.1) for this particular case.

@ ®
(o)

‘ijj: ._l:;

Fic. 43

Both the complex form of (90.1) and the appearance of the expression
e~2ivolic. which oscillates on the real part of the path of integration with
respect to p, are inconvenient. The latter fact, in particular, hampers the
calculation of the integral for large values of /, when the oscillation becomes
very rapid. This difficulty can be removed by appropriate changes in the
paths of integration in the planes of the complex variables w and p: they must
be displaced in such a way that the integration with respect to p is taken over
only real values, and that with respect to w over only imaginary ones (Fig.
43b). Then the exponent —2ipwl/c is always real. |

The result is the following expression for the interaction force (when
T = 0):

(1+p)(2+2) 5 0o 17
F‘sze?» f"’“{[(sl et I

[(31 + €1p) (52 + e2p)

-1
2pE /e — dé. 90.3
(51 — e1p) (52 — ezP)e " 1] }dp ¢ (%0-3)

t This transformation is permissible if there is some way of simultaneously displacing
both paths without passing through a pole of the integrand. A detailed investigation, using
the properties of the function e(w) given in §62, shows that this is so.
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Here we have put w = if for imaginary w; €1 and e denote the real functions
e1(i€) and ep(i€). The sign re has been omitted, since the expression (90.3)
is evidently real. This formula makes possible, in principle, a calculation of
the force F for any distance [ if the functions (i) for the two bodies are
known. These functions can be expressed in terms of the imaginary part
of «(w) for real w, by formula (62.17). Thus we can say that the law of
interaction of the bodies is entirely determined when the functions ¢'(w) in
them are given. ' :

Let us consider the limiting case of distances I which are small compared
with the wavelengths Xg of greatest importance in the absorption spectra of
the bodies. The temperatures which occur in solids and liquids are always
small compared with the important values of 7w ~ Fiwp (Where wo ~ 2mc/Ao).
Hence we can assume that 7' = 0 and use formula (90.3).

On account of the exponentially increasing factor 22€l/¢ in the denomina-
tors in the integrand, the main contribution to the integral with respect to
p comes from values such that péljc ~ 1. Then p > 1, and hence we can
put s; & s2 & p in determining the leading terms. In this approximation
the first term in square brackets in (90.3) is zero. The second term gives

P Eos s x2dxdé (904
B 1677213J'J (q+1 e+l ’ 4)
0 0

e
a—1\e—1

where the new variable of integration x = 2p¢ljc, and the lower limit of
integration 2£/c has been replaced in this approximation by zero.

Formula (90.4) gives the force of attraction in the limiting case of small L.
It is inversely proportional to the cube of the distance. The function ¢(i£) -1
decreases monotonically to zero with increasing . Values of ¢ exceeding
some &g therefore make no important contribution to the integral; the condi-
tion for I to be small is [ <€ ¢/&.

We shall show how the passage to the limit of the interaction between indi-
vidual atoms is made in (90.4). To do so, we formally assume both media
tobe so rarefied that the differences e — 1 and ez — 1 are almost zero, and (90.4)
gives with sufficient accuracy

h o
F = pyaeTT f f x%e%(e; — 1)(eg — 1)dxdé
00

Por .
= 3228 f [ea(i€) — 1][ea(it) — 1]dE.
0
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Expressing «(#£) in terms of ¢'’(w) on the real axis by (62.17) we obtain
- :

fwm-mw&dmg

0

© © ® r 1’
f J‘ wiwzer” (wi)es’ (wz)
00

J (@2 ) (wr + )

dédw; dws

1[*

w1 + w2

_ ;J‘J‘el "(w1)ed (wz) deoy daon,
0

and the force F is

er’"(w1)es"(ws)
deoy das. :
16n313f f w01 + wg | pfez (90:5)

The force of interaction between rarefied media may be regarded as the
resultant of the interactions between pairs of molecules. Then the force
(90.5) corresponds to an interaction of molecules with an energy which
depends on the distance R between them:

a1’ (w1)e2” (w2)
U = — " dw; dwsy, 90.6
8774R6N2 ff w1 + w2 w1cen ( ) )

where N is the number of atoms per unit volume. Formula (90.5) is obtained
from this by integration over the two half-spaces separated by a gap of
width /, followed by differentiation of the total energy with respect to /.
Formula (90.6) is the same as that derived by F. LoNDON by applying the
ordinary perturbation theory of quantum mechanics to the dipole interaction
between atoms. In making the comparison, it should be borne in mind that
¢'’'(w) is related to the spectral density of “oscillator strengths” f(w) by
(62.13). 'The oscillator strengths are expressed, in the usual manner, in
terms of the squared matrix elements of the dipole moment of the atom.
Thus we see that the microscopic formula can be derived from the macro-
scopic theory.

Let us now consider the opposite limiting case, where the distance / is
large compared with the wavelengths A which are of greatest importance in
the absorption spectra of the bodies. The temperature will at first be sup-
posed zero, as before.
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In the general formula (90.3) we again introduce as a new variable of
integration x = 2pélc, but leave p instead of £ as the second variable:

N e R

(s1 + e1p) (s2 + €2p) -1
z—1 dpdx,
. [(51 — ep) (52 — €2P)e ] } P

e = einc2pl), s = /[e(ixec[2p]) — 1+ 2.

On account of the factor % in the denominators, the important values of x
are ~ 1, and, since p > 1, the argument of ¢ is almost zero (for large )
throughout the important range of values of the variables. We can there-
fore replace € and e by their values for @ = 0, i.e. the electrostatic dielectric
permeabilities, which we denote by €10 and e0. For metals, the function
e(w) tends to infinity as w —> 0, and so ¢ = 0.

Thus we have finally

ke
F =
327214
0

(s10 + €10P)(s20 + €200) ]_1}
z 1 dpdx, 90.7
* [(slo — €10p)(s20 — ezoP)e pds  (07)

S10 = '\/(610 -1 +P2), S90 = '\/(€20 -1+ pz)

Here the force of attraction is inversely proportional to /4. It is noteworthy
that, in this limiting case, the force depends only on the electrostatic dielec-
tric permeabilities of the two media.

Let us consider some special cases. A particularly simple result is obtained
when both media are metals. Putting in (90.7) 1o = e20 = 00, we find

| he ([ x3dpdx bc w2
F- J f _rr (90.8)
16772l40 : per—1) 14 240

-]

[ el

This force is independent of the kind of metal concerned (a property which
ceases to hold at small distances, the interaction then depending on the values
of (i£) for all ¢ and not only for £ = 0).t

a 9T48F)‘ormula (90.8) had previously been derived in another manner by H. B. G. CasiMIR
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For two media of the same dielectric (em = €0 = €p), numerical integration
of (90.7) gives

B w? e0—1)2 90.9
Bz 240( ot 1) H (%0-9)
where ¢(ep) is a function shown graphically in Fig. 44,
10
08

.
\.

30 04 ]
S
02
[0} 02 04 06 08 -0
Veq
Fic. 44

Finally, we can make the transition in formula (90.7) to the case of inter-
action between individual molecules. As previously, we assume the two
media to be so rarefied that the differences e;p—1 and egp—1 are small.
Retaining only the first non-vanishing term in an expansion of the integrand
in (90.7) in powers of these differences, we obtain

“1-2 2+2 4
f e dy f ” PE P ip(ero — 1)(ez0 — 1)

3271214
or
- ’;: - fg " (e10— 1)(ez — 1). (90.10)
This force corresponds to a molecular interaction with energy
U= — 6:31:;7 (er0 — 1])\7(:20 ) = — fjf;;ou o2, (90.11)

where o1 and ap are the static polarisabilities of the two molecules. This
formula is the same as that obtained by H. B. G. CasiMIR and D. POLDER
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(1948), using quantum methods, for the attraction between two molecules
at a large distance apart, when the delay in interaction becomes important.

To obtain formulae which take account of the temperature we return to
the initial expression (90.1) and see how the transformation which for 7' = 0
leads to (90.3) must be modified when T # 0. The function coth (hw/2T)
has an infinite number of poles on the imaginary axis, at the points

where 7 is any integer. When the path of integration with respect to w is
moved on to the imaginary axis, therefore, it must be indented by semicircles
at these poles, and by a quarter-circle at w = 0 (Fig. 43c). This gives rise
to contributions to the real part of the integral, equal to =i (§=i for n = 0)
times the residues of the integrand at the poles. The integration along the
imaginary axis between the poles gives only imaginary quantities, which
do not affect the real part.
Thus we have

T & 7 " -1
T pz{[(sl +p)(s2n+p)egz,gﬂ,,c_l] .
1

e (s10 — P)(S2n — P)

n=0

+ [(-"ln + flnp)(SZn + GZnP)e
(sln - elnp)(SZn - EZnP)
sn = V(en— 1+ %), en = €(in).
The prime indicates that the term with » = 0 is halved. As T — 0, the
distances between the poles tend to zero, the summation over z can be re-
placed by an integration with respect to £, and we return to formula (90.3),
which does not involve T.

Whereas, in the limiting case of small distances, the temperature can
always be taken as zero in determining the interaction force, at large distances
the effect of the temperature may be considerable. The characteristic tem-
perature for a distance [ is %c/l, and the condition for T to be negligible is,
roughly, ITjhic < 1. At sufficiently low temperatures this condition is
compatible with I > X, but at high temperatures the two conditions may be
contradictory, and the limiting form (90.7) is then never applicable.

Let us consider the limiting case of distances so large that [T/hic > 1.
Then only the first term in the sum in (90.13) need be retained. We cannot
at once put #» = 0, however, because an indeterminacy results: the factor
£,3 is zero, but the integral with respect to p diverges. This difficulty may
be circumvented by replacing p by a new variable of integration x = 2pnl/c
(the factor £,;3 being thereby removed). Putting now n = 0 we obtain

-1
ngnz/c_1] }dp, (90.13)

[e)

— T (e10 + 1)(e20 + 1) . -1
 16nl3 6[ xz[(em — 1)(e20 — 1) ) _1] ds. (90.14)

25
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Thus, at sufficiently large distances, the force of interaction decreases less
rapidly and returns to the 1//3 law, with a coefficient which depends on the
temperature and on the static value of the dielectric permeability. The re-
maining terms in the sum (90.13) all diminish exponentially when [T/kc is

large.



CHAPTER XIV
SCATTERING OF ELECTROMAGNETIC WAVES

§91. The general theory of scattering in isotropic media

In THE theory of propagation of electromagnetic waves in transparent media
discussed in Chapters IX-XI, a phenomenon has been neglected which,
though not prominent, is of fundamental importance: scattering. Scattering
results in the appearance of scattered waves of small intensity, whose fre-
quencies and directions are not those of the main wave.

Scattering is ultimately due to the change in the motion of the charges in
the medium under the influence of the field of the incident wave, resulting
in the emission of the scattered waves. The microscopic mechanism of
scattering must be investigated by quantum methods, but this investigation
is not needed in developing the macroscopic theory described below. We
shall therefore give only some brief remarks on the nature of the processes
which cause the change in the wave frequency on scattering.

The basic scattering process consists in the absorption of the original
quantum % by the scattering system and the simultaneous emission by that
system of another quantum %w’. The frequency «’ of the scattered quantum
may be either less or greater than w; these two cases are called respectively
Stokes scattering and anti-Stokes scattering. In the former case the system
absorbs an amount of energy #(w— »'); in the latter case it emits /(' — w)
and makes a transition to a state of lower energy. In the simple case of a
gas, for example, scattering takes place at individual molecules, and the
change in frequency may be due either to a transition of the molecule to
another energy level or to a change in the kinetic energy of its motion.

Another kind of process occurs when the primary quantum 7%w remains
unchanged but causes the scattering system to emit two quanta: one of
energy /w, with the same frequency and direction, and a ‘“‘scattered”’ quan-
tum %w’. The energy A(w+ ') is obtained from the scattering system.
Processes of this type, however, are, under ordinary conditions, very rare
in comparison with those of the first type, and are of little importance as
regards the phenomenon of scattering.

Proceeding now to consider the macroscopic theory of scattering, we
must first make precise the meaning of the averaging processes performed
in that theory. As already mentioned at the beginning of §88, the averaging
of quantities in macroscopic electrodynamics can be regarded as comprising

+ We shall see in §92 that this stimulated emission is unimportant at all temperatures
T £ h(w+ w’). It may become significant for radio waves.

377
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two operations, that of averaging over a physically infinitesimal volume with
a given position of all the particles in it, followed by that of averaging the
result with respect to the motion of the particles. In the theory of scatter-
ing, however, this procedure is impossible, because the averaging with respect
to the motion of the particles annuls the very phenomenon which is to be
discussed. Thus (e.g.) the field and induction of the scattered wave which
appear in the theory of scattering must be taken to be those resulting from
the first averaging only. The single-frequency components of the fields in
the scattered wave, taken in this sense, will be denoted in this section by
E’, H, D’ and B'.

The fields in the incident wave will be denoted by the unprimed letters
E, H. In the present chapter we always suppose the incident wave to be of a
single frequency w.

In the propagation of the scattered wave we have the relation D’ = (w')E’
between the electric induction and field (the scattering medium being
assumed isotropic), but this relation does not reveal the phenomenon of
scattering, i.e. the formation of the scattered wave from the incident wave.
To describe this, additional small terms must be included in the expression
for D’. In the first approximation, these terms must be linear in the field of
the incident wave. The most general form of the relation is then.

D'y = €E'; + oypEr + BikEk*- (911)

Here €' denotes e(w’); asx and Bix are tensors which characterise the scatter-
ing properties of the medium. In general they are not symmetrical, and their
components are functions both of the frequency o’ of the scattered wave and
of the primary frequency w.t

The last term in (91.1) pertains to the part of the scattering which results
from processes of stimulated emission. All the terms on the right-hand side
of equation (91.1) must correspond to the same frequency ' as D on the
left-hand side. Since E* has the frequency — w, the frequency of the quanti-
ties B;x mustbe w + o’ to make the frequency of the products By Ex* equal to ’.
But w+ o’ is the frequency which characterises processes of stimulated emis-
sion. Because this effect is small, as mentioned above, we can neglect the
corresponding term in (91.1), and in what follows we shall write

D'i = 'E'; + oixEg. (91.2)

Similar formulae give the relation between B’ and H'. We shall, however,
neglect the magnetic properties of the medium, which are usually of no
importance as regards the scattering of light, and therefore put B’ = H'.

Maxwell’s equations for the field in the scattered wave are curl E’
= iw'H'/c, curl i’ = —iw'D’/c. Eliminating H' from these equations, we

t The fact that « and 8 are tensors does not, of course, contradict the assumed isotropy
of the medium. Only the fully averaged properties of the medium are isotropic; the local
deviations from the average properties, which include the additional terms in (91.1), need
not be isotropic.
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find curl curl E’ = «'2D’/c2. Substituting from (91.2) E’ = D'/’ ~a-E/¢,
where o+E denotes the vector whose components are aiEg, and using the
equation div D’ = 0, we obtain for D’ the equation

AD' + KD’ = — curlcurl (a-E), (91.3)

where &' = w4/€/c is the wave number of the scattered wave.

For an exact formulation of the conditions under which equation (91.3)
is to be solved, we divide the scattering medium into small regions (whose
dimensions are still large compared with molecular distances). On account
of the molecular nature of the scattering processes, their correlation at dif-
ferent points in the medium (assumed non-crystalline) extends in general
only to molecular distances.t Hence the scattered light from the various
regions is non-coherent. We can therefore treat scattering from one region
as if the light were not scattered at all in the remainder of the medium. In
this way we calculate the field of the scattered wave at a large distance from
the scattering region. Using a well-known approximation for the retarded
potentials at a large distance from the source,t we can immediately derive
the required solution of equation (91.3):

1 exp (tk'Ro) )
D' = —curlcurl —— f a-E exp(—ik'-r)dV. (91.4)
4 Ry
Here Ry is the radius vector from some point within the scattering volume
(the integration being over that volume) to the point where the field is to be
calculated ; the vector k' is in the direction of Rg. The integral in (91.4) is
independent of the co-ordinates of the point considered; retaining in the
differentiation, as usual, only terms in 1/Ry, we obtain
exp (tk'Ro
D = — —iﬁ(—-lg——)k' x [k' x fa-E exp(— ik’-r)dV].

Since, at the point considered, the medium is regarded as not scattering, the
relation between D’ and E’ there is given by D’ = ¢E’ simply. In the field
of the incident wave E we separate a factor periodic in space, putting E
= Epexp (ik-r). Then, with the notation

G = [ a-Eyexp(—iq-r)dV, (91.5)
where q = k' —k, we have
exp (ik'Ro)
E= - ———k'x (kK . .
- x (k' x G) (91.6)

t+ Exceptions may occur for particular cases of scattering, which will be discussed in §94.
In such cases the dimensions of the scattering regions must be supposed large in comparison
with the wavelength of the light.

1 See The Classical Theory of Fields, §9-2, Addison-Wesley Press, Cambridge (Mass.),
1951; Pergamon Press, London, 1959.
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The vector E’ is perpendicular to the direction k’ of the scattered wave, and
is given by the component of the vector G perpendicular to k’.

Having thus determined the non-averaged field in the scattered wave, we
can now investigate the intensity and polarisation of the scattered light. To
do so, we form the tensor

Iy = E"E'%, (91.7)

where the bar denotes the final averaging over the motion of the particles,
which so far has not been carried out. The averaging of a quadratic expres-
sion gives, of course, a result which is not zero. Since E’ is perpendicular to
k', the tensor Iy has non-zero components only in the plane perpendicular
to k’. These components form a two-dimensional tensor I,, in that plane
(Greek suffixes take two values). The tensor I, is, by definition, Hermitian:
I,; = Ip*. It can be reduced to “principal axes”, and the ratio of its two
principal values gives the degree of depolarisation, while their sum is pro-
portional to the total intensity. »

The products E";E’s* involve products of integrals G;, which must also
be averaged. Writing the product as a double integral, we have

GiGx* = Euon* | [ aavim,s* exp[— iq-(r1 — r2)]dV1dVe. (91.8)

The suffixes 1 and 2 indicate that the values of « are taken at two different
points in space.

In averaging the integrand it must be remembered that the correlation
between the values of « at different points in the body extends in general only
over molecular distances. After averaging, therefore, the integrand will be
appreciably different from zero only for |rz—r;| ~ a, where a is of the order
of molecular distances. The exponent is ~ a/A, where A is the wavelength
of the scattered wave; but a/A < 1 if the macroscopic theory is applicable,
and so we can replace the exponential factor by unity.}

Next, the integration with respect to the co-ordinates r; and rp can be
replaced by one with respect to }(ri+rz) and r = r;—ra. Since the integrand
depends, after averaging, on r only, we have

GiGy* = VEauEom™ f o, 10km,2* AV, (91.9)

where V is the volume of the scattering region. It is evident a prior: that the
scattering must be proportional to V. It should be noted that the direction
of the wave vector k in the incident wave appears neither in (91.9) nor,
consequently, in the following formulae.

t See Classical Theory of Fields, §6-7. The reduction of an Hermitian tensor to principal
axes means putting it in the form I = Anunga* + Asmignke®, where my, ns are, in general,
perpendicular complex “unit’’ vectors: miem* = 1, ngemo* =1, nieng* = 0. The prin-
cipal values A1, A2 of an Hermitian tensor are real.

1 This procedure requires further discussion in the case of Rayleigh scattering (§94).
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The integrals in (91.9) form a tensor of rank four, which depends only on
the properties of the scattering medium. Since the medium is isotropic,
the most general form of this tensor is

J. ota,1ockm,2* dV = %—(a + C)SaSkm + %(a - C)Simskl + b8:xOtm, (9110)

where @, b and ¢ are scalar functions of w and «'. This tensor is automatically

symmetrical with respect to an interchange of the suffixes 7, / and &, m;

this interchange is equivalent to taking the complex conjugate, since the points

1 and 2 are equivalent; the tensor (91.10) is therefore real, and so are a, b, c.
Substituting (91.10) in (91.9) we obtain

G,Gx* = V{%(a + C)EOiEOk* + %(a - C)E()i*Eok + on;Em*Sik}. (9111)

This expression could have been written down at once, since it is the most
general Hermitian tensor of rank two which is quadratic in Eg and involves
no other particular directions. This tensor is, of course, not transverse to
k’. The required general form of the tensor I, is obtained by “projecting”’
the tensor (91.11) on a plane perpendicular to k'; to do this, it is sufficient
to take a co-ordinate system with one axis in the direction of k' and find the
components of the tensor along the other two axes.

Let us consider the scattering of a linearly polarised wave. The amplitude
of the field Eo can be defined as a real quantity.t The components of the
tensor I, for the scattered light are therefore also real. This means that the
scattered light is partially polarised, and can be divided into two independent
(non-coherent) waves, each of which is linearly polarised. Since there are only
two distinctive directions (those of Eg and k) on which the tensor I,; can
depend, it is evident that one of these waves must be polarised with E’ in
the plane of Eg and k', and the other with E’ perpendicular to this plane. The
intensities of the two scattered-light components will be denoted by 1 and I;
they are the principal values of the tensor I

For real Eo, the expression (91.11) becomes

GGx* = V{aniEok + on28u¢}. (91.12)

We may note first of all that the scattering of linearly polarised light is deter-
mined by two, not three, independent constants. To find I; and I, we
take the components of Eg in the two directions mentioned. The correspond-
ing components of the tensor (91.12) give the result

I ~asin?0+b, L ~b, (91.13)

the coefficients of proportionality being the same; 0 is the angle between Eo
and the direction of scattering k’. The intensity of the scattered-light compo-
nent whose electric field is polarised perpendicular to the plane of Eq and
k’ is independent of the direction of scattering.

t See The Classical Theory of Fields, §§6-5, 6-7. We shall not consider here the scattering
of elliptically polarised light, on account of the complexity of the formulae.
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When natural light passes through a medium, the scattered light is par-
tially polarised, and it is evident from symmetry that the two non-coherent
components are linearly polarised, with their electric fields parallel and per-
pendicular to the scattering plane (the plane of k and k’). Let the intensi-
ties of these components be I, and I, respectively. To determine these,
we average (91.11) over all directions of the vector Eq in the plane perpendicu-
lar to k. The averaging of the product Egp;Eor* gives

EOiEOIc* = %lEo]z(Sﬁc - nink), (91.14)
where n is a unit vector in the direction of k. This is a tensor of rank two
which depends only on the direction of k, gives |Ep2 on contraction, and

satisfies the condition 7;EoEox* = (n-Eo)Egr* = 0. Thus we have, when
natural light is scattered,

Gin* = VlEoIz{%a(Sm - nink) + 1)81:]‘;}. (91.15)

Finally, taking the components of this tensor in the two directions of polarisa-
tion, we obtain the required formulae:

I, ~%acos?d+b, I, ~%a+b, (91.16)
where & is the scattering angle (i.e. that between k and k').
Let us return to formula (91.10), which relates the scalar quantities a, b and

c to the tensor agz. Like any tensor of rank two, oz can be written, in general,
as a sum of three independent parts:

ak = $adik + Sk + aik, (91.17)

where a = oy is a scalar, s a symmetrical tensor whose trace is zero
(Sit = Ski, St = 0) and @y an antisymmetrical tensor. We substitute this
in (91.10) and contract with respect to various pairs of suffixes, obtaining the
three equations?

6a+3b+3c = f aarret dV = [agag*dV,

<

3a+ 9

fotilc,wtac,z* dv

I

%f«laz* dr + silc,lsik,z* dv + fam,laik,g* dV, T (91.18)

6a +3b — 3¢ = [amon,2*dV

= -};fcqaz* dV + fsik,lsik,g* dV — ’ aik,laik,z* dv.

J

t The integrals on the right-hand sides of these equations are positive, since each can
be written as a square by a transformation inverse to that whereby (91.8) becomes (91.9).
Expressing the three integrals in terms of a, b, ¢ (i.e. solving equations (91.18) for these in-
tegrals) we obtain the inequalities2a +b-+¢>0,2b+¢—a >0, 26+ a — ¢ > 0. From
these, in particular, it follows that b > 0.
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The right-hand sides of these equations, and therefore their solutions for
a, b, ¢, do not involve cross-products of a, six and ai. This means that
scattering can always be regarded as a superposition of three types of process,
which may be called scalar, symmetrical and antisymmetrical scattering. We
shall discuss each of these in turn.

Retaining only the first terms on the right of equations (91.18), we have

11—
a=c¢= §J‘ aroe* dV, b=0. (91.19)

It is seen from (91.13) that, in scalar scattering of polarised light, the scattered
light is itself completely polarised, and its angular intensity distribution is
given by I = (3/2)sin2f. (Here and henceforward the expressions for I are
normalised so as to give unity on averaging over directions.) In scattering of
natural light, however, the angular distribution of the total intensity and the
degree of depolarisation of the scattered light are given, according to (91.16),
by I=1I,+1I, =%(1+cos?d), I,/I, = cos®$; see the second footnote
to §72.

For symmetrical scattering, equations (91.18) give

1 1 1 '
a = §b = — gc = % sik,lsik,z*dV. (9120)

In scattering of polarised light we have I = I+ = 35(6+sin%),
I/I = 3/(3+ sin26), and in scattering of natural light I = 25(14 —sin29),
I,/I, = 1—%sin23.

Finally, for antisymmetrical scattering we obtain

1
b=c=—a=v¢ f arran AV (91.21)

in scattering of polarised light I = (1 + cos2), I1/I> = cos?f, and in scatter-
ing of natural light I = $(2+ sin29), I,/I, = 1/(1+ sin®).

§92. The principle of detailed balancing applied to scattering

The general principle of detailed balancing} can be used to obtain a
relation between the intensities in various scattering processes.

Let dw;2 be the probability that a quantum Zw; is scattered (on a path of
unit length) and gives rise to a quantum 7w in the solid angle element dog;
let dws; be the probability of the converse process, in which a quantum Zwz
yields a quantum %w; in the solid angle element doy. According to the
principle of detailed balancing we have dwia/ke2dog = dws/ki?do1, where
k1 and koare the wave numbers of the two quanta. Substituting k12 = € wi?/c2,
ko2 = 62w22/62 (Where € = e(wl), €9 = e(wz)), we obtain

€1w12 dwlz / doz = egwgz diO21/ dol. (92.1)

+ See Quantum Mechanics, §116, Pergamon Press, London, 1958.
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Here it is assumed that the initial and final states of the scattering system
correspond to discrete energy levels Ej and Ej, related by Ey +#w; = Es+fiws.
This statement of the problem is not quite true to reality, since the energy
levels of a macroscopic body are extremely closely spaced and can be regarded
as quasi-continuous.

Instead of the scattering probability dw;s with an exactly determined fre-
quency change, we must therefore use the probability of scattering into a
frequency range dws, i.e. of the body’s entering a state whose energy lies
in a range dEs = 7idwz. Denoting this probability (again per unit path
length) by dk;2, we have dAjz = dwp dl'y = dwia(dTs/dEp)s dws, where dI's
is the number of quantum states of the body in the energy range dEs. Instead
of (92.1), we therefore have

dr, dhi2 dl'y , dhn
— ey = —e

dE; dogdws  dE3 2 dojdw;

According to a well-known relation between the statistical weight of a
macroscopic state of a body and its entropy &, the derivative dI'/dE is
essentially exp &, so that (dI'y/dE;):(dI'2/dE2) = exp (&1—%%). Since the
relative change in the energy of the body resulting from the scattering of one
quantum is negligible, the relative change in entropy is also small, and can
be taken as .?1 yz = (dy/dE)(El Ez) = (El Ez)/T = h(wz—-wl)/T
Using this result, we can write the final expression of the principle of detalled
balancing for scattering in the form

dhlz Clh21

= e 102/Teye092

. 92.2
dog dws doy den ( )

e 91/Teq 92

The quantity dk, whose dimensions are cm™, is called the differential
extinction coefficient for scattering of light. It can also be defined as follows:
dA is the ratio of the number of quanta scattered in the direction do and the
frequency range dw per unit time and volume to the incident photon flux
density. By integrating d& over all directions and frequencies of the scat-
tered light, we obtain the total extinction coefficient, which represents the
damping decrement of the photon flux density as the light passes through the
scattering medium.

Let w2 < w;. The relation (92.2) connects the intensities (extinction
coefficients) of Stokes (1 —2) and anti-Stokes (2 — 1) scattering. We see
that the latter is in general less than the former by approximately the factor
e~h@,~0)/T, This is a very general result, and corresponds to the fact that
the transfer of energy from the body to the electromagnetic field reduces the
probability of the process by a factor e~AE/T, where AE is the energy trans-
ferred. In particular, the stimulated emission, in which the body gives up
an energy #(w1+ wg) in each scattering process, is therefore usually very
weak. The probability of such a process, when %(w; + wz) > T, contains the
small factor e~Mertwd/T, .
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The general relation (92.2) is much simplified in the important case of
scattering with a relatively small change in frequency. We shall denote w1
by « simply, and the small difference wp— w1 by Aw(<w), and put for
brevity dhis/dopdwz = I(w, Aw). In the non-exponential factors ew? in
(92.2) we can neglect the difference Aw; these factors then cancel, leaving

I(w,Aw)e T = [(w + Aw, — Aw)e e+ 2T,

In the first argument of the function I(w+Aw, —Aw), which gives the
initial frequency of the light, we can neglect Aw, ie. refer the scattered
intensity to a somewhat displaced frequency of the incident light. Then

I, Aw) = I(w, — Aw)e 29T, (92.3)

In this approximation I on each side of the equation refers to the same
frequency of the incident light. In other words, the relation (92.3) gives a
simple relation between Stokes and anti-Stokes scattering of the same light
with the same magnitude of the frequency change Aw.

§93. Scattering with small change of frequency

The theory given in §91 is entirely general, and is applicable to all cases
of scattering in an isotropic medium, whatever the mechanism of scattering.
Such a general discussion, of course, cannot proceed very far, and a further
investigation of the phenomenon of scattering requires some restrictive
assumptions.

In most practical cases the scattering of light involves only a relatively
small change in frequency, Aw = o'~ w. The calculations given below
pertain to this case. Besides the condition Aw < w, we shall suppose that
the relative change in the refractive index of the medium over the frequency
range Aw is small. This condition means that the frequency « must not
lie close to a range in which the scattering medium is also absorbing.

If w is in the optical range, the microscopic mechanism of scattering with
small Aw may involve various kinds of motion of atoms and molecules (as
opposed to the purely electronic motions which give rise to optical transi-
tions), including intramolecular vibrations of atoms, rotations or vibrations
of molecules, etc.

Let ¢ = ¢() denote the set of co-ordinates describing the motion which
causes the scattering.? Since this motion is relatively slow, the macroscopic
description of the motion can be regarded from a different standpoint by
introducing the dielectric permeability tensor ex(g), whose components at
any instant depend only on the values of the co-ordinates ¢ at that instant as
parameters. This property follows from the assumed smallness of the
relative change in e. The dielectric permeability thus defined pertains to
the field averaged with respect to the electron motion for a given position of

t For simplicity, we shall give a classical discussion. The results are actually still valid
when quantum mechanics is used to describe the motion of the nuclei.
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the nuclei. When the averaging of the field with respect to the motion of
the nuclei is carried out, the dielectric permeability reduces to the scalar
€(w). Let the deviation of € from this value be Sej:

eik(q) = &by + Bezk(Q) (931)

The tensor € gives the relation between the field and the induction as
functions of time. It should be emphasised that the incident wave is still
assumed to have a single frequency w, but the field E’ in the scattered wave
is now regarded as a function of time, not resolved into single-frequency
components. The total field consists of the field E in the incident wave and
the field E’ in the scattered wave. Thus D;+D’; = ex(Ex+ E’;). Cancelling
D; = ¢E; and omitting the second-order term Se;E’%, we obtain

D’i = eE'i + Seik(Q)Ek- (932)

The relation (93.2) is of the same form as (91.2). There is a difference,
however, in that with this approach it is clear that the tensor ag = Segx is
symmetrical. This follows at once from the general theorem concerning the
symmetry of the dielectric permeability tensor. Furthermore, since this
tensor is real for a transparent medium, the tensor de¢; is also real.

Since the tensor oj; has no antisymmetrical part, there is no antisym-
metrical scattering (§91) with small change in frequency.

Let us calculate the total scattered intensity with all frequency changes
Aw <€ w. This can easily be done as follows. In equation (91.3) for the
field in the scattered wave we can replace 2’ by k& = wy/¢/c (and take the
value of « for o’ = w); this equation does not then involve ', i.e. it is the
same for every component of the spectral resolution of the field. The equa-
tion is therefore valid for the unresolved field in the scattered wave, which
we shall denote by the same letter E’. Using the solution (91.6), we obtain

— R — 1A S—
|[E']2 = ————|G[2sin20 = —————|G|2 sin24,
1672e2R2 16m2Ry2ct

where 0 is the angle between k and G, and the bar denotes, as in §91, the
final average with respect to the motion of the particles (i.e. with respect to
the time dependence of g).

We define the extinction coefficient % as the ratio of the total intensity of
light scattered in all directions per unit volume of the scattering medium to
the incident flux density:}

wl [(;|2
6mctV |E[2

;[ Beas -
VIEI

t This definition differs by a factor w’/w from the general definition (in terms of the
number of scattered quanta) given in §92. In the present case this factor may be taken as
unity, and the two definitions are equivalent.
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As we have seen in §91, in calculating the mean value |G we can replace
the exponential factor in the integrand in G by unity, so that

[GE = EoEox* j SerdV f SepdV.

The expression to be averaged is a tensor of rank two and, since the medium
is isotropic, the result of the averaging is

2
f S dV j SepdV = l3,-,6( j se,,,,dV) .

Thus we have finally

ot 1 * 93.3
h= (s dV) , .
18mct V(J um (933)

h = (0*/187ct)V(Sampv?, (93.4)

where the suffix ¥ denotes an averaging over the volume V.

The mean value of the squared integral can be written as the mean value of
a double integral, and is found to be proportional to the volume V' (cf. §91).
Hence the value of the extinction coefficient is independent of the scattering
volume, as it should be, and also of the polarisation of the incident light.

Formula (93.4) can be regarded in the following way. We can say formally
that scattering would not occur in a completely homogeneous medium (i.e.
one whose dielectric permeability is exactly constant). The scattering can be
macroscopically described as resulting from inhomogeneities in the medium.
The variation of these inhomogeneities with time, when resolved into spectral
components, gives the change in frequency of the light when it is scattered.

or

§94. Rayleigh scattering in gases and liquids

Two types of scattering can be distinguished, depending on the change in
frequency of the light: (1) combination scattering, which is the Raman-
Landsberg—Mandel’shtam effect and results in the appearance in the scattered
light of lines whose frequency differs from that of the incident light, (2)
Rayleigh scattering, in which the frequency is essentially unchanged.

Combination scattering in gases results from a change, due to the incident
light, in the vibrational, rotational or electronic state of the molecule.
Rayleigh scattering, on the other hand, does not involve a change in the
internal state of the molecule. In the limiting case of a rarefied gas, when
the mean free path I of the molecules is large compared with the wave-
length X of the light, scattering takes place independently at each molecule,
and can be discussed microscopically, using quantum mechanics.

+ Under ordinary observational conditions, electronic transitions are unimportant.
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Here we shall discuss the opposite limiting case, where [/ € A, and the
Rayleigh scattering in gases can be divided into two parts. One part is due
to irregularities in the orientation of the molecules (called fluctuations of
anisotropy). The other part is scattering by fluctuations in the gas density.
The orientation of the molecules is entirely changed by a few collisions, i.e.
after a time of the order of the mean free time . Hence the scattering by
fluctuations of anisotropy results in the appearance of a relatively broad line
with its peak at ' = w and width ~ 7/r. The scattering by fluctuations of
density gives a much sharper line superposed on the other. As we shall see
below, fluctuations of density in volumes ~ A3 are of importance in the
scattering of light with wavelength A. Since these volumes are large, the
fluctuations in them occur comparatively slowly, and so the scattered line
is narrow. In what follows we shall regard this sharp line as being undis-
placed.

The scattering by density fluctuations is scalar scattering (see the end of
§91): since the density p is a scalar, so is the change in the dielectric perme-
ability 8e resulting from a change in p. The change in the dielectric
permeability in fluctuations of anisotropy, on the other hand, is described by
a symmetrical tensor 8¢ with zero trace. The latter property follows from
the fact that the effect must vanish on averaging over all directions. Thus
the scattering by anisotropy fluctuations is symmetrical scattering.

In liquids the situation is less simple. Combination scattering can arise
only from a change in the vibrational or electronic state of the molecule;
rotational combination lines do not occur for scattering in liquids. The
reason is that, because of the strong interaction between molecules in a
liquid, they cannot rotate freely so as to acquire discrete rotational energy
levels. The rotation of the molecules, therefore, like any motion in which
their relative position changes, contributes in a liquid only to the relatively
broad scattering line at ' = w, which in this case may be regarded as the
effect of Rayleigh scattering. The relaxation time of such motions depends
on the viscosity of the liquid.

The possibility of separating from the total Rayleigh scattering in a liquid
a part due to thermodynamic fluctuations (of density or temperature) depends
on the magnitudes of the various relaxation times. It is necessary that the
relaxation times of all processes of establishment of equilibrium in the liquid
should be small in comparison with the times characterising the fluctuations
concerned. In this case a narrow “undisplaced” line and a broader one are
observed. The undisplaced line corresponds to scalar scattering. The
broader background, however, does not in general correspond, as it does in
gases, to purely symmetrical scattering with no scalar part.

The total intensity of the undisplaced line is easily calculated by means of

t More precisely, the necessary condition is I < Asin 19, where 9 is the .scattering angle,
This is because the expression (94.4) which gives the scattered intensity involves the fre-
quency only in the expression ¢ = (2w/c) sin 9.



§94 Rayleigh scattering in gases and liquids 389

the general formula (93.4). For scalar scattering Sejx = Sedix, and the
extinction coefficient is therefore

’ il oy 94.1
= — V(& . .
b= VG )

If 8p and 87 are the changes in density and temperature, then
8¢ = (0¢/0p)rdp + (0¢/0T),ST.

The fluctuations of density and temperature are statistically independent{
(8TSp = 0), and their mean squares are

@I = T2pcoV,  (Bp)® = (Tp|V)(9p/0p)r,

where ¢, is the specific heat per unit mass. Thus we have finally

4 P de\ 2 T2/ 0\ 2
b= L[Tp(_”) (—E) + —(—i) ] (94.2)
6mct 51) T 3p T PCy oT p
This formula was first derived by A. EINsTEIN (1910).
For gases formula (94.2) becomes much simpler. The dielectric perme-
ability of a gas (at optical frequencies) is almiost independent of temperature,

and hence the second term in the brackets can be neglected. The density
dependence is that e— 1 is proportional to p, and hence

p(0c/op)r = e — 1 & 2(n — 1),

where n = +/e is the refractive index. Since, from the equation of state of a
perfect gas, (1/p)(9p/dp)r = 1/NT, where N is the number of particles in
unit volume, we find that

h = 2ui(n — 1)2/3mcAN. (94.3)

This formula was first derived by RayLEIGH (1881).

Let us now examine the fine structure of the undisplaced line. This
requires a consideration of the time variation of the fluctuations. In this
respect, thermodynamic fluctuations fall into two classes.t Adiabatic fluctua-
tions of pressure in a fluid are propagated as undamped waves with the _
velocity of sound u; we here neglect the absorption of sound, since it causes
only a broadening of the line (see below). Fluctuations of entropy at constant
pressure, however, are not propagated relative to the fluid, and are damped
only gradually as a result of thermal conduction.

The time variation of the intensity (not averaged with respect to time) is
given by the squared modulus of the integral

G(t) = [ 8¢(t).exp(— iq-r)dV.Eo, (94.4)

t See Statistical Physics, §111, Pergamon Press, London, 1958.
1 See Fluid Mechanics, §79, Pergamon Press, London, 1959.
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in which &e is regarded as a function of time. In order to determine the shape
of the scattering line, G(f) must be resolved into spectral components (i.e.
8¢() must be so resolved); the distribution of intensity as a function of Aw
will then be given by the squared modulus of the component G,,. However,
the factor exp(—iq-r) in (94.4) cannot be replaced by unity, as we have
done hitherto. The reason is that the quantity |G,,|? depends markedly on
the correlation of the time variation of the fluctuations at different points in
space. This is clear when |G, |2 is written as a double integral

[ [ 8<tpe(t) expl— iq-(x — £')] explide(t — £)]dV dV" dedr.

On account of the wave propagation of sound disturbances, the time variation
of pressure fluctuation is correlated even at great distances. This fact was of
no importance in determining the total intensity of the line, which is obtained
by averaging the square [G(#)|? with respect to time; since, in this case,
G(t) and G*(¢) are taken at the same instant, it follows that only the correla-
tion between the values of §e at different points at the same instant is of
importance, and this correlation extends only over short distances.

Let us first consider the changes 8¢ which result from pressure fluctuations.
The quantity (94.4) is the Fourier space component of the fluctuation Je
whose wave vector is q; its time dependence is given by e~#Av, where
Aw = +qu. Since o ~ o', we have ¢ = [k'—k| = (2w/c) sin 19, where &
is the angle between k and k’. If the corresponding value of Aw is denoted
by Awo, then

Awp = qu = + (2wulc) sinid. (94.5)

Thus the scattering by pressure fluctuations results in the appearance of a
doublet (called the Mandel’shtam—Brillouin doublet), the distance 2Aewp
between whose components depends on the angle of scattering.

The fluctuations of entropy have zero frequency, as stated above, and so
scattering by them gives a central line with Aw = 0.

Let us determine the intensities of the doublet and the central line. The
total intensity of the undisplaced line is given by formula (94.2), so that it is
sufficient to determine, say, Jdaoublet/Jtotar (Where Iaoubiet is the combined
intensity of the two components of the doublet, i.e. twice the intensity of each
component?). Since the doublet lines are due to scattering by adiabatic pres-
sure fluctuations, their intensity is given by the mean square ( e/ 9p)s*(3p) v2.

Using the formula for adiabatic pressure fluctuations and a simple trans-
formation by means of the formula for the ratio of adiabatic and isothermal

+ The difference between the intensities of the two components is, according to formula
(92.3), usually negligible, since sAwp < T.
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compressibilities, we obtain

). =506 ),
€\ 2
- )G,

a 2
_F Tc”(@) (i) . (94.6)
VCP 3P T 3p S

The adiabatic derivative (d¢/dp)s can be expressed in terms of more con-
venient quantities by transforming it to the variables p and T:

(2¢/2p)s = (9¢/dp)r + (T[eop®)(2p]0T)(9€/0T),.
The required ratio of intensities is given by the ratio of (94.6) to the mean
square total fluctuation (the expression in brackets in (94.2)). We shall not

give the cumbersome general formula, but only the simpler form obtained
when the temperature dependence of ¢ is neglected:

hdoublet/ hiotal = Cv/ Cp (94.7)

(L. Lanpavu and G. Praczex, 1933).

To determine the shape of the lines, it is necessary to consider the dissipa-
tive processes which result in the “decay” of the fluctuations. These
processes cause a damping of the fluctuation amplitude as e~7%, where y is
a definite constant. If the “eigenfrequency” of the oscillations is Awp, the
total time dependence is given by e~##Avs+?), The intensity distribution in
the line is proportional to the squared moduli of the Fourier components of
this factor, i.e.

by
7 (Aw — Awg)? + >

where I is the total intensity of the line. This is called the dispersion form
of the line. The “width” is y.

According to formulae derived in the theory of absorption of sound, the
damping coefficient for sound fluctuations with wave vector q is

-l i3]
r= Zp 5”’ “ Cy (:1) ’
where 7, { are the viscosity coefficients of the fluid and « its thermal conduc-

tivity. Substituting ¢2 = 2(w/c)2(1—cos 9), we obtain the following ex-
pression for the width of the doublet components:

y = Pw—;(l — cos 3)[;7 + L+ K(l - l)] (94.9)

Cy Cp

dI

dAw, (94.8)

t See Fluid Mechanics, §77.
26
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The damping of isobaric fluctuations of entropy (and therefore of tempera-
ture) is determined by the heat-conduction equation 0T/t = y A T, where x
is the thermometric conductivity. For fluctuations with wave vector q (i.e.
spatial variation as exp(iq-r)), we therefore have

y = xq% = 2x(w?/c?)(1 — cos 9). (94.10)

The shape of the central line is given by (94.8) with Awp = 0, the width y
being (94.10).

As already mentioned at the beginning of this section, the above theory is
applicable to scattering in a liquid if all the relaxation times in it are small
compared with those characterising the fluctuations. It should be borne in
-mind that, in any liquid, there are relaxation times of various orders of
magnitude. The most rapid relaxation process, apparently, is the “decay” of
elastic stresses in the liquid. The corresponding Maxwellian relaxation time
is 737 ~ /G, where G is the modulus of rigidity.t The reorientation of the
molecules, i.e. the “decay’” of the anisotropy fluctuations, takes place less
rapidly. The corresponding Debye relaxation time is Tp ~ 1a3/kT, where a
is the dimension of the molecule; the difference between 73 and 7p is
particularly large in liquids with large molecules. Finally, various other
slow relaxation processes leading to the dispersion of sound are also possible
(e.g. chemical reactions, slow transfer of energy to vibrational degrees of
freedom of the molecule). The important processes as regards scattering are
those for which 1/7 is comparable with the frequency of the “sound” distur-
bances which cause the scattering. There is as yet no complete survey of all
the possible cases, and we shall not give one here, but merely mention that,
when the viscosity of the liquid is sufficiently high, and so

™ > 1/qu ~ c/wusin?d,

the liquid behaves as an amorphous solid with respect to the scattering of
light.

Finally, we may note an unusual type of scattering which occurs at the free
surface of a liquid. The fluctuations have the result that this surface is no
longer perfectly plane, and the consequent ‘‘roughness” causes a partial
scattering of the light reflected from it (L. I. MANDEL’sHTAM, 1913).1

PROBLEM
Light is scattered in a gas whose molecules are linear, with polarisabilities «, and a,
along and across the axis respectively. Determine the intensity resulting from the various
types of scattering.
SoLuTION. The total intensity of scattered light (for given vibrational and electronic

states of the molecules) includes the Rayleigh scattering and the rotational part of the com-
bination scattering. Since the scattering takes place at the individual molecules of the gas,

t See Theory of Elasticity, §31, Pergamon Press, London, 1959.
1 See L. I. MaNDeL’sHTAM, Annalen der Physik 41, 609, 1913, where a calculation is given

for light scattered in the plane of incidence.
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the total extinction coefficient is most simply obtained from formula (72.3), by multiplying
by the number of particles per unit volume N and replacing the squared polarisability by
top? = N2+ 2a,%):
87wiN
h= —%‘:—4—(«.2+2a*ﬁ). )
The undisplaced Rayleigh line is due to the scalar part of the polarisability, i.e. it is the
same as if the polarisability tensor of the molecule were aud. The same formula, (72.3),
therefore gives

4
hunaisp = M“l+2°‘1)2- 2

27c4
The difference htotal —hunaisp includes the “background’’ (scattering by anisotropy fluctua-
tions) and the rotational combination scattering. In order to separate the former, we must
first average the polarisability tensor of the molecule with respect to rotation about some
particular axis (perpendicular to the axis of the molecule). The polarisability along the axis
of rotation averaged in this way is evidently «,, and that along any direction in a plane
perpendicular to the axis of rotation is 3(a,+a,). In other words, a molecule rotating
about a given axis is to beregarded as a particle for which the principal values of the polaris-
ability tensor are «,, ¥(a,+e), H«, +«). Using these, fwe calculate the symmetrical
tensor ayx—%4audk, whose trace is zero, and then a procedure similar to the derivation of

formulae (1) and (2) gives

—y)?
hpackg = 8‘”9(: iN (= 6“!) . 3)
Finally, the intensity of the rotation combination scattering is obtained by subtracting (2)
and (3) from (1):
87wiN (o, —a,)?
9c4 2 :

hcombin =

§95. Critical opalescence

The isothermal compressibility (9p/dp)r increases without limit as the
critical state is approached. The expression (94.2) for the total intensity due
to scalar Rayleigh scattering therefore increases also. This indicates a marked
increase in scattering near the critical point, called critical opalescence.t The
formula (94.2) itself is, however, inapplicable, because the expressions for
the thermodynamic fluctuations used in its derivation are no longer correct.

The increase in intensity does not take place for all three components of
the fine structure of the Rayleigh line, but only for the central component.
According to (94.2) and (94.7), the intensity of the doublet is

b N w Tpcp(3p> (85)2
doudlet = 7 e \op)e\2p) "

The thermodynamic formula
T (9p/oT).?
c = e,——
T8 (@plop)r

t A similar phenomenon occurs for scattering in a solid near the critical point of a second-

order phase transition. It has been discussed by V. L. GiNzBURG, Doklady Akademii N
SSSR 105, 240, 1955, Y iy mii Nauk

Cp
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gives near the critical point

5 wt  p3ey 35)2 95.1
doublet = — 7 (ap/a:r),,z(ap . (95.1)

As we shall see below, the factor exp(—iq-r) in (94.4) cannot be replaced
by unity near the critical point, even in calculating the total scattered
intensity. Let dk be the differential extinction coefficient, relating to scatter-
ing into a given solid angle do (corresponding to a given value of q = k—k’).
Considering, for definiteness, the scattering of unpolarised light, and using
the result that the angular dependence (for scalar scattering) is given by the
expression $(1+ cos2 &), we have

wl

6mc4

—1“8 xp(— 7 )dV23(1+ 28—d0, 95.2
€ r . S . .
v €expl—1q 1 co )l ( )

Near the critical point, the density fluctuations increase but the tem-
perature fluctuations remain finite. It is therefore sufficient to consider
8¢ = (0¢/0p)T8p, so that

ah = -~ (66)2 ! [8 i dV|2%1+ 29)% (95.3)
=—|\=) = xp(— iq-r . —. .
6rct G 7 pexp(— iq-1) (I +cos? ) —. (

According to the theory of fluctuations, the mean square density fluctua-
tion near the critical point can be expressed in terms of the coefficients a
and 5 in the formula

F — F = a(5p)? + 1b(grad 5p), (95.4)

where F is the free energy per unit volume.t

This formula gives the leading terms in an expansion of the change in the
free energy in powers of §p and of its gradient; the latter has to be taken into
account because of the amplification of local inhomogeneities in the body
near the critical point. The constant q is expressed in terms of the ordinary
thermodynamic quantities byt

a = (1/p)(ép/op)r- (95.5)

The mean square in (95.3) can be expressed in terms of a and & by

| [ 8pexp(- z'q-r)de = VT/(a + bg?). (95.6)

t See Statistical Physics, §116. .
1 The derivative (9F/2p)r is the thermodynamic potential per unit mass, and the second
derivative is therefore a = (92F/dp?)r = (2®/ap)r = (1/p)(p/2p)z.
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Substituting in (95.3), we obtain the final result

4 2 2 9
h= 322547(?) 1/0 — i do'. O57)
e —(—P) +228(1 — cos 9)
P 3p T 2

This formula was first derived by L. S. OrnsTEIN and F. ZERNIKE (1914).
When the angle 9 is not small, the first term in the denominator may be
neglected, and .

dh

2 2 2 9
w (36) 1 4+ cos do’. (95.8)

= 64n2?\3p

The total intensity scattered in all directions is obtained by integrating
(95.7) with respect to o’. When (dp/dp)r = 0, ie. at the critical point, the
integral is logarithmically divergent for small angles. In reality, the integra-
tion should be extended only to angles of the order of the diffraction angle
(~ A/L, where L is the dimension of the body). The total intensity therefore
depends logarithmically on the dimension of the scattering body.

o 1 —cosd

§96. Scattering in amorphous solids

Rayleigh scattering in amorphous solids differs considerably from that in
fluids. In an isotropic solid there are two velocities of propagation of
sound, u; (longitudinal) and u; (transverse). The fine structure of the
Rayleigh line therefore includes not one but two Mandel’shtam—Brillouin
doublets. They are due to scattering by transverse and longitudinal “sound
waves”, and their distances from the centre of the line are respectively
+Aw;, +Aw;, where Aw; = qui, Aws = qug. Since up > u, it follows that
Aw; > Aw;. The central component of the line is again due to fluctuations
which are not propagated relative to the medium. In this case the main
fluctuations of the latter type are those of structure. In an amorphous body,
where the atoms are not arranged in an ordered manner, these fluctuations
are comparatively large and vary only slowly with time (on account of the
extreme slowness of the diffusion processes in a solid). Scattering by these
fluctuations leads to a strong line whose width is almost zero. As regards
polarisation and angular distribution, this line results from a superposition
of scalar and symmetrical scattering.

Next, let us consider the doublet components of the Rayleigh line in
amorphous bodies. Here we cannot put exp(—iq-r) = 1 in the integral G,
as we did for fluids, even in calculating the total intensity (and polarisation)
of the scattered light; moreover, the scattering cannot be classified according
to dependence on angle as in §91. The reason is that, in a solid, the effect of
any deformation (in this case, fluctuations) extends to considerable distances.
Hence the fluctuations at different points in the body at the same instant are
correlated even at distances large compared with 1/q.
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The field in the scattered wave is

, w?exp(tkRy) , ,
E = —Wn x (n’ x G), (96.1)
where

G; = f Seirexp(— iq-r)dV . Eog, (96.2)

and n’ is a unit vector in the direction of scattering. The change in the
dielectric permeability resulting from the deformation of an isotropic body is

Seir = arugk + asupdix, (96.3)

where uy; is the strain tensor (see (81.1)). Since the integral (96.2) isolates
from 8es the Fourier space component with wave vector q, u; in (96.3)
must be taken as the deformation in a sound wave with this wave vector. We
therefore write the displacement vector as

u = re{ugexp(iq-r)} = uoexp(iq-r) + up*exp(—iq-r)], (96.4)
whence the strain tensor is
1/0u;  ouy
= 3l * )
= re{}i(uoigr + uorgi) exp(iq-r)},
and the volume integral is

[ wiexp(~ iq-x)dV = 1V (voigs + uokgs): (96.5)

Let us first consider scattering by transverse ‘‘sound” waves. Since in a
transverse wave u is perpendicular to q, and uy = 0, 8eix = ayu. Using
(96.5), we therefore have

G = }iVa{uo(q-Eo) + q(uo-Eo)}- (96.6)

A transverse sound wave can have two independent directions of polari-
sation: the vector u may be in the plane of k and K, or perpendicular to
that plane. Since E is perpendicular to k, it is easy to see that in the first
case the component of G in the plane perpendicular to k' is zero. Thus
transverse sound waves ‘“‘polarised” in the plane of k and k' do not scatter
light.

If the vector u is perpendicular to the plane of k and k’, a simple calcu-
lation, using (96.1) and (96.6), gives for the field in the scattered wave

2 kR
E, = o exp i) (#kRo) 1ayiVqup cos39 . E,,
47 Ryc2
2 exp (ikRo) - (96.7)
F, = —cf—p———o.%;aldiuo cos}9.E,.

47 Roc?
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Here & is, as usual, the angle between k and Kk, and the suffixes || and |
denote components in the plane of scattering and perpendicular to that
plane. The coefficient of proportionality in these two formulae involves the
same fluctuation ug. This means that no depolarisation occurs on scattering:
linearly polarised light remains so (though it is polarised in a different
plane).

Since the coefficients in formulae (96.7) are exactly the same, the extinc-
tion coefficient d/ does not depend on the state of polarisation of the incident
light, and is
( qulay

dh = (1677(:2

It remains to determine the mean square amplitude of the fluctuation we.

From the point of view of the general theory of thermodynamic fluctuations,
the sound wave (96.4) may be regarded as a combination of two classical
oscillators (waves propagated to the right and to the left), each having a
mean kinetic energy 37. Since the frequency of the oscillations is here
Aw = gu;, the m:an kinetic energy is $Vpu2 = 3Vp(ug)2uo2. Equating
this to 2. 3T, we have

PR —
) V]uol cos? 39 do. (96.8)

[uo]2 = 4T|Vpu2g?. (96.9)
Finally, substituting (96.9) in (96.8), we obtain

_ a?of'T 5

= mcos ‘%'9' do. (96.10)

The angular dependence of the scattering is totally different from that which
occurs in fluids.

Let us now consider scattering by longitudinal “sound” waves. In these
waves u is parallel to q, and from (96.3) and (96.4) we find

q(q-Eo)
q2

G = %iVuoq{al + aon}.

A simple calculation gives for the field in the scattered wave

w?exp (tkRo) _ .
E = W-%ZVuoqazEp

5 w?exp (tkRy) 1V todlh @ ) cos § B

= —————" L Vupg[ias + (3a1 + az) cos .
' 4rRoc? 2 Uik 2 2 1E,
In this case also there is no depolarisation on scattering. The angular dis-
tribution and the extinction coefficient, however, depend on the state and
direction of the polarisation of the incident light. We shall not pause to
write out the relevant formulae, which are somewhat cumbersome. The
calculations are wholly similar to those given above, and the expression for

juo[? differs only in that u; is replaced by u; in (96.9).

(96.11)



CHAPTER XV
DIFFRACTION OF X-RAYS IN CRYSTALS

§97. The general theory of X-ray diffraction

THE phenomenon of X-ray diffraction in crystals occupies a special place
in the electrodynamics of matter, since the wavelengths concerned are
comparable with the distances between atoms. For this reason the usual
macroscopic approach to matter as a continuous medium is entirely invalid,
and we must begin by considering scattering by individual charged particles,
and essentially by electrons; the scattering by nuclei is unimportant, because
of their much greater mass.

The frequencies of the motion of electrons in the atom are of order
wp ~ v/a, where v is their velocity and @ the dimension of the atom. If
A ~ a, then, since v < ¢, these frequencies are small compared with the
X-ray frequency w ~ ¢/A. This makes it possible to write the equation of
motion of an electron in the field of the electromagnetic wave as

m¥' = ¢k, (97.1)

i.e. the electrons may be regarded as free (see §59).

From (97.1) we find the additional velocity acquired by the electron under
the action of the wave field: v/ = 7eE/mw.

Let n(x, y, 2) be the number density of electrons in a crystal, averaged
over the quantum states of the electrons and over the statistical distribution
of the thermal motion of the nuclei in the lattice. It should be emphasised
that the usual macroscopic averaging over physically infinitesimal volume
elements is not included, i.e. n(x, y, ) is the actual density of the “‘electron
cloud” in the crystal lattice. The corresponding current density due to the
wave field is:

j = env' = ie?nE/mw. (97.2)
We substitute this current in the microscopic Maxwell’s equations:
curl E = /wH]c, (97.3)
curlH = — iwE/c + 4nj'/c
- ’7‘"(1 _ 4;12:)13 (97.4)

We thereby take account of its reciprocal effect on the field, i.e. scattering.
398
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It is, of course, assumed that this effect is small, i.e. that the inequality

4re®nimo® < 1 (97.5)
holds. Putting D = <E, where
4re?
=122 (97.6)
mw?

in accordance with the usual definition of the induction, we reduce equation
(97.4) to the usual form curl H = —iwD/c. Thus, in this sense, the expres-
sion (97.6) for the dielectric permeability (cf. (59.1)) can be used even for
wavelengths A ~ @, though it must of course be remembered that the
symbols E and D no longer retain their previous meanings: they now pertain
to the field which has not been averaged over physically 1nﬁn1te31mal volumes,
and e is accordingly a function of the co-ordinates.

In the scattering of X-rays by heavy atoms it may happen that the condi-
tion w > wq is fulfilled for the outer electron shells but not for the inner
ones, where w < wp and so the inequality A > @ holds. In this case the
dielectric permeability can still be regarded as the coefficient of propor-
tionality between D and E, but the formula corresponding to (97.6) gives
only the contribution of the outer electrons. That of the inner electrons must
in principle be calculated by averaging over the volume of their shells. Thus,
if we put D = ¢E with ¢ a function of the co-ordinates, all possible cases
are allowed for. In what follows we shall, for definiteness, use the expression
(97.6).

In effecting the averaging of the electron density in (97.2) to obtain
n(x, y, 2) independent of time, we exclude a possible change of frequency on
scattering. That is, we consider only strictly coherent scattering, with no
change in frequency.

Eliminating H from the two equations (97.3) and (97.4), we obtain
curl curl E = «?D/c2. Here we substitute E = D+ 4we2nE/mw? and ex-
pand the expression curl curl E, using the fact that divD = 0, as follows
from (97.4). Then

AD + w2D/c? = curl curl (4ne?nE/mw?). (97.7)

On the right-hand side of this equation, which already contains the small
quantity 4me2n/mw?2, E must be taken as the given field of the incident wave.
Let us find the solution of equation (97.7) in the region outside the scattering
crystal and at large distances from it.t Since this equation is of the same
form as equation (91.3), the required solution is obtained immediately by

t In solving equation (91.3) it was not possible to consider the field outside the body,
since the boundary conditions on the surface would have had to be taken into account (the
quantity € on the left-hand side being different inside and outside the body). The left-hand
side of equation (97.7), however, is the same in all space.
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analogy with (91.4):

2 .
E = —e—z-f’fp—(’@k' x (k' x Eo) f nexp(—iq-r)dV.  (97.8)
mo Ry
Here R is the distance from the origin, which is within the crystal, to the
point considered; q = k'—k; k = k' = w/c; Eq is the amplitude of the
incident wave. We put E instead of D on the left-hand side because the two
are equal in the vacuum outside the crystal.
To characterise the intensity of X-ray diffraction we use an effective cross-
section o, defined as the ratio of the intensity diffracted into a solid angle
do’ to the energy flux density in the incident wave. By (97.8) we have

2
do’, (97.9)

do = (—) sinz(?U nexp(—iq.r)dV
mc2

where 0 is the angle between Eg and k. If the incident radiation is “natural”

(not polarised), the factor sin? @ in this formula becomes }(1+cos? 9),

where & is the angle between k and k' (see the second footnote to §72):

1/ 2 \2 2
do = -(—) (1 + cos® 9) do’.  (97.10)

2\mc?
In what follows we shall, for definiteness, consider this particular case.
We see that the intensity of radiation diffracted in a given direction is
essentially proportional to the squared modulus of the integral

f nexp(—iq-r)dV

[nexp(—igr)av, (97.11)

i.e. the Fourier space component (with the appropriate value of q) of the
electron density. As q —> 0 this integral becomes simply the electron density
#i averaged over a lattice cell. If 7 is replaced by 7 in equations (97.3) and
(97.4), we obtain the usual macroscopic Maxwell’s equations, with dielectric
permeability e(w) = 1—4me%i/me?. According to these equations, when
X-rays pass through a crystal they are refracted according to the ordinary
laws of refraction, with refractive index 4/e. Thus diffraction through small
angles amounts to ordinary refraction, which is of no interest here. In what
follows we shall always assume that q is appreciably different from zero.

The electron density, like any function of position in a crystal lattice, can
be expanded as a Fourier series:

n= %‘- ny, exp (2wib-r), (97.12) .

where the summation is taken over all periods b of the reciprocal lattice. {

t See Statistical Physics, §132, Pergamon Press, London, 1958.
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When (97.12) is substituted in (97.11) and the result is integrated over the
volume of the crystal, we obtain practically zero except for values of q close
to some 27b. Between these values the intensity is negligible. We can
therefore consider each diffraction maximum separately, putting

n = np exp (2mib-r)
with the appropriate value of b. Substitution in (97.10) gives

do = :2-(;6;) (1 + cos? 9)|mp|2 x

x l f exp [ i(k’ — k — 2nb)-r]d¥| dor. (97.13)

The strongest maxima occur in directions for which the equation
k' —k = 27b (97.14)

(Laue’s equation) is exactly satisfied, and are called principal maxima. For
given b, however, a principal maximum does not occur for an arbitrary
direction and frequency of the incident radiation. If the equation (97.14)
is written as k' = k+27b and squared, and we use the fact that k2 = k'2,
we have

bk = — b2, (97.15)

This equation determines the values of the wave vector k for which principal
maxima occur with the given value of b. Geometrically, equation (97.15)
represents a plane in k-space perpendicular to the vector b at a distance =b
from the origin. In particular, we see that & > =b.

Since [k’ —k| = 2k sin 49, it follows from (97.14) that

ksin}9 = b (97.16)

(Bragg and Vul’f’s equation), which determines the angle of diffraction at
the principal maximum.

Any vector b of the reciprocal lattice determines a family of crystal planes
represented by the equations r.b = constant integer. These planes are
perpendicular to b, and the vectors k and k’ corresponding to the condition
(97.14) make equal angles of incidence and reflection with the planes (Fig.
45). For this reason, diffraction at a principal maximum is sometimes spoken
of as “reflection” from the corresponding crystal planes.

The total intensity of the diffraction ‘‘spot” near a maximum is obtained
by integrating (97.13) over a solid angle about the direction of k’. Let us
determine the intensity near a principal maximum. We denote by ko the
value of k' corresponding to Laue’s equation for a given k: k’g = k4 27b,
and put also % = k’—k’y. Near the maximum, x is small; since k’ and k'
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differ only in direction, x is perpendicular to k’g. The solid angle element
can therefore be written

do’ = drgydry/k’? = drydry/k2, (97.17)
where the z-axis is taken in the direction of k’s. Thus

2;2 (m 2) (1 + cos? {})[nb]2ff dezdxy |J exp (— ix- r)dV[

27zb
7T\
/ \\
/o N\
// \\
/ \\\
/ 4 \
k L4
%l %
Fi1G. 45

In the volume integral we can effect the integration with respect to z, since
exp(—ix-r) is independent of z: | exp(—in-r)dV = [Zexp(—ix-r)df,
where df = dx dy and Z = Z(, y) is the length of the body in the direction
of k'o. Finally, using a well-known formula in the theory of Fourier integrals:

[ I diczdey = (2 oy | # 4 0 (97.18)

where
b = Gy f é(x,y) exp(— ix-r)dxdy

are the two-dimensional Fourier components, we obtain

2m2/ €2 \2

¢ = 1%(%%5) (1 + cos D)|msf2 [ Z2df
2/ e2\2
= ;);(—5) sin239(1 + cos? 9)[ns|2 f z2df. (97.19)
mc

The integral is of the order of L4, where L is the linear dimension of the body.
Thus the total effective cross-section, and therefore the total intensity of the
spot, are proportional to V43, where V is the volume of the body. The
maximum intensity, however, follows a different law. For k'—k = 2=b,
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the integral in (97.13) is just ¥, and so do is proportional to V2:

2\2
(d—") - 1('3—) (1 + cos? 9)mf2V2, (97.20)
do’ max 2\mc?

The sharpness of the maximum is shown by the fact that the maximum
intensity is proportional to a higher power of ¥ than the total intensity. The
“width” of the peak is evidently proportional to V4/3/V2 = =28,

The theory given above is valid only if the diffraction effect is small. We
now see that this requirement imposes a certain condition on the dimension
of the crystal: ¢ must be small compared with the geometrical cross-section
of the body (~ L2), whence

&

L
= ml < 1 (97.21)

mc?

PROBLEMS

ProBLEM 1. Determine the intensity distribution in the diffraction spot round a principal
maximum in diffraction by a crystal in the form of a cuboid of sides Lz, Ly, L..

SoLUTION. As above, we use the vector ®¥ = k’—k’o, and take the axes of co-ordinates
parallel to the sides of the cuboid, with the origin at its centre.
The integral [exp(—i®-r) dV becomes a product of three integrals of the form
3L, 2
%f exp(—ixzx) dx = — sin %xzLg.

K
z z

Thus

2 \2
do = 32(#) (1 + cos?9)|m|2 sin? 4xzLz sin? $xyLy sin2 4x.L: do’.

Kz ry®r?

The components of the vector % are not independent, being related by the condition
%n-k'o = 0.

PRrROBLEM 2. The same as Problem 1, but for diffraction by a spherical crystal of radius a.

SoLuTioN. We again put ® = k’—k’o, and take the 2-axis in the direction of %, with
the origin at the centre of the sphere. Then

Iexp(—ixz) dV = J. m(a2—22) exp(—ik2) dz

4 |
= —;(sm Ka=—Ka cos Ka).
K

Thus
e \2 ‘ 1
do = 81:2(—2) (1 + cos? 8)|ny|2 —(sin xa— «xa cos ka)? do’.
mc K6

ProBLEM 3. Determine the total intensity of the diffraction spot round a subsidiary
maximum.

SoLuTiON. In this case the wave vector k of the incident wave does not satisfy the condi-
tion (97.15). As shown above (97.15) is the equation of a plane perpendicular to the vector
b. Let the small displacement of the terminus of the vector k from this plane be 1b, where
n < 1. That is, we put k = ko+7b, where ky satisfies equation (97.15) (Fig. 46).



404 Diffraction of X-rays in Crystals §98

The maximum intensity in the spot occurs for a direction of k’ for which the difference
k’—~(k+27b) has its least magnitude (so that the integral in (97.13) has its maximum
value). The magnitude of the difference of two vectors, one of which is arbitrary in direc-
tion, has its least value when they are parallel. Hence, since &’ = &, we have

|k’ —k —27b|nin = k—|k-+27b|
_ B2—(k-+27b)?
" k+|k+2ab]

Vid

/

27b .
Fi1c. 46

Since k is close to ko and we are considering the region near the maximum, k' 2~ k+2#b
and the denominator can be replaced by 2k. In the numerator, we expand the squared
parenthesis and obtain

—2k «27b—(27b)2 = [—2ko+27b—(27b)2] —29b:27b = —4mmb2.

Thus |k’ ~k—27b|min 2 —2anb?/k.
Next, we put

27mnb2

K= (k+2-nb)(1 - )+x,

and take the 2z-axis in the direction of k+2#b. This reduces the problem to the calculation
of the integral (cf. the derivation of formula (97.19))

[ [duz dey| [ exp{2minh?/k—z—i%'r} dV'|2

= J.f duz de

Finally, using formula (97.18), we obtain

2n2( €2 \2 sin? (7nb2Z/k)
=—(—) (1 29)|ny,|2 f —_——"df.
T (mc2) (1+cos?9)lmy| (mb?[k)? 4
As 7 = 0 this formula becomes (97.19). If #b2Z[k> 1 (which is compatible with n < 1),
the squared sine can be replaced by its mean value 4, and we have

( €2 )2 1+ cos?9
o=

— —;%Tlﬂbizs,

sin (mb2Z[k) = [

f exp(—ik-r T T

mc?

where S is the area of the “shadow’’, i.e. the projection of the body on the xy-plane.

§98. The integral intensity

The formulae derived in §97 give the diffracted intensity when a plane
wave of a single frequency is incident on a crystal. Let us now consider
some cases where these conditions are not fulfilled.
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First, let the incident wave be plane but not of a single frequency,t its
spectral resolution including waves with wave vectors k whose directions are
the same but whose magnitudes k = w/c are not. Let p(k) be the frequency
distribution of the incident radiation intensity, normalised by the condition
Jo(k) dk = 1.

The total intensity of the diffraction spot is determined by the effective
cross-section, which is obtained by multiplying the expression (97.13) by
p(k) and integrating with respect to o’ and k:

o= 1(—6;2—)211:,,[2 f f ‘ f exp[— ik’ — k — 2xb).r]dV i x

2\mc?

x (1 + cos? §)p(k)do’dk.  (98.1)

We put temporarily K = k' —k—27b and write the squared modulus as a
double integral:

| [ exp(—iK-r)dV[2 = [ [ exp[iK-(re — r1)]dV1dVe.

Using instead of rj and rp the variables (r1 +1r2) and r = rs—r;and integrat-
ing with respect to the first gives | fexp(iK.r) dV[]2 = V [exp(iK-.r)dV. In
the remaining integral we can effect the integration over all space,t and the
result is

| [ exp (iK-1)dV[2 = 2mPVE(K). (98.2)

Substituting this result in (98.1), we obtain

62
a=4ﬂs(

2
-——2) |n,,l2V(1 + cos? Bg) x
mc

x [ [ 80’ ~ k — 2nb)p(k) do’ dk; (98.3)

on account of the presence of the delta function, the factor 1+cos? § in the
integrand can be replaced by its value at & = &9, where 9o is the angle
between the k and k’ which satisfy Laue’s condition (denoted by ko and
k'o = ko+2nb).

The integration with respect to o’ can be carried out by noticing that it
is equivalent to an integration with respect to :

dk’ = k"2dk’ do’ = Lk’ d(k'2)do’,

1 Corresponding to Laue’s methed in the X-ray analysis of crystals.
1 This és'hpossxble because we require only the total intensity of the diffraction spot, and
not its width.
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if an additional factor (2/k)5(k'2— k2) is included in the integrand. Thus the
integral in (98.3) becomes

f f :-S(k' — k — 20b)S(k"2 — R2)p(k) dK’ dE.

Effecting the integration with respect to k’ by means of the first delta func-
tion, we can replace k2 by (k+2#b)2 in the second delta function, and the
result is

2 1
f (42 + dmb-K)p(k) dk = f 57,3+ + mb2)o(k) d,
T,

so that
2 \2 1
o= 2772(%) |76|2V(1 + cos? 9o) f ;S(b-k + 7b2)p(k) dk. (98.4)
mc

Finally, we have to carry out the integration over k (the direction
n = k/k being given). The argument of the delta function is zero for
k = ko, and the integral is p(ko)/ko|b-n| = p(ko)/|b-ko| = p(ko)/=b2. Thus

2\ 2
o= Zw(%) |2V (1 + cos? So)p(ko)/B2. (98.5)
mc

Let us now consider another case, where the incident wave is of a single
frequency but its components have varying directions of k which differ by
rotation about some axis;} let 1 be a unit vector along that axis, and ¢ the
angle of rotation about it. Let p(y) be the angular distribution of the incident
radiation intensity, normalised by the condition

27
[p)dg = 1.
0

The calculations leading to formula (98.4) are valid in this case also,
except that the integration with p(k) d¢ must be replaced by one with

ay: o
o= 2772(”%5) lmp[2V(1 + cos? 9o) f S3(b-k + () (98.6)

We again denote by ko the value of k for which the argument of the delta
function is zero, and measure ¢ from the plane of 1 and ko. For small ¢,
k = ko+(1xko)y. Then the integral in (98.6) becomes

[ 33001 x Kot 2 = o011 x|
~ p(0)/A2b-1x nul
_ p(0)sin® (3 9)/n26®

t+ Corresponding to Bragg’s method (the rotation method) in X-ray analysis. The rotation
referred to is that of the crystal about 1, not that of the direction of k.

b-1 x ng|.
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Thus

o= E~( e )2sin2§~30(1+cos2&g)|nb[2V—&— (98.7) |

b2\ mc? |b-1xno|
Finally, let us consider the diffraction of a plane wave, of a single fre-
quency, from a body consisting of crystallites arranged at random.t
Let k'g and by be values of k' and b such that Laue’s condition
k'o = k+27by is satisfied. The directions of k’y and by are not uniquely
determined, since Laue’s condition is, of course, still fulfilled when the
triangle k, 2mbo, k’q is rotated about the direction of k. Thus the principal
maximum corresponds to directions of k' occupying a conical surface of
vertical angle 29¢. Instead of a diffraction “‘spot” we now have a “ring”.
The required total effective cross-section is determined by a formula which
differs from (98.4) only in that the integration with p(k)dk is replaced by
an averaging over the directions of b:
ez \2 1 dop
o= 2712V(——2) [76[2(1 + cos29¢) J —8(b -k + mb%)—) (98.8)
mc k 4
where doy, is an element of solid angle about the direction of b. Denoting
by « the angle between k and b, we can write the integral in (98.8) as

27d cos « 1 .
= = sin2}9y.

4 2bk%2 2b32

Each of the three cases considered in this section corresponds to a particular
method of averaging the diffraction pattern. The dependence of the total
averaged diffraction intensity on the volume of the body reduces, as we
should expect, to a simple proportionality. In the pattern which is not
averaged, the intensity and its distribution over the spot depend more
markedly on the volume.

1
f ES(bk cos o+ 7b2)

§99. Diffuse thermal scattering of X-rays

In §§97 and 98 we have taken #(x, y, 2) to be the time average electron
density in the crystal: various density oscillations were thereby excluded,
and consequently so was the corresponding (non-coherent) scattering of
X-rays. One cause of non-coherent scattering is the thermal fluctuations of
density. This scattering is “diffusely’” distributed in all directions, but it is
characterised by a relatively high intensity near directions corresponding to
the sharp lines of the ‘‘structural” scattering described in the preceding
sections. Here we shall discuss these maxima of the thermal scattering
(W. H. ZACHARIASEN, 1940).

The thermal oscillations of the crystal lattice can be represented as com-
binations of ‘“‘sound’” waves. As we shall see, the maxima of the thermal
scattering arise from wavelengths large compared with the lattice constant.

t Corresponding to Debye and Scherrer’s method (the powder method) in X-ray analysis.
27 ' '
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The change in the electron density due to such a wave can be regarded, at
any point, as due to a simple displacement of the lattice by an amount equal
to the local value of the displacement vector w in the wave. Thus the change
in the density (not averaged with respect to time) when a given sound wave
passes can be expressed in terms of the mean density by

on = n(rt—u)—n(r) ~ —u-on/or.

In considering diffuse scattering near a given line, we must replace n by
n, exp(2mib-r) with the appropriate b, so that

on = —2mib-ung, exp(2mib - r). (99.1)

The scattering by density fluctuations is, of course, not coherent with that
by the mean density, and the two therefore do not interfere. Hence the
effective cross-section for diffuse scattering can be obtained from (97.10),
substituting &z for # and then carrying out the statistical averaging over
fluctuations:

&2 \2
do = 2712(——) |72|2(1 + cos2d) x

mc?

x | f b-uexp(—iK-r)dV[2do,, (99.2)

where K = k' —k —2xb. The scattered intensity is large for directions where
K < 2nb.

The integral | u exp(—iK-r) dV gives the Fourier space component of u
whose wave vector is K, and we can therefore take u to be simply the dis-
placement vector in a sound wave having this wave vector. The inequality
K < 27b therefore implies that the wavelength of the scattering sound wave
is large compared with the dimension of the crystal lattice cell.

Thus we can put

u = }[ug exp(iK - r) + uo* exp(— K - 1)], (99.3)
so that f(b-u) exp(—iK+r) dV = 4Vb-ug and the effective cross-section is

2/ g2 \2
do = 1(—8—) In/2(1 + cos?9)Bibyrromige V2 do'. (99.4)
2 \ mc?

The products of the components of ug are averaged as in §96 for a sound
wave in an isotropic medium. The elastic energy per unit volume of a
deformed crystal is 3Aikimtirtim, where ugy is the strain tensor and Ay, the
elastic modulus tensor.t Hence the mean elastic energy of the whole crystal

is %thzmu{kuzm. We substitute

1 ( ou; Ouy )
Uik = 2

Oxp  Ox;
= dre {(iKxuos + i Kuox) exp(iK - r)}.

1 See Theory of Elasticity, §10, Pergamon Press, London, 1959,
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The terms containing exp( + 2iK-r) give zero on averaging. Using also the
symmetry of the tensor Ay, with respect to interchange of 4, &, or [, m, or

¢, k and [, m, we obtain }VAigumKiKmuomior* or 3Vguuomor™, where
gix = AaukmKiKm. (99.5)

According to the general theory of thermodynamic fluctuations, we can at
once write down the required mean values:

uosor® = (4T/V)g i, (99.6)

where g~1;; is the tensor inverse to g, and the effective scattering cross-
section is
& \2
do = 2772(;;2) TV |ml2(1 + cos? 9)bibrg—Lixod’. (99.7)
Thus the diffusely scattered intensity is, as we should expect, proportional
to the volume of the crystal. A characteristic feature of this scattering is the
way in which its intensity is distributed over the area of the spot. Apart
from the factor 1+ cos? &, which is almost constant for a given spot, the
intensity is given by the expression g~14bibx. This expression is the product
of 1/K2 and a fairly involved function of the direction of the vector K with
respect to the crystal axes. For scattering near a principal maximum the
diffusely scattered intensity is itself a maximum where K = 0 (the expres-
sion (99.7) becomes infinite for K = 0 and is, of course, invalid). If the
condition (97.15) b-k = —=b2 is not satisfied, however, K cannot be zero,
and the maximum of the diffusely scattered intensity lies at some K different
from zero, which in general does not coincide with the maximum of the
structural scattering. In either case the diffuse scattering forms a background
whose intensity falls off essentially as 1/K2, that is, considerably more
slowly than the intensity in the sharp structural-scattering line superposed
upon it.

t See Statistical Physics, §110. If the probability distribution for fluctuating quantities
x1, X2, ... is of the form exp(— 3 Auxixr), then xixk = ALk, A factor 2 in (99.6) appears
because each of the complex uo involves two independent quantities.

27*



APPENDIX
CURVILINEAR CO-ORDINATES

WE give below, for reference, certain formulae relating to vector operations
in curvilinear co-ordinates, both general and particular.

In an arbitrary system of orthogonal curvilinear co-ordinates w1, ug, us,
the squared element of length is di2 = 512 du;2+ ho2dus? + hg? dug?, where
the A; are functions of the co-ordinates. The element of volume is

dV = hihohg duy dus dug.

The various vector operations can be expressed in terms of the functions
h; as follows. For vector operations on a scalar:

apo LY
(grad f); e B

1 hohs Of
A = e 2 )

where the summation is over cyclic interchanges of the suffixes 1, 2, 3. For
vector operations on a vector:

divA =

o 2h3 z T (iaha)

(curlA) = (hsAs) — —u;(thz)].

h h [31,!2
The remaining components of curl A are obtained by cyclic interchanges
of the suffixes.
Cylindrical co-ordinates r, ¢, 2
Element of length: dI2 = dr? + r2d¢? + d2%;
hy = 1, hy=1, hy=1
Vector operations:
of 1 82f o2f
A= 7?)?( ar) T
104, aAz

r o4

10
divA =~ (rdr) + -

410
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(curlA), = 104, 24,
r 0p 0z
04, 04,
(curlA), = o
10 1 04,
(curlA), = ;—é;(rA¢) - ;—ag—,
Ay 2 04,
(AA)r = AAr - 7 - 77—3;,
Ay 2 04,
(AA),';&: AA¢~r—2+-r; 2 y
(AA)Z = AAz-

In the expressions for the components of AA, AA; signifies the result of
the operator A acting on A; regarded as a scalar.

Spherical co-ordinates r, 8, ¢.

Element of length: dI2 = dr2 + 72d62 + 72sin2§ d¢?;
hy =1, hy =7, hy = rsinf.

Vector operations:

Af= li(rzg) + ! | 0 (sin@g) + 1 %

72 o\ or]  rsind 90 36) " r2sin?0 og2’
divA = li(1'2141,») + i(A,, sinf) + =
72 Or rsinf 08 rsinf o¢
0 ) 04,
(curlA), = — [—(Ast sinf) — ],
r sin 6106 o
1 94, 10
(curlA), = rsinf 0¢ - ;5(7&49,),
(curlA), = ;[% (r4y) — a;,],
(AA) = A4y — —Z—[Ar + -l—i(/lo sin 6) + —1————%] ,
72 sin § 00 sinf o¢

(AA), = AA6+3[3A' _to ol M”],
7| 20  2sin20 sin?0 o
(AA)y = N4 +_2_[3A, + cot o4y Ay ]
# ¢ r2sinf | 24 3¢  2sinf



INDEX

Absorption coefficient, 265

Absorption of electromagnetic waves by
small particles, 303f.

Acceleration, excitation of currents by, 210ff.

Airy function, 286

Anisotropic media, electromagnetic waves
in (XI), 313ff.

Antiferromagnetic Curie point, 165f.

Antiferromagnetics, 117

Barnett effect, 144

Bindrmal, 326

Biot and Savart’s law, 122

Biradial, 326

Black-body radiation in
medium, 367f.

Bragg and Vul’f’s equation, 401

Bragg’s method, 406n.

Brewster angle, 276

a transparent

Capacity, 4, 8f., 19£., 62, 202fF.
coefficients, 4, 6, 8
of conducting ellipsoid, 24f.
of conducting sphere, 62
mutual, 8, 17
Causality, 257, 260
Charge distribution
on conducting disc, 27, 28
on conducting ellipsoid, 24, 28
on conductors, 1f., 18
Charges
in a dielectric, 68
extraneous, 37
Cherenkov radiation, 357ff.
Conduction current density, 120
Conductivity, electrical, 92
tensor, 93, 96
Conductors, 1ff.
cylindrical, 16, 17, 18, 125, 194
disc-shaped, 27, 28
electrostatics of (I), 1ff.
electrostriction of, 33ff.
ellipsoidal, 20ff.
forces on, 311f., 62, 142fF., 221
motion in a magnetic field, 205fF.
turbulent, 2344f.
spherical, 15f., 34f., 95f., 193ff., 209f., 212
Conformal mapping, 14
method of, 12ff.
Conical refraction
external, 328
internal, 326, 328

413

Contact potential, 100
Cotton—-Mouton effect, 336
Critical field, 173fF.
Critical opalescence, 393ff.
Critical state, 82f.
Crystals
biaxial, 59, 3244f.
dielectric properties of, 58ff., 313ff.
enantiomorphic, 341
magnetic properties of, 116ff.
natural optical activity of, 341f.
piezoelectric, 76
pyroelectric, 60
uniaxial, 59, 321ff.
negative, 322
positive, 322
X-ray diffraction in (XV), 398ff.
general theory of, 398ff.
Curie point
antiferromagnetic, 165f.
ferroelectric, 83
ferromagnetic, 146
Curie-Weiss law, 148
Current
boundary conditions for, 92f.
conduction, 120
constant (11I), 92fF.
magnetic field of, 119ff.
in a crystal, 398
density, 92
eddy, 189ff.
electric, 1
excitation by acceleration, 210fF.
linear, 122; see also Linear current
molecular, 120n.
in a moving conductor, 206
superconductivity, 169ff.
surface, 115
Curvilinear co-ordinates, 410f.
Cylinder
conducting, 16, 17, 18, 125, 194
dielectric, 43, 57, 58

Debye relaxation time, 392

Debye and Scherrer’s method, 407n.

Demagnetisation coefficients, 44n., 169

Depolarisation coefficients, 26f., 302

Depolarising field, 44n.

Dielectric axes, principal, 316

Dielectric constant, see Dielectric permea-
bility

Dielectric crystals, 58ff., 313ff.
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Dielectric cylinder, 43, 57
Dielectric disc, 43, 57, 58, 62
Dielectric ellipsoid, 42ff., 56f.
Dielectric fluid, forces in, 64fF.
Dielectric permeability
analytical properties of, 256fF.
of crystals, 313ff.
dispersion of, 24711
electrostatic, 38
at high frequencies, 251
at low frequencies, 250
of a mixture, 45fF.
spatial variation of, 337ff.
tensor, 58, 691, 329fF., 339, 385{.
Dielectric polarisation, 36
Dielectrics, 1
electrostatics of (II), 36ff.
electrostriction of isotropic, 55ff.
moving, 243{I.
boundary conditions, 245f.
thermodynamics of, 47ff.
total free energy of, 52ff.
Dielectric solid, forces in, 69ff.
Dielectric sphere, 42f., 45, 61, 62, 73, 246f.
Dielectric susceptibility, 38
sign of, 63f.
Dielectric tensor, 58; see also Dielectrie
permeability tensor
Diffraction
by a plane screen, 308ff.
by a wedge, 3044f.
of X-rays in crystals (XV), 398ff.
general theory of, 398ff.
Diffusion phenomena, 110ff.
Dipole moment
of conducting cylinder, 16, 18f.
of conducting disc, 28
of conducting sphere, 16
of conductor, 7
of dielectric, 36f., 54
Disc
conducting, 27, 28
dielectric, 43, 57, 58, 62
superconducting, 173
Discontinuities in a magnetic fluid, 224.
Discontinuity
contact, 225
rotational, 226ff.
tangential, 225ff.
stability of, 227ff.
Dispersion relation, 220
Displacement, electric, 37n.
Dissipative function, 204
Domains, 87ff., 152F., 158ff., 17911.
Double circular refraction, 335
Double refraction, 323
in an electric field, 3294F.

Easy magnetisation, direction of, 150
Eddy currents, 189ff.

Index

Eikonal, 269, 317
Einstein—de Haas effect, 145
Elastic constant tensor, 75
Elastic-optical constants, 330
Electric displacement, 37n.
Eleetric field, constant
of conductors, 1ff.
boundary conditions, 2f., 39f., 92
energy of, 3ff.
in dielectrics, 36ff.
boundary conditions, 37f.
thermodynamics of, 47ff.
See also Electromagnetic field
Electric induction, 37
Electric moment, 37
Electrocaloric effect, 56ff.
Electrocapillarity, 103f.
Electromagnetic field
boundary conditions, 273, 280f., 290
fluctuations, 361fF.
in moving media, 243fF.
quasi-static (VII), 186ff.
in dielectrics, 239fT.
variable, 247fF.
Electromagnetic fluctuations (XI1II), 360ff.
Electromagnetic wave equations (IX), 239ff
Electromagnetic waves, 2394T.
absorption of, by small particles, 303f.
in anisotropic media (XT), 313ff.
extraordinary, 322fF.
ordinary, 322
plane
in an absorbing medium, 264f.
in anisotropic media, 315ff.
homogeneous, 264
inhomogeneous, 263
of a single frequency, 263fF., 268
in a transparent medium, 264
propagation of (X), 26911
in an inhomogeneous medium, 284ff.
in waveguides, 293fT.
reflection and refraction of, 272ff., 283f.
in resonators, 290fF.
scattering of (XIV), 3771
by small particles, 2991fF.
Electromotive force, 101
Electrostatic induction coefficients, 4, 6
Electrostatics
of conductors (I), 1ff.
of dielectrics (II), 3611.
Electrostriction
of conductors, 33fT.
of dielectrics, 551T.
Ellipsoid
conducting, 20ff.
dielectric, 42ff., 56f.
ferromagnetic, 157f.
superconducting, 169f., 182
Ellipsoidal co-ordinates, 201f.
E.m.f,, 101
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Energy
of conductors, 3ff., 124
of a system of currents, 131fF.
of dielectrics, 48ff., 52ff., 79fI.
of fields in dispersive media, 253ff.
flux (Poynting vector) 124, 191, 242, 253,
271, 274, 280, 314
in a plane wave, 264, 315f.
in a resonator, 291f.
in a waveguide, 295f.
free self-, 132
interaction, 132
_of magnetic substances, 129ff., 149f1., 156,
1591
Ettingshausen effect, 109
E waves, 285f., 2944T.
Extinction coefficient
differential, 384
total, 384
Extraneous charges, 37
Extraordinary waves, 322fF.

Faraday effect, 335
Faraday’s law, 207
Fast particles, passage of through matter
(XII), 3444F.
Fermat’s principle, 270
Ferroelectric axis, 83
Ferroelectrics, 83ff.
domains in, 87f.
Ferromagnetics, 117
near the Curie point, 146fF.
domain structure of, 152fF., 158f%.
thermodynamics of, 147
Ferromagnetism (V), 146fT.
Fluctuations
of anisotropy, 388
of current in linear circuits, 360f.
electromagnetic (XIII), 360ff.
electromagnetic field, 361ff.
Fresnel ellipsoid, 321
Fresnel’s equation, 317, 324f1.
Fresnel’s formulae, 273fF.

Galvanic cell, 101fF.
Geometrical optics, 269fF.
Group velocity, 220, 270, 318
Gyration vector, 332n., 339
Gyromagnetic coefficients, 145
Gyromagnetic phenomena, 144£.
Gyrotropic media, 319n., 332ff.

Hall effect, 97

Hall’s constant, 98

H waves, 285, 287f., 294{T.

Hydromagnetic waves, 221n.
absorption of, 223

Hysteresis, 151
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Image, 9
force, 10, 40
Images, method of, 9ff.
Impedance, 1971L.
matrix, 201
surface, 280ff., 314f.
Inductance
mutual, 132
self-, 132
Induction
electric, 37
extraneous fluctuating, 361
correlations of, 363ff.
unipolar, 208f.

Inversion
method of, 11f.
radius of, 12

transformation, 12
Ionisation losses by fast particles, 344ff.
relativistic, 349fF.

Joule’s law, 93
in a moving conductor, 206

Kerr effect, 329
Kinetic coefficients, 94
symmetry of, 94, 96, 314, 331, 338f.
Kramer’s and Kronig’s formulae, 259fF.,
282f.

Laue’s equation, 401
Laue’s method, 405n.
Leduc-Righi effect, 109
Linear currents, 122ff., 133ff., 197ff., 210,
212
fluctuations of, 360f.
mutual inductance of, 133
self-inductance of, 136ff.
Lorentz condition, 350
Losses
electric, 254
magnetic, 254

Magnetic anisotropy energy, 146n., 148n.,
1494F.

Magnetic crystal classes, 118

Magnetic field, 114

boundary conditions, 115, 187f.

conductor moving in, 205fF.

constant (IV), 113fF.

of constant current, 119fF.

conducting fluid moving in, 213fE.

forces on matter in, 141ff., 221

thermodynamics of, 126fF.

See also Electromagnetic field
Magnetic fluid dynamics (VIII), 2134
Magnetic flux, 134
Magnetic induction, 113
Magnetic moment, 114

in variable field, 252
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Magnetic-optical effects, 331fF. Potential

Magnetic permeability, 114 contact, 100
analytic properties of, 262 electric

of crystals, 313

dispersion of, 251f.

tensor, 119
Magnetic polarisability tensor, 192
Magnetic space groups, 117
Magnetic structure, 116
Magnetic susceptibility, 114£.

sign of, 115, 129
Magnetisation, 114

by rotation, 144,

regions of spontaneous, 152
Magnetoelastic energy, 156
Magnetostatics and electrostatics compared,

115, 116, 1264f., 141£., 146
Magnetostriction, 155fF.
Mandel’shtam—Brillouin doublet, 390
Maxwell effect, 331
Maxwellian relaxation time, 392
Maxwell’s equations, 2, 113, 315, 349
Maxwell stress tensor, 31
Mechanical-optical effects, 330f.
Molecular attraction between solid bodies,
368ft.

Momentum density, 242
Mutual inductance, 132

Natural optical activity, 248n., 337ff.
of crystals, 341f.
Nernst effect, 109

Ohm’s law, 92, 200
Optical axis, 321, 326
Optical frequencies, 248
Optical ray axis, 326
Ordinary waves, 322
Oscillator strength, 261

Peltier coefficient, 108
Peltier effect, 107f.
Penetration depth, 189, 279f.

in a superconductor, 167
Phase velocity, 219, 270
Piezoelectricity, 60n., 70n., 73ff.
Piezoelectric tensor, 74, 76f1.
Piezomagnetism, 119
Polarisability tensor, 7f., 192
Polarisation, 36

coefficient, 38

of dielectric in variable field, 249

of electromagnetic waves in anisotropic

medium, 319ff.

in geometrical optics, 271

in gyrotropic medium, 335fF.

in uniaxial crystal, 323
Ponderomotive forces, 64

complex, 13
scalar, 2f., 350
vector, 13, 350
magnetic, vector, 120
Powder method, 407n.
Poynting vector, see Energy flux
Principal section, 322
Principal waves in waveguides, 296fF.
damping of, 297{f.
Pyroelectricity, 60f.

Quadrupole moment tensor, 28
of conducting ellipsoid, 28

Quality of a resonator, 292n,

Quasi-static fields, 186, 364

Raman-Landsberg-Mandel’shtam effect,
387
Ray surface, 317
Ray vector, 3171,
Reactance, 198n.
Reciprocity theorem, 289f.
Reflection coefficient, 274, 27711., 283f.
Refractive index, 264, 265, 269, 316n., 322,
368
Resistance, 198n.
complex, 197
Resonators, 290ff.
quality of, 292n.
Rotation method, 406n.

Scattering
in amorphous solids, 395ff.
anti-Stokes, 377
antisymmetrical, 383
combination, 387
effective cross-section for, 300fF.
of electromagnetic waves (XIV), 377ff.
by small particles, 299ff.
by fluctuations, 388ff.
principle of detailed balancing for, 383fF.
Rayleigh, in gases and liquids, 387f.
scalar, 383
with small change in frequency, 385fI.
Stokes, 377
symmetrical, 383
Self-inductance, 132
of linear circuits, 136fF.
of superconductors, 171
Shock waves in a magnetic fluid, 229fF.
weak, 231
in weak magnetic fields, 231f.
Skin effect, 136n., 195fF.
Solenoid, 137, 140f.



Sphere
conducting, 15f., 34f., 62, 95f., 193ff,
209f., 212
dielectric, 42f., 45, 61, 62, 73, 246f.
Spheroidal co-ordinates
oblate, 22
prolate, 22
Stewart-Tolman effect, 212
Stimulated emission, 377n.
Stopping power, 346
Stress tensor, 65fF., 70f.
Superconductivity (VI), 167ff.
destruction of, 173f1.
transition point, 167
Superconductors
critical field in, 173f1.
currents in, 168ff.
ellipsoidal, 169f., 182
impedance of, 281f.
intermediate state of, 179ff.
magnetic properties of, 1671f.
multiply connected, 17011.
rotating, 212
self-inductance of, 171
thermodynamics of, 173ff.

Telegrapher’s equation, 298

Tensor ellipsoid, 59n.
Thermodynamic inequalities, 81ff.
Thermoelectric phenomena, 104fF.
Thermoelectromotive force, 108
Thermogalvanomagnetic effects, 109f.
Thomson coefficient, 107

Thomson effect, 107

Thomson’s formula, 203

Thomson’s relations, 108

Index
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Thomson’s theorem, 7
"Total polarisation, angle of, 276
Total reflection, 277

angle of, 277
Transparency ranges, 254
Transparent media, 266fT.

black-body radiation in, 367f.
Turbulence in conducting fluid, 234ff.
Two-dimensional field, 12f.

Unipolar induction, 208f.

Velocity of light in moving medium, 271f.

Waveguides, 293ff.
Waves
on a charged liquid surface, 35
electric-type, 294
electromagnetic,  see
waves
extraordinary, 322fF.
hydromagnetic, 221n.
absorption of, 223
magnetic-type, 294
ordinary, 322
principal, 296
shock, see Shock waves
‘Wave-vector surface, 317ff.,
334n.
Wedge problem, 14{.
‘Work function, 99

Electromagnetic

322, 324fF,

X-ray diffraction in crystals (XV), 398ff.
general theory of, 398fF.
X-rays, diffuse thermal scatterinrg of, 407f.
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COURSE OF THEORETICAL PHYSICS

by L. D. LANDAU (Deceased) and E. M. LIFSHITZ
Institute of Physical Problems, USSR Academy of Sciences

The complete Course of Theoretical Physics by Landau and Lifshitz, recognized as two of the world's
outstanding physicists, is being published in full by Pergamon Press. It comprises nine volumes,
covering all branches of the subject; translations from the Russian are by leading scientists.

Typical of the many statements made by experts, reviewing the series, are the following:

“The titles of the volumes in this series cover a vast range of topics, and there seems to be little in
physics on which the authors are not very well informed.” Nature
“The remarkable nine-volume Course of Theoretical Physics . . . the clearness and accuracy of the

authors’ treatment of theoretical physics is well maintained.”
Proceedings of the Physical Society

Of individual volumes, reviewers have written:
MECHANICS

“The entire book is a masterpiece of scientific writing. There is not a superfluous sentence and the
authors know exactly where they are going. . . . It is certain that this volume will be able to hold its
own amongst more conventional texts in classical mechanics, as a scholarly and economic exposition
of the subject.” Science Progress

QUANTUM MECHANICS (Non-relativistic Theory)

““. . . throughout the five hundred large pages, the authors’ discussion proceeds with the clarity and
succinctness typical of the very best works on theoretical physics.” Technology

FLUID MECHANICS

“The ground covered includes ideal fluids, viscous fluids, turbulence, boundary layers, conduction
and diffusion, surface phenomena and sound. Compressible fluids are treated under the headings of
shock waves, one-dimensional gas flow and flow past finite bodies. There is a chapter on the fluid
dynamics of combustion while unusual topics discussed are relativistic fluid dynamics, dynamics of
superfluids and fluctuations in fluid dynamics . . . a valuable addition to any library covering the
mechanics of fluids.” Science Progress

THE CLASSICAL THEORY OF FIELDS (Second Edition)
“This is an excellent and readable volume. It is a valuable and unique addition to the literature of

theoretical physics.” Science
“The clarity of style, the concisement of treatment, and the originality and variety of illustrative problems
make this a book which can be highly recommended.” Proceedings of the Physical Society

STATISTICAL PHYSICS

. .. stimulating reading, partly because of the clarity and compactness of some of the treatments put
forward, and partly by reason of contrasts with texts on statistical mechanics and statistical thermo-
dynamics better known to English sciences. . . . Other features attract attention since they do not
always receive comparable mention in other textbooks.” New Scientist

THEORY OF ELASTICITY

| shall be surprised if this book does not come to be regarded as a masterpiece.”
Journal of the Royal Institute of Physics (now the Physics Bulletin)

“ .. the book is well constructed, ably translated, and excellently produced.”
Journal of the Royal Aeronautical Society

ELECTRODYNAMICS OF CONTINUQOUS MEDIA

“Within the volume one finds everything expected of a textbook on classical electricity and magnetism,
and a great deal more. It is quite certain that this book will remain unique and indispensable for many

years to come.” Science Progress
“The volume on electrodynamics conveys a sense of mastery of the subject on the part of the authors
which is truly astonishing.” Nature
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